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Series Preface 

Mechanical engineering, an engineering discipline borne of the needs of the 
industrial revolution, is once again asked to do its substantial share in the call 
for industrial renewal. The general call is urgent as we face profound issues of 
productivity and competitiveness that require engineering solutions, among 
others. The Mechanical Engineering Series features graduate texts and re­
search monographs intended to address the need for information in contem­
porary areas of mechanical engineering. 

The series is conceived as a comprehensive one that covers a broad range 
of concentrations important to mechanical engineering graduate education 
and research. We are fortunate to have a distinguished roster of consulting 
editors on the advisory board, each an expert in one of the areas of concentra­
tion. The names of the consulting editors are listed on the next page of this 
volume. The areas of concentration are: applied mechanics; biomechanics; 
computational mechanics; dynamic systems and control; energetics; mechanics 
of materials; processing; thermal science; and tribology. 

Professor Marshek, the consulting editor for dynamic systems and control, 
and I are pleased to present the second edition of Theory of Vibration: An 
Introduction by Professor Shabana. We note that this is the first of two 
volumes. The second deals with discrete and continuous systems. 

Austin, Texas Frederick F. Ling 
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Preface 

The aim of this book is to provide a presentation for the theory of vibration 
suitable for junior and senior undergraduate students. This book, which is 
based on class notes that I have used for several years, is in many ways 
different from existing textbooks. Basic dynamic concepts are used to develop 
the equations of the oscillatory motion, the assumptions used to linearize the 
dynamic equations are clearly stated, and the relationship between the coeffi­
cients of the differential equations and the stability of mechanical systems is 
discussed more thoroughly. 

This text, which can be covered entirely in one semester, is intended for an 
introductory course on the theory of vibration. New concepts are therefore 
presented in simple terms and the solution procedures have been explained 
in detail. The material covered in the volume comprises the following chapters. 

In Chapter 1, basic definitions related to the theory of vibration are pre­
sented. The elements of the vibration models, such as inertia, elastic, and 
damping forces, are discussed in Section 2 of this chapter. Sections 3, 4, and 
5 are devoted to the use of Newton's second law and D' Alembert's principle 
for formulating the equations of motion of simple vibratory systems. In 
Section 5 the dynamic equations that describe the translational and rotational 
displacements of rigid bodies are presented, and it is shown that these equa­
tions can be nonlinear because of the finite rotation of the rigid bodies. The 
linearization of the resulting differential equations of motion is the subject of 
Section 6. In Section 7 methods for obtaining simple finite number of degrees 
of freedom models for mechanical and structural systems are discussed. 

Chapter 2 describes methods for solving both homogeneous and non­
homogeneous differential equations. The effect of the coefficients in the differ­
ential equations on the stability of the vibratory systems is also examined. 
Even though students may have seen differential equations in other courses, 
I have found that presenting Chapter 2 after discussing the formulation of the 
equations of motion in Chapter 1 is helpful. 

Chapter 3 is devoted to the free vibrations of single degree of freedom 
systems. Both cases of undamped and damped free vibration are considered. 
The stability of undamped and damped linear systems is examined, the cases 

ix 
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of viscous, structural, Coulomb, and negative damping are discussed, and 
examples for oscillatory systems are presented. 

Chapter 4 is concerned with the forced vibration of single degree of freedom 
systems. Both cases of undamped and damped forced vibration are con­
sidered, and the phenomena of resonance and beating are explained. The 
forced vibrations, as the result of rotating unbalance and base excitation, are 
discussed in Sections 5 and 6. The theoretical background required for under­
standing the function of vibration measuring instruments is presented in 
Section 7 of this chapter. Methods for the experimental evaluation of the 
damping coefficients are covered in Section 8. 

In the analysis presented in Chapter 4, the forcing function is assumed to 
be harmonic. Chapter 5 provides an introduction to the vibration analysis 
of single degree of freedom systems subject to nonharmonic forcing functions. 
Periodic functions expressed in terms of Fourier series expansion are first 
presented. The response of the single degree of freedom system to a unit 
impulse is defined in Section 5. The impulse response is then used in Section 
6 to obtain the response of the single degree offreedom system to an arbitrary 
forcing function, and a method for the frequency analysis of such an arbitrary 
forcing function is presented in Section 7. In Section 8, computer methods for 
the vibration analysis of nonlinear systems are discussed. 

In Chapter 6, the linear theory of vibration of systems that have more than 
one degree offreedom is presented. The equations of motion are presented in 
a matrix form, and the case of damped and undamped free and forced vibra­
tion, as well as the theory ofthe vibration absorber of undamped and damped 
systems, are discussed. 

Chapter 7 presents a brief introduction to the theory of vibration of con­
tinuous systems. The longitudinal, torsional, and transverse vibrations are 
discussed, and the orthogonality conditions of the mode shapes are presented 
and used to obtain a decoupled system of ordinary differential equations 
expressed in terms of the modal coordinates. A more detailed discussion on 
the vibration of continuous systems is presented in a second volume: Theory 
of Vibration: Discrete and Continuous Systems (Shabana, 1991). 

I would like to thank many of my teachers and colleagues who contributed, 
directly or indirectly, to this book. I wish to acknowledge gratefully the many 
helpful comments and suggestions offered by my students. I would also like 
to thank Dr. D.C. Chen, Dr. W.H. Gau, and Mr. J.J. Jiang for their help in 
reviewing the manuscript and producing some of the figures. Thanks are due 
also to Ms. Denise Burt for the excellent job in typing the manuscript. The 
editorial and production staff of Springer-Verlag deserve special thanks for 
their cooperation and thorough professional work in producing this book. 
Finally, I thank my family for their patience and encouragement during the 
period of preparation of this book. 

Chicago, Illinois Ahmed A. Shabana 
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1 
Introduction 

The process of change of physical quantities such as displacements, velocities, 
accelerations, and forces may be grouped into two categories; oscillatory and 
nonoscillatory. The oscillatory process is characterized by alternate increases 
or decreases of a physical quantity. A nonoscillatory process does not have 
this feature. The study of oscillatory motion has a long history, extending back 
to more than four centuries ago. Such a study of oscillatory motion may be 
said to have started in 1584 with the work of Galileo (1564-1642) who 
examined the oscillations of a simple pendulum. Galileo was the first to 
discover the relationship between the frequency of the simple pendulum and 
its length. At the age of 26, Galileo discovered the law of falling bodies and 
wrote the first treatise on modern dynamics. In 1636 he disclosed the idea of 
the pendulum clock which was later constructed by Huygens in 1656. 

An important step in the study of oscillatory motion is the formulation of 
the dynamic equations. Based on Galileo's work, Sir Isaac Newton (1642-1727) 
formulated the laws of motion in which the relationship between force, mass, 
and momentum is established. At the age of 45, he published his Principle 
M athematica which is considered the most significant contribution to the field 
of mechanics. In particular, Newton's second law of motion has been a basic 
tool for formulating the dynamic equations of motion of vibratory systems. 
Later, the French mathematician Jean Ie Rond D'Alembert (1717-1783) 
expressed Newton's second law in a useful form, known as D' Alembert's 
principle, in which the inertia forces are treated in the same way as the applied 
forces. Based on D'Alembert's principle, Joseph Louis Lagrange (1736-1813) 
developed his well-known equations; Lagrange's equations, which were pre­
sented in his Mechanique. Unlike Newton's second law which uses vector 
quantities, Lagrange's equations can be used to formulate the differential 
equations of dynamic systems using scalar energy expressions. The Lagrang­
ian approach, as compared to the Newtonian approach, lends itself easily to 
formulating the vibration equations of multi degree of freedom systems. 

Another significant contribution to the theory of vibration was made by 
Robert Hooke (1635-1703) who was the first to announce, in 1676, the 
relationship between the stress and strain in elastic bodies. Hooke's law for 
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deformable bodies states that the stress at any point on a deformable body is 
proportional to the strain at that point. In 1678, Hooke explained his law as 
"The power of any springy body is in the same proportion with extension." 
Based on Hooke's law of elasticity, Leonhard Euler (1707-1783) in 1744 and 
Daniel Bernoulli (1700-1782) in 1751 derived the differential equation that 
governs the vibration of beams and obtained the solution in the case of 
small deformation. Their work is known as Euler-Bernoulli beam theory. 
Daniel Bernoulli also examined the vibration of a system of n point masses 
and showed that such a system has n independent modes of vibration. He 
formulated the principle of superposition which states that the displacement 
of a vibrating system is given by a superposition of its modes of vibrations. 

The modern theory of mechanical vibration was organized and developed 
by Baron William Strutt, Lord Rayleigh (1842-1919), who published his book 
in 1877 on the theory of sound. He also developed a method known as 
Rayleigh's method for finding the fundamental natural frequency of vibration 
using the principle of conservation of energy. Rayleigh made a correction to 
the technical beam theory (1894) by considering the effect of the rotary inertia 
of the cross section of the beam. The resulting equations are found to be more 
accurate in representing the propagation of elastic waves in beams. Later, in 
1921, Stephen Timoshenko (1878-1972) presented an improved theory, 
known as Timoshenko beam theory, for the vibrations of beams. Among the 
contributors to the theory of vibrations is Jean Baptiste Fourier (1768-1830) 
who developed the well-known Fourier series which can be used to express 
periodic functions in terms of harmonic functions. Fourier series is widely used 
in the vibration analysis of discrete and continuous systems. 

1.1 BASIC DEFINITIONS 

In vibration theory, which is concerned with the oscillatory motion of physical 
systems, the motion may be harmonic, periodic, or a general motion in which 
the amplitude varies with time. The importance of vibration to our comfort 
and needs is so great that it would be pointless to try to list all the examples 
which come to mind. Vibration of turbine blades, chatter vibration of machine 
tools, electrical oscillations, sound waves, vibrations of engines, torsional 
vibrations of crankshafts, and vibrations of automobiles on their suspensions 
can all be regarded as coming within the scope of vibration theory. We shall, 
however, be concerned in this book with the vibrations of mechanical and 
structural systems. 

Vibrations are encountered in many mechanical and structural applica­
tions, for example, mechanisms and machines, buildings, bridges, vehicles, and 
aircraft; some of these systems are shown in Fig. 1. In many of these systems, 
excessive vibrations produce high stress levels, which in turn may cause 
mechanical failure. Vibration can be classified as free or forced vibration. In 
free vibration, there are no external forces that act on the system, while forced 
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(a) (b) (c) 

FIG. 1.1. Physical systems: (a) mechanism systems; (b) multistory buildings; (c) vehicle 
systems. 

vibrations, are the result of external excitations. In both cases offree and forced 
vibration the system must be capable of producing restoring forces which tend 
to maintain the oscillatory motion. These restoring forces can be produced 
by discrete elements such as the linear and torsional springs shown, respec­
tively, in Fig. 2(a) and (b) or by continuous structural elements such as beams 
and plates (Fig. 2(c), (d». 

These discrete and continuous elastic elements are commonly used in many 
systems, such as the suspensions and frames of vehicles, the landing gears, 
fuselage, and wings of aircraft, bridges, and buildings. The restoring forces 
produced by the elastic elements are proportional to the deflection or the 
elastic deformation of these elements. If the vibration is small, it is custom­
ary to assume that the force-deflection relationship is linear, that is, the 
force is equal to the deflection multiplied by a proportionality constant. In 
this case the linear theory of vibration can be applied. If the assumptions 

f---- I ----::--'1 
--J 

(b) (c) 

FIG. 1.2. Elastic elements. 
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ofthe linear theory of vibration are not valid, for example, ifthe displacement­
force relationship cannot be described using linear equations, the nonlinear 
theory of vibration must be applied. Linear systems are usually easier to deal 
with since in many cases, where the number of equations is small, closed-form 
solutions can be obtained. The solution of nonlinear system equations, how­
ever, requires the use of approximation and numerical methods. Closed-form 
solutions are usually difficult to obtain even for simple nonlinear systems, and 
for this reason, linearization techniques are used in many applications in order 
to obtain a linear system of differential equations whose solution can be 
obtained in a closed form. 

The level of vibration is significantly influenced by the amount of energy 
dissipation as a result of dry friction between surfaces, viscous damping, 
and/or structural damping of the material. The dry friction between sur­
faces is also called Coulomb damping. In many applications, energy dis­
sipated as the result of damping can be evaluated using damping forcing 
functions that are velocity- dependent. In this book, we also classify vibra­
tory systems according to the presence of damping. If the system has a damp­
ing element, it is called a damped system; otherwise, it is called an undamped 
system. 

Mechanical systems can also be classified according to the number of 
degrees of freedom which is defined as the minimum number of coordinates 
required to define the system configuration. In textbooks on the theory of 
vibration, mechanical and structural systems are often classified as single de­
gree of freedom systems, two degree of freedom systems, multi-degree of freedom 
systems, or continuous systems which have an infinite number of degrees of 
freedom. The vibration of systems which have a finite number of degrees of 
freedom is governed by second-order ordinary differential equations, while 
the vibration of continuous systems which have infinite degrees of freedom 
is governed by partial differential equations, which depend on time as well as 
on the spatial coordinates. Finite degree of freedom models, however, can be 
obtained for continuous systems by using approximation techniques such as 
the Rayleigh-Ritz method and the finite element method. 

1.2 ELEMENTS OF THE VIBRATION MODELS 

Vibrations are the result ofthe combined effects of the inertia and elastic forces. 
Inertia of moving parts can be expressed in terms of the masses, moments of 
inertia, and the time derivatives of the displacements. Elastic restoring forces, 
on the other hand, can be expressed in terms of the displacements and stiffness 
of the elastic members. While damping has a significant effect and remains 
as a basic element in the vibration analysis, vibration may occur without 
damping. 

Inertia Inertia is the property of an object that causes it to resist any effort 
to change its motion. For a particle, the inertia force is defined as the product 
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of the mass of the particle and the acceleration, that is, 

Fj=mi' 

where F j is the vector of the inertia forces, m is the mass of the particle, and i' 
is the acceleration vector defined in an inertial frame of reference. Rigid bodies, 
on the other hand, have inertia forces and moments, and for the planar motion 
of a rigid body, the inertia forces and moments are given by 

M j = Ie 
where F j is the inertia forces, m is the total mass of the rigid body, i' is the 
acceleration vector of the center of mass ofthe body, M j is the inertia moment, 
I is the mass moment of inertia of the rigid body about its center of mass, and 
e is the angular acceleration. The units for the inertia forces and moments are, 
respectively, the units of forces and moments. 

Elastic Forces Components with distributed elasticity are used in me­
chanical and structural systems to provide flexibility, and to store or absorb 
energy. These elastic members produce restoring forces which depend on the 
stiffness of the member as well as the displacements. Consider, for example, 
the spring connecting the two masses shown in Fig. 3(a). If the displacement 
of the first mass is Xl and the displacement of the second mass is x 2 , and if we 
assume for the moment that Xl is greater than x2 , the total deflection in the 
spring is given by 

Ax = Xl - X 2 

where Ax is the total deflection of the spring due to the displacements of the 
two masses. Using Taylor's series, the spring force after the displacement Ax 
can be written as 

OFsl 1 02Fsi 2 
F.(xo + Ax) = Fs(xo) + ax X=Xo Ax + 2f ox2 X=Xo (Ax) + ... (1.1) 

where Fs is the spring force and Xo may be defined as the pretension or 

~ ~ 

~ ~(Xl~ 
777////// //////// 7777///// 77777777/ 

(a) (b) (c) 

FIG. 1.3. Linear spring force. 
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precompression in the spring before the displacement Llx. If there is no 
pretension or compression in the spring, the spring force Fs(xo) is identically 
zero. 

As a result of the displacement Llx, the spring force Fs(xo + Llx) can be 
written as 

where LlFs is the change in the spring force as a result of the displacement 
Llx. By using Eq. 1, LlFs in the preceding equation can be written as 

of J 1 o2F J LlFs = _s Llx + - --; (Llxf + ... 
ax X=Xo 2 ax X=Xo 

If the displacement Llx is assumed to be small, higher-order terms in Llx can 
be neglected and the spring force LlFs can be linearized and written as 

OFsJ LlFs =;) Llx 
uX X=Xo 

This equation can be written in a simpler form as 

LlFs = kLlx 

= k(Xl - x 2) (1.2) 

where k is a proportionality constant called the spring constant, the spring 
coefficient, or the stiffness coefficient. The spring constant k is defined as 

k _ OFsJ 
- ax X=Xo 

(1.3) 

The effect of the spring force Fs on the two masses is shown in Fig. 3(b), and 
the linear relationship between the force and the displacement of the spring 
is shown in Fig. 3(c). Helical springs, which are widely used in many mechani­
cal systems, as shown in Fig. 4, have a stiffness coefficient that depends on the 
diameter of the coil D, the diameter of the wire d, the number of coils n, and 
shear modulus of rigidity G. This stiffness coefficient is given by 

Gd 4 
k=--

8nD3 
(1.4) 

Continuous elastic elements such as rods, beams, and shafts produce restor­
ing elastic forces. Figure 5 shows some of these elastic elements which behave 
like springs. In Fig. 5(a), the rod produces a restoring elastic force that resists 
the longitudinal displacement in the system. If the mass of the rod is negligible 
compared to the mass m, one can write, from strength of materials, the 
following relationship 

EA 
F=-u 

I 
(1.5) 
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(a) (b) 

FIG. 1.4. Use of springs in mechanical systems: (a) cam mechanisms; (b) vehicle 
suspensions. 

FIG. 1.5. Continuous elastic sys­
tems: (a) longitudinal vibration 
of rods; (b) transverse vibration 
of cantilever beams; (c) torsional 
system. 

E,A,I 

(a) 

(b) 

8 (() 
G,J,I~T 

(e) 
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where F is the force acting at the end of the rod, u is the displacement of the 
end point, and I, A, and E are, respectively, the length, cross-sectional area, 
and modulus of elasticity of the rod. Equation 5 can be written as 

F = ku 

where k is the stiffness coefficient of the rod defined as 

k=EA 
I 

(1.6) 

Similarly, for the bending of the cantilever beam shown in Fig. 5(b), one can 
show that 

where F is the applied force, v is the transverse deflection of the end point and 
I, I, and E are the length, second area moment of inertia, and modulus of 
elasticity of the beam. In this case, we may define the beam stiffness as 

(1.7) 

From strength of materials, the relationship between the torque T and the 
angular torsional displacement () of the shaft shown in Fig. 5(c) is 

GJ() 
T=-

I 

where T is the torque, () is the angular displacement of the shaft, and I, J, and 
G are, respectively, the length, polar moment of inertia, and modulus of 
rigidity. In this case, the torsional stiffness of the shaft is defined as 

k= GJ 
I 

(1.8) 

Table 1 shows the average properties of selected engineering materials. The 

TABLE 1.1. Properties of Selected Engineering Materials 

Modulus of Modulus of 
Density Elasticity Rigidity 

Materials (Mgjm 3 ) (GPa) (GPa) 

Wrought iron 7.70 190 
Structural steel 7.87 200 76 
Cast iron 7.20 100 
Aluminum 2.77 71 26 
Magnesium 1.83 45 16 
Red brass 8.75 100 39 
Bronze 8.86 100 45 
Titanium 4.63 96 36 
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exact values of the coefficients presented in this table may vary depending 
on the heat treatment and the composition of the material. In this table 
Mg = 1000 kg, GPa = 109 Pa, and Pa (pascal) = N/m2. 

Damping While the effect of the inertia and elastic forces tends to maintain 
the oscillatory motion, the transient effect dies out because of energy dissipa­
tions. The process of energy dissipations is generally referred to as damping. 
Damping, in general, has the effect of reducing the amplitude of vibration and, 
therefore, it is desirable to have some amount of damping in order to achieve 
stability. Solid materials are not perfectly elastic, and they do exhibit damping, 
because of the internal friction due to the relative motion between the internal 
planes of the material during the deformation process. Such materials are 
referred to as viscoelastic solids, and the type of damping which they exhibit 
is known as structural or hysteretic damping. Another type of damping which 
commonly occurs as the result of the sliding contact between two surfaces 
is the Coulomb or dry-friction damping. In dry-friction damping, energy is 
dissipated as heat because of the friction due to the relative motion between 
the surfaces in contact. In this case, the damping force has a direction which 
is opposite to the direction of the motion. For instance, if we consider the mass 
sliding on the surface shown in Fig. 6, the friction force in this case is given by 

Fe = f.1N 

where Fe is the friction force, f.1 is the coefficient of dry friction, and N is the 
force normal to the contact surfaces. 

The most common type of damping, however, is called viscous damping, 
in which the damping force produced is proportional to the velocity. In 
this case, the energy dissipating element is called viscous damper or dashpot. 
An example of a dashpot is the shock absorber in automobile suspensions 
and aircraft landing gears. Most of the actual viscous dampers consist of a 
piston and a cylinder filled with viscous fluid, as shown in Fig. 7. The fluid 
flow through holes in the piston provides the viscous resistance to the 
motion, and the resulting damping force is a function of the fluid viscosity, the 
number and size of the holes, and the dimension of the piston and cylinder. 
The desired damping characteristic can, therefore, be obtained by changing 
these parameters. 

FIG. 1.6. Coulomb or dry-friction damping. 
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IIII Cylinder 

Piston 

FIG. 1.7. Viscous damper. 
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FIG. 1.8. Viscous damping force. 

Figure 8 shows two masses connected by a viscous damper. The velocity of 
the first mass is Xl' while the velocity of the second mass is x2 • If Xl is assumed 
to be greater than X2 , the resistive damping force Fd , which is proportional 
to the relative velocity, is given by 

Fd OC (Xl - X2) 

or 
(1.9) 

where c is a proportionality constant called the coefficient of viscous dampin'g. 

1.3 PARTICLE DYNAMICS 

An important step in the study of the oscillatory motion of mechanical systems 
is the development of the dynamic differential equations of motion. If the 
physical system can be modeled as a collection oflumped masses and/or rigid 
bodies, the equations of motion are, in general, second-order ordinary differ-
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ential equations. If the system consists of continuous structural elements such 
as beams, plates, and shells, the governing equations are partial differential 
equations. The solution of the differential equations that govern the oscilla­
tory motion of discrete and continuous systems can be used to predict the 
dynamic response of the system under different loading conditions. Several 
techniques, such as Newton's second law, can be used to formulate the 
dynamic differential equations of motion. 

Newton's second law, which is referred to as the law of motion, states that 
the resultant force which acts on a particle is equal to the time rate of change 
of momentum of that particle. The particle momentum is a vector quantity 
defined as 

p = mv (1.10) 

where p is the momentum of the particle, m is the mass, and v is the velocity 
vector. Newton's second law can then be expressed in a mathematical form as 

F=p (1.11) 

where F is the resultant force that acts on the particle and n denotes differ­
entiation with respect to time. Substituting Eq. 10 into Eq. 11, and assuming 
that the mass of the particle remains constant, one obtains 

d dv 
F = - (mv) = m - = ma 

dt dt 

where a is the acceleration of the particle defined as 

dv 
a=-

dt 

(1.12) 

Let X, y, and z be the components of the acceleration of the particle, and let 
Fx , Fy , and Fz be the components of the resultant force, then the vector 
equation of Eq. 12 can be written as three scalar equations given by 

(1.13) 

There are three differential equations, since the unconstrained motion of a 
particle in space is described by the three coordinates x, y, and z, as shown in 
Fig. 9. 

The planar motion of a particle is described by only two coordinates x and 
y, as shown in Fig. to. In this case, the dynamic differential equations of the 
particle reduce to two equations given by 

mx = Fx} (1.14) 
my = Fy 

That is, the number of independent differential equations is equal to the 
number of degrees of freedom of the particle. 
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FIG. 1.9. Motion of a particle in space. 
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FIG. 1.10. Planar motion. 
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FIG. 1.11. Dynamic equilibrium. 



1.3. Particle Dynamics 13 

Equation 14 can be represented by the diagram shown in Fig. 11, which 
indicates that the inertia force in one direction is equal to the sum of the 
external forces acting on the particle in that direction. For instance, if the 
forces Fb F2, and F3 make angles lXI' 1X2' and 1X3 with the X-axis, Eq. 14 and 
the free body diagram shown in Fig. 11 imply that 

Example 1.1 

mx = FI cos IXI + F2 cos 1X2 + F3 cos 1X3 

my = FI sin IXI + F2 sin 1X2 + F3 sin 1X3 

The system shown in Fig. 12(a) consists of a mass m which is allowed to move 
only in the horizontal direction. The mass is connected to the ground by a spring 
and damper. The spring has a stiffness coefficient k, and the damper has a viscous 
damping coefficient c. The harmonic force Fx = Fo sin wft acts on the mass as shown 
in Fig. 12. Derive the differential equation of motion of this system, assuming that 
there is no friction force between the mass and the ground. 

Solution. Since the motion is in the plane, we have the following equations 

mji = Fy 

From the free body diagram shown in the figure, we have 

Fx = Fo sin wft - eX - kx 

Fy=N-mg 

where N is the reaction force and g is the gravitational constant. Since the motion 
is constrained to be only in the horizontal direction, we have 

ji=O 

That is, the two equations of motion are given by 

mx = Fo sin wft - eX - kx 

O=N-mg 

Free body diagram 

kx 
F = Fo sin wft 

--+--i~ 

m 
N 

mg 

(a) 

FIG. 1.12. Harmonic excitation. 

Inertia diagram 

(b) 
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which can be written as 
mx + eX + kx = Fa sin wft (1.15) 

N=mg 

There is only one second-order differential equation since the system has only one 
degree offreedom. The second equation which is an algebraic equation can be used 
to determine the reaction force N. The differential equation of motion given by Eq. 
15 is the standard equation for the linear damped forced vibration of single degree 
of freedom systems. This equation and its solution will be discussed in more detail 
in Chapter 4. The equation of forced vibration of undamped single degree of 
freedom systems can be extracted from Eq. 15 by letting the damping coefficient c 
equal zero. In this special case, Eq. 15 reduces to 

mx + kx = Fa sin wrt 

If the force in the preceding equation is equal to zero, one obtains the equation of 
motion for the linear free undamped vibration of single degree offreedom systems as 

mx+kx=O 

Integrating Eq. 11 with respect to time yields the impulse of the force F as 

L F(t) dt = p(t) - Po 

where Po is a constant. The preceding equation implies that the change in the 
linear momentum of the particle is equal to the impulse of the force acting on 
this particle, and ifthe force is equal to zero, the linear momentum is conserved 
since in this case 

p(t) = Po 

which indicates that the momentum and velocity of the particle remain 
constant in this special case. 

Angular Momentum It follows from Eq. 11 that 

dp 
r x F = r x dt 

where r is the position vector of the particle with respect to the origin of the 
coordinate system. The cross product r x F on the left-hand side of the 
preceding equation is recognized as the moment of the force, while the right­
hand side of this equation can be simplified using the identity 

d dp 
-(r x p) = v x p + r x -
dt dt 

The first term on the right-hand side ofthis equation is identically zero since 

v x p = v x mv = 0 
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and consequently, 
d 

r x F = -(r x p) 
dt 

(1.16) 

The vector r x p is called the angular momentum of the particle defined with 
respect to the origin of the coordinate system. Therefore, the preceding equa­
tion states that the time rate of the angular momentum of a particle is equal 
to the moment of the force acting on this particle. 

Work and Energy Taking the dot product of both sides of Eq. 11 with 
the velocity vector v, one obtains 

dp d(mv) 
F·v = _·v = -_·v 

dt dt 

Using the identity 

d(v· v) = dv. (2v) 
dt dt 

and assuming that the mass m is constant, one gets 

F.v = ~(~mv.v) = dT 
dt 2 dt 

where T is the kinetic energy of the particle defined as 

T = tmv·v = tmv2 

Since dr = vdt, it follows from Eq. 17 that 

F·vdt = F·dr = dT 

or 

f F·dr = f dT 

(1.17) 

(1.18) 

The left-hand side of this equation represents the work done by the force F 
that acts on the particle, while the right-hand side is the change in the particle 
kinetic energy. Therefore, the preceding equation states that the work done 
on the particle by the applied force is equal to the change in the kinetic energy 
of the particle. 

A simple example of the work of a force is the work done by the spring 
force, which is simply given by 

fF.dr= f:(-kx)dx = _~kX2 
where k is the spring stiffness and x is the spring deformation. It is clear from 
the preceding equation that the work done by the spring force is the negative 
ofthe strain energy U = kx2/2 stored as the result ofthe spring deformation. 
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1.4 SYSTEMS OF PARTICLES 

Consider the system that consists of n particles. The mass of the particle i is 
denoted as mi' and its position vector is defined by the vector rio The linear 
momentum P of the system of particles is defined as 

n n 

P = L Pi = L mivi 
i=l i=l 

where Pi and Vi are, respectively, the linear momentum and the velocity of the 
particle i. Let Fi be the resultant force vector acting on the particle i. In addition 
to this external force, we assume that the particle is subjected to internal forces 
as the result of its interaction with other particles in the system. Let Fij be the 
internal force acting on particle i as the result of its interaction with particle 
j. With the understanding that Fu = 0, the equation of motion of the particle 
i is 

n 

miai = Pi = Fi + L Fij 
j=l 

where a i is the absolute acceleration of the particle i. The sec0nd term on the 
right-hand side of the above equation represents the sum of all the internal 
forces acting on the particle i as the result of its interaction with other particles 
in the system. It follows that 

n n n n n 

L miai = L Pi = L Fi + L L Fij 
i=l i=l i=l i=l j=l 

From Newton's third law, the forces of interaction acting on particles i and j 
are equal in magnitude and opposite in direction, that is, 

and consequently, 

n n 

L L Fij=O 
i=l j=l 

It follows that 

n n n 

L miai = L Pi = L Fi 
i=l i=l i=l 

Since the position vector of the center of mass of the system of particles rc 
must satisfy 

where 

n 

L miri = mrc 
i=l 

n 

m= L mi 
i=l 
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is the total mass of the system of particles, one has 
n 

L m;a; = mac 
;=1 

where ac is the absolute acceleration of the center of mass of the system of 
particles. It follows that 

n 

mac = p = L F; 
;=1 

which implies that the product of the total mass of the system of particles and 
the absolute acceleration of the center of mass of this system is equal to the 
sum of all the external forces acting on the system of particles. Note that if the 
sum of the external forces acting on a system of particles is equal to zero, then 

p=o 
and we have the principle of conservation of momentum. 

Example 1.2 

The system shown in Fig. 13(a) consists of the two masses m1 and m2 which 
move in the horizontal direction on a friction-free surface. The two masses are 

(a) 

(b) 

FIG. 1.13. Two-mass system. 
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connected to each other and to the surface by springs and dampers, as shown in 
the figure. The external forces F1 and F2 act, respectively, on the masses m1 and m2 • 

Obtain the differential equations of motion of this system. 

Solution. The system shown in Fig. 13 has two degrees of freedom which can be 
represented by two independent coordinates Xl and X 2 • Without any loss of gen­
erality, we assume that X 2 is greater than Xl' and x2 is greater than Xl' By using 
the free body diagram shown in the figure, the differential equation of motion for 
the mass m1 is given by 

= F 1(t) - k 1x 1 - C1X 1 + k 2 (X2 - Xl) + C2 (X 2 - xd 

which can be written as 

m1X1 + (c 1 + C2 )X 1 - C2X 2 + (k1 + k 2 )Xl - k2X2 = F 1(t) (1.20) 

Similarly, for the second mass, we have 

or 
(1.21) 

Observe that there are two second-order differential equations of motion (Eqs. 20 
and 21) since the system has two degrees offreedom. Adding the equations of motion 
of the two particles leads to 

m1 x1 + m2x2 = F 1(t) + F 2(t) - C1 X 1 - k 1 X 1 

If the external forces are equal to zero, which is the case of free vibration, one 
has 

Angular Momentum The angular momentum L of a system of particles 
is defined as the sum of the angular momenta of the individual particles, 
namely, 

n 

L = L (ri x miv;) 
i=1 

Taking the time derivative of the angular momentum, one gets 

dL n n 
- = L (v· x m.v.) + L (r. x m.a.) 
dt i=1' " i=1' " 

Since Vi X mivi = 0, the above equation reduces to 

dL n 
- = L (r. x m.a.) 
dt i=1' " 

(1.22) 

(1.23) 

The inertia force miai of the particle i is equal to the resultant of the applied 
forces acting on this particle. Therefore, we can write 
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dL = i: [fi X (Fi + i: Fij)] 
dt i=l j=l 

n n n 

= L fi X Fi + L L fi X Fij 
i=l i=l j=l 

Since the internal forces of interaction acting on two particles are equal in 
magnitude, opposite in direction, and act along the line connecting the two 
particles, one has 

and consequently, 
n n 

L L fi X Fij = 0 
i=l j=l 

Therefore, the rate of change of the angular momentum can be written as 

dL n 

-d = L fi X Fi 
t i=l 

(1.24) 

That is, the rate of change of the angular momentum of a system of particles 
is equal to the moment of all the external forces acting on the system. If the 
resultant moment is equal to zero, we obtain the principle of conservation of 
angular momentum, which can be stated as 

(1.25) 

which implies that L = constant. 
The angular momentum of the system of particles can be expressed in terms 

of the velocity of the center of mass Vi' It can be shown that 

n 

L = fc X mvc + L fic X mivic 
i=l 

(1.26) 

where fic and Vic are, respectively, the relative position and velocity vectors of 
the particle i with respect to the center of mass of the system of particles, and 
m is total mass of the system of particles. It also can be shown that the kinetic 
energy of the system of particles can be written as 

1 n 1 n 

T = - L mi(vi'v;) = - L mivr 
2 i=l 2 i=l 

1 2 f 1 2 
= -2 mvc + .L... -2 mivic 

,=1 
(1.27) 

1.5 DYNAMICS OF RIGID BODIES 

In particle kinematics, the objects are assumed to be so small that they can be 
represented by points in the three-dimensional space, and as a consequence, 
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FIG. 1.14. Unconstrained motion of rigid bodies. 

the position of the particle can be defined by the coordinates of a point. That 
is, three coordinates are required for the spatial motion and only two coordi­
nates are required for the planar motion. The configuration of a rigid body 
in space, however, can be determined using six coordinates, three coordinates 
define the translation of the body center of mass and three coordinates define 
the orientation of the body in a fixed coordinate system. The unconstrained 
planar motion of a rigid body can be described in terms of three coordinates, 
as shown in Fig. 14, where two coordinates define the translation of the center 
of mass and one coordinate () defines the orientation of the rigid body in the 
XY plane. Therefore, there are three differential equations that govern the 
unconstrained planar motion of a rigid body. These three equations are 

m~c: Fx} 
myc - Fy 

Ice = M 

(1.28) 

where m is the mass of the rigid body, Xc and Yc are the accelerations of the 
center of mass of the rigid body, Fx and Fy are the sum of the forces that act 
at the center of mass in the x and y directions, respectively, M is the sum of 
the moments, and leis the mass moment of inertia with respect to a perpendic­
ular axis through the center of mass. The left-hand sides of the first two 
equations in Eq. 28 are called the inertia forces or effective forces, and the 
left-hand side of the third equation is called the inertia moment or effective 
moment. 

The first two equations in Eq. 28 imply that the inertia forces or effective 
forces are equal to the external forces, while the third equation implies that 
the inertia moment or effective moment is equal to the external moments that 
act on the rigid body. Equation 28 can be represented by the diagram shown 
in Fig. 15. For instance, if the forces F1 , F2 , and F3 make, respectively, angles 



1.5. Dynamics of Rigid Bodies 21 

Free body diagram 
(External forces 
and moments) 

Inertia diagram 
(Effective forces 
and moments) 

FIG. 1.15. Dynamic equilibrium of rigid bodies. 

0: 1 , 0:2 , and 0: 3 with the horizontal axis, Eq. 28 implies that 

mxc = F1 cos 0: 1 + F2 cos 0:2 + F3 cos 0: 3 

myc = F1 sin 0: 1 + F2 sin 0:2 + F3 sin 0: 3 

Ice =M1 + M2 

Note that if the rigid body undergoes pure planar translation, only the 
first two equations of Eq. 28 are required. If the rigid body undergoes pure 
rotation, only the third equation is sufficient. That is, the number of indepen­
dent differential equations is equal to the number of degrees offreedom of the 
rigid body. 

It is also important to emphasize that the two systems of forces (external 
and effective) shown in Fig. 15, are equal in the sense that the inertia (effective) 
forces and moments can be treated in the same manner that the external forces 
and moments are treated. As a consequence, One can take the moment of the 
inertia forces and moments about any point and equate this with the moment 
of the external forces and moments about the same point. This can be stated 
mathematically as 

(1.29) 

where Ma is the moment of the externally applied moments and forces and 
Meff is the moment of the inertia forces and moments about the same point. 
Equation 29 is useful in many applications and its use is demonstrated by the 
following example. 

I Example 1.3 

Figure 16 depicts a rigid rod oflength I, mass m, and mass moment of inertia about 
its mass center, Ie. One end ofthe rod is connected to the ground by a pin joint, and 
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FIG. 1.16. Pendulum vibration. 

the other end is connected to the ground by spring and damper. The spring stiffness 
is k and the viscous damping coefficient is c. If Tis an externally applied moment 
that acts on the rod, derive the system differential equations of motion. 

Solution. For a given angular orientation 8, the free body diagram of the rod 
is shown in Fig. 17. In this figure, Rx and Ry denote the reaction forces of the pin 
joint. The pendulum system shown in Fig. 16 has only one degree of freedom 
which is described by the angular rotation 8, and therefore, the equations of motion 
for this system can be described by only one differential equation. In order to avoid 
the unknown reaction forces Rx and R y, we use Eq. 29 and take the moment about 
point O. From the free body diagram shown in Fig. 17, the moment of the applied 
forces about 0 is given by 

M. = T - mg~ sin 8 - (eX. + kx.)1 cos 8 (1.30) 

where x. and X. are the displacement and velocity of point a expressed in terms of 
the angle 8 as 

x. = I sin 8 

X. = Ie cos 8 

Substituting these two equations into Eq. 30, one obtains 

M. = T - mg~ sin 8 - (ce cos 8 + k sin 8W cos 8 

The moments of the effective forces and moments about 0 are 

.. I I 
Meff = Ic8 + m.xc2 cos 8 + mYc2 sin 8 

(1.31) 

(1.32) 
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Free body diagram Inertia diagram 

a 

FIG. 1.17. Dynamic equilibrium. 

where the coordinates of the center of mass Xc and y c are given by 

I . 
X = -sm 8 

c 2 

I 
Y = -- cos 8 

c 2 

The velocity and acceleration of the center of mass can be obtained by direct 
differentation of the above equations, that is, 

I . 
Y· =-8sin8 

c 2 ' 

I .. I . x = - 8 cos 8 - - 82 sin 8 
c 2 2 

Substituting the expressions of the accelerations into the moment equation, Eq. 32, 
yields 

Using the trigonometric identity 

cos2 8 + sin2 8 = 1, 

the effective moment Merr reduces to 

.. mI2 .. ( m12) .. 
M rr =I8+-8= I +- 8 

e c 4 c 4 
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where 10 is the mass moment of inertia of the rod about point 0 and is defined as 

ml 2 

10=1 +~ 
c 4 

Using Eq. 29, we have 

that is, 
I. .. 

T- mg 2 sin () - (c() cos () + k sin ()W cos () = lo() 

which can be written as 

.. . I 
lo() + cl2 () cos2 () + kl2 sin () cos () + mg - sin () = T (1.33) 

2 

Principle of Work and Energy For rigid body systems, the principle of 
work and energy can be conveniently used to obtain the equations of motion 
in many applications. In order to derive this principle for rigid bodies, we note 
that upon the use of the relation dx = x dt, the accelerations of the center of 
mass of the rigid body can be written as 

d' .. . Ye 
Ye = Yed' 

Ye 

Substituting these equations into Eq. 28, and integrating, one obtains 

f mXe dXe = f Fx dXe> f mYe dYe = f Fy dYe> 

f leO dO = f M de 

which yield 

where cx, cy, and Co are the constants of integration which define the kinetic 
energy of the rigid body at the initial configuration as To = Cx + cy + Co. 

Adding the preceding equations, one obtains 

1 ·2 '2 1'2 f f f 2m(Xe + Ye) + 2Iee - To = Fx dXe + Fy dYe + M de (1.34) 

which can be written as 

T=W (1.35) 
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FIG. 1.18. Principle of work and energy. 

where T is the change in the kinetic energy of the rigid body, and W is the 
work of the forces, both defined as 

T = !m(x; + y;) + Hee2 - To = !mv; + Hee2 - To 

W = f Fx dXe + f Fy dYe + f M dO 

where Ve is the absolute velocity of the center of mass of the rigid body. 
Equation 34 or 35 is a statement of the principle of work and energy for rigid 

bodies. According to this principle, the change in the kinetic energy of the 
rigid body is equal to the work of the applied forces and moments. In order 
to demonstrate the application of this principle in the case of rigid body 
dynamics, we consider the system shown in Fig. 18, which depicts a homoge­
neous circular cylinder of radius r, mass m, and mass moment of inertia Ie 
about the center of mass; Ie = mr2/2. The cylinder nIls without slipping on a 
curved surface of radius R. The change in the kinetic energy and the work 
done by the gravity force of the cylinder are 

T = !mv; + Hee2 - To 

W = - mg(R - r)(1 - cos </J) 

where Ve is the absolute velocity of the center of mass, and e is the angular 
velocity of the cylinder, both defined as 

Ve = (R - r)~ 

e = ~ = (R - r)~ 
r r 

The change in the kinetic energy of the cylinder can then be written as 
3 2 ·2 T = 4"m(R - r) </J - To 

and the principle of work and energy as stated by Eq. 35 leads to 

T-W=O 
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or 
!m(R - r)2~2 + mg(R - r)(l - cos ,p) - To = 0 

Differentiating this equation with respect to time and dividing by ~, one 
obtains the equation of motion of the cylinder as 

i(R - r)~ + g sin ,p = 0 

1.6 LINEARIZATION OF THE DIFFERENTIAL EQUATIONS 

In many cases the dynamics of physical systems is governed by nonlinear 
differential equations, such as Eq. 33 of the preceding example. It is difficult, 
however, to obtain a closed-form solution to many of the resulting non­
linear differential equations. If the assumptions of small oscillations are made, 
linear second-order ordinary differential equations can be obtained, and a 
standard procedure can then be used to obtain the solution of these linear 
equations in a closed form. For instance, if the angular oscillation in the 
preceding example is assumed to be small (() ::;; 10°), 

sin () ~ tan () ~ () 

cos () ~ 1 

and Eq. 33 can be simplified and written as 

100 + cl2{) + ( kF + mg D () = T (1.36) 

which is a linear second-order differential equation with constant coeffi­
cients. 

The preceding equation also can be obtained by carrying out the lin­
earization at an early stage, that is, by linearizing the kinematic relationships 
presented in the preceding example. In this case, we have 

It follows that 

Xa = [(} 

I 
x =-() 

c 2 

and 

Substituting these equations into Eqs. 30 and 32 and using the assumption of 
small angular oscillations, one obtains the following simplified expressions for 
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the applied and effective moments about point 0 

If we put 

we obtain 

which is the same as Eq. 36 previously obtained by linearizing the nonlinear 
differential equation given by Eq. 33. It is important, however, to point out 
that early linearization in some problems could lead to the loss of some 
important terms. Nonetheless, in the following chapters, for the sake of 
simplicity and to avoid unnecessary and laborious calculations, we prefer to 
linearize the kinematic equations at an early stage, provided that an early 
linearization leads to the same eq uations 0 btained by linearizing the nonlinear 
differential equations. 

Example 1.4 

Find the nonlinear and linear differential equations of motion of the system shown 
in Fig. 19, assuming that z(t) is a specified known displacement. 

Solution. Since the displacement z(t) of the slider block is specified, the number of 
degrees offreedom of the system reduces to one. From the free body diagram shown 

.~ __ •• z(t) o 

(a) 

(b) 

FIG. 1.19. Support motion. 
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in the figure and by taking the moment about point 0, we have 

M. = -mgl sin e 

Merr = mxl cos e + my I sin e 

(1.37) 

(1.38) 

The mass m is assumed to be a point mass or a particle and therefore it has no 
moment of inertia about its center of mass. The coordinates x and y of this mass 
are given by 

x = z + I sin e 
y=-Icose 

Differentiating these coordinates with respect to time yields 

x = i + el cos e 
and 

y = el sin e 

By differentiating these velocities with respect to time, one obtains 

x = i + 01 cos e - e21 sin e 

y = 01 sin e + e21 cos e 

Substituting these equations into Eq. 38 yields 

(1.39) 

(1.40) 

Merr = m(i + 01 cos e - e21 sin e)1 cos e + m(fJl sin e + e21 cos e)1 sin e 

= mil cos e + ml20 (1.41) 

Equating Eqs. 37 and 41, the nonlinear differential equation of motion can be 
obtained as 

ml20 + mgl sin e = -mil cos e (1.42) 

In order to obtain the linear differential equation, we assume small oscillations 
and use early linearization by linearizing the kinematic relationships. In this case, 
Eqs. 39 and 40 are 

x ~ z + Ie 

y ~-I 

which yields 
x = i + Ie, x = i + 10 

y=y=o 

The applied and effective moment equations can be written as 

M. = -mgie 

Merr = mxl = mil + ml20 

Equating these two equations, we obtain the following linear differential equation 
of motion 

ml20 + mgle = -mil (1.43) 

Clearly, this equation can be obtained from the nonlinear equation given by Eq. 
42 by using the assumption of small oscillations. 
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1.7 IDEALIZATION OF MECHANICAL AND 
STRUCTURAL SYSTEMS 

Modern mechanical and structural systems may consist of several compo­
nents connected together by different types of joints. In order to develop a 
mathematical model for a system, the actual system may be represented by 
a simplified model which has equivalent inertia, damping, and stiffness char­
acteristics. Several assumptions such as neglecting small effects, replacing the 
distributed characteristics by lumped characteristics, and neglecting uncer­
tainities and noise may have to be made in order to obtain a simplified model 
which is more amenable to analytical studies. Adopting a very complex model 
may be considered just as poor a judgement as adopting an oversimplified 
model because of the waste of energy and time required to study complex 
models. A reasonably simplified model makes the analysis much simpler as 
the result of reducing the number of variables and the complexity of the 
resulting dynamic equations. 

Mechanism Systems Figure 20(a) shows the overhead value arrange­
ment in an automotive engine. The cam is driven by the camshaft which 
rotates with a certain angular velocity, and the cam-follower train consists of 
the pushrod, the rocker arm, and the valve stem. If the speed of operation of 
the system is low, the system may be analyzed as consisting of rigid parts, and 
in this case, the rigid body analysis produces satisfactory results. In many 

____ Push rod 

shaft 

(a) (b) (c) 

FIG. 1.20. Cam system: (a) cam mechanism; (b) three degree offreedom model; (c) single 
degree of freedom model. 
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applications, the speed of operation is very high such that elastic-body analysis 
must be used, and therefore, the simplified model must account for the elas­
ticity of the system components. Several models with different numbers of 
degrees of freedom may be developed. The validity of each model, however, 
in representing the actual system will depend on the inertia, damping, and 
stiffness characteristics of the system as well as the operating speed. Figure 
20(b), for example, shows a three degree offreedom model for the elastic-body 
cam system. In this model, the masses ml and m2 are the lumped mass 
characteristics of the follower train. The mass m3 is the equivalent mass of the 
cam and a portion of the camshaft. The spring coefficient kl represents the 
stiffness of the follower retaining spring, and the coefficients k2 and k3 repre­
sent the stiffness characteristics of the follower train. The coefficient k4 is the 
bending stiffness of the camshaft. The damping coefficient Cl , C2, c3 , and C4 are 
introduced in this model to account for the dissipation of energy as the result 
of friction. In this model, the distributed inertia and stiffness characteristics of 
the true model are replaced by lumped characteristics. If the cam, camshaft, 
rocker arm, and the valve spring are relatively stiff compared to the pushrod, 
the simple model shown in Fig. 20(c) can be used where k is the equivalent 
stiffness ofthe pushrod and m is the equivalent mass of the cam-follower train. 

Structural Systems Another example which can be used to demonstrate 
the idealization of mechanical and structural systems is the multistory build­
ing shown in Fig. 21 (a). If we assume that the mass of the frame is small 
compared to the mass of the floor, we may represent this system by the 
multidegree offreedom system shown in Fig. 21 (b), where m; is the equivalent 
mass of the ith floor and k; is the equivalent stiffness of the ith frame. 

(a) (b) 

FIG. 1.21. Multistory building. 
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(a) (b) 

~ ~ m 

is:, i} c 

(e) (d) 

FIG. 1.22. Vehicle system. 

Vehicle Systems A third example is the vehicle system shown in Fig. 
22(a). The chassis of an actual vehicle consists of beams, plates and other 
elastic components which may deform. An accurate mathematical model that 
describes the chassis deformation may require the use of approximation and 
numerical techniques such as the finite element method. One, however, may 
assume that the chassis deformation has no significant effect on the gross 
motion of the vehicle. In order to examine the effect of the suspension cha­
racteristics on the gross displacement of the chassis we may assume, for the 
moment, that the chassis can be treated as a rigid body. We can, therefore, 
obtain the model shown in Fig. 22(b) which has six degrees of freedom, three 
degrees of freedom describe the translation of the center of mass of the 
chassis and three degrees of freedom define the chassis orientation. If the 
interest is focused only on the planar vibration of the system, a simpler model, 
such as the one shown in Fig. 22(c), can be used, where in this model kr and Cr 
are, respectively, the equivalent stiffness and damping coefficients of the front 
suspension and kr and Cr are, respectivly, the equivalent stiffness and damping 
coefficients of the rear suspension. In general, this system has three degrees 
of freedom; two degrees of freedom represent the translation of the chassis 
and one degree of freedom describes the chassis rotation. If we are only 
concerned with the vibration of the vehicle in the vertical direction, the three 
degree offreedom model can be further simplified in order to obtain the single 
degree of freedom model shown in Fig. 22(d), where k and C are, respectively, 
equivalent stiffness and damping coefficients that represent the flexibility and 
damping of the front and rear suspension of the vehicle. 
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Problems 

1.1. What are the basic elements of the vibration model? 

1.2. Give examples of systems that have one degree, two degrees, and three degrees 
of freedom. 

1.3. Explain why continuous systems have infinite numbers of degrees offreedom. 

1.4. Derive the stiffness coefficient of the helical spring defined by Eq. 4. 

1.5. Explain the difference between the static and sliding coefficients offriction. 

1.6. For the mass spring system of Example 1, use the equation of motion in the case 
of undamped free vibration to show that the work done by the spring force is 
equal to the kinetic energy of the mass. 

1.7. For the two degree of freedom system of Example 2, obtain the equation of 
motion of the forced undamped vibration. 

1.8. For the two degree of freedom system of Example 2, obtain the equations of 
motion of the undamped free vibration. 

1.9. Show that the angular momentum of a system of particles can be written as 
n 

L = re x mVe + I fie X miVie 
i=l 

where fie and Vic are, respectively, the relative position and velocity vectors of the 
particle i with respect to the center of mass of the system of particles, mi is the 
mass of the particle i, and m is total mass of the system of particles. 

1.10. Show that the kinetic energy of the system of particles can be written as 

1 2 f 1 2 
T = -mv + L.. -m·v· 2 e i=l 2 I Ie 

where m is the total mass of the system of particles, Ve is the velocity of the center 
of mass, mi is the mass of the particle i, and Vic is the velocity of the particle i with 
respect to the center of mass. 

1.11. For the two degree offreedom system of Example 2, determine the acceleration 
of the center of mass using Eq. 19. Verify the results you obtain by adding the 
two equations of motion of the system presented in the example. 

1.12. For the two degree of freedom system of Example 2, show that the linear 
momentum of the system is conserved if k1 = C1 = F1 = F2 = o. 

1.13. For the pendulum system discussed in Section 6, calculate the errors in the 
displacements, velocities, and accelerations of the center of mass as the result of 
using the linearized equations. Assume that the rod has length 1 m and it rotates 
with a constant angular velocity 10 rad/s. Determine the errors when () = 5, 10, 
20,30°. 

1.14. Repeat the preceding problem if the angular velocity of the rod is 100 rad/s. 

1.15. Develop several possible simplified vibration models for an airplane and discuss 
the degrees of freedom of each model and the basic assumptions used to develop 
such a model. 
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Solution of the Vibration Equations 

It was shown in the preceding chapter that the application of Newton's second 
law to study the motion of physical systems leads to second-order ordinary 
differential equations. The coefficients of the accelerations, velocities, and 
displacements in these differential equations represent physical parameters 
such as inertia, damping, and restoring elastic forces. These coefficients not 
only have a significant effect on the response of the mechanical and structural 
systems, but they also affect the stability as well as the speed of response of 
the system to a given excitation. Changes in these coefficients may result in a 
stable or unstable system, and/or an oscillatory or nonoscillatory system. 

In order to examine, understand, and analyze the behavior of physical 
systems, we will attempt first to solve the differential equations that govern the 
vibration of these systems. In this chapter the interest will be focused on 
solving the following differential equation 

(2.1) 

In the linear theory of vibration, a1 , a2 , and a3 are constant coefficients that 
represent, respectively, the inertia, damping, and stiffness coefficients. The 
variable x represents the displacement, x is the velocity, and x is the accelera­
tion. The first and second time derivatives of the variable x are given by 

. dx 
x=-

dt' 
(2.2) 

The right-hand side of Eq. 1, denoted as f(t), represents a forcing function 
which may depend on time t. If the forcing functionf(t) is not equal to zero, 
Eq. 1 is described as a linear, nonhomogeneous, second-order ordinary differ­
ential equation with constant coefficients. The homogeneous differential equa­
tions, in which f(t) = 0, correspond to the case of free vibration. In the case 
of undamped vibration, the coefficient a2 of the velocity x is identically zero. 
In the following sections we present methods for obtaining solutions for both 
homogeneous and nonhomogeneous differential equations. 

33 
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2.1 HOMOGENEOUS DIFFERENTIAL EQUATIONS 

In this section, techniques for solving linear, homogeneous, second-order 
differential equations with constant coefficients are discussed. Whenever the 
right-hand side of Eq. 1 is identically zero, that is, 

f(t) = 0, (2.3) 

the equation is called a homogeneous differential equation. In this case, Eq. 
1 reduces to 

(2.4) 

By a solution to Eq. 4 we mean a function x(t) which, with its derivatives, 
satisfies the differential equation. A solution to Eq. 4 can be obtained by trial 
and error. A trial solution is to assume the function x(t) in the following form 

x(t) = Aept (2.5) 

where A and P are constants to be determined. Differentiating Eq. 5 with 
respect to time yields 

x(t) = pAept 

x(t) = p2 Aept 

Substituting Eqs. 5-7 into Eq. 4 leads to 

aIP2 Aept + a2pAePt + a3 AePt = ° 
that is, 

(2.6) 

(2.7) 

(2.8) 

Note that ept is not equal to zero for all values of time t. Also, if the constant A 
is equal to zero, this implies, from Eq. 5, that x(t) is equal to zero, which is the 
case of a trivial solution. Therefore, for Eq. 8 to be satisfied for a nontrivial 
x(t), one must have 

(2.9) 

This is called the characteristic equation ofthe second-order differential equa­
tion. Equation 9 has two roots PI and P2 which can be determined from the 
quadratic formula as 

Accordingly, we have the following two independent solutions 

xl(t) = A IeP1l 

and 

(2.10) 

(2.11) 

(2.12) 

(2.13) 
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The general solution of the differential equation can then be written as th~ 
sum of these two independent solutions, provided that the roots of the charac­
teristic equation are not equal, that is, 

(2.14) 

The complete solution of the second-order ordinary differential equations 
contains two arbitrary constants Al and A 2 • These arbitrary constants can 
be determined from the initial conditions, as discussed in later sections. 

Clearly, the solution of the differential equation depends on the roots Pl 
and P2 of the characteristic equation. There are three different cases for the 
roots Pl and P2' In the first case, in which Pl and P2 are real numbers and 
Pl =F P2, one has a~ > 4ala3' In vibration systems, this case corresponds to 
the case in which the damping coefficient is relatively high, and for this reason, 
the system is said to be overdamped. If a~ = 4a l a3, the roots Pl and P2 are real 
numbers and Pl = P2, and the system is said to be critically damped. In the 
third case, a~ < 4al a3, and the roots Pl and P2 are complex conjugates. This is 
the case in which the damping coefficient is relatively small. In this case, the 
system is said to be underdamped. In the following, these three different cases 
are discussed in more detail. 

Real Distinct Roots This is the case in which the following inequality is 
satisfied 

(2.15) 

In this case, the quantity J a~ - 4a l a3 is real and the roots Pl and P2 are 
distinct, that is, 

(2.16) 

Therefore, we have two independent solutions and the complete solution is 
the sum of two exponential functions and is given by 

(2.17) 

If both Pl and P2 are positive, the solution x(t) will be exponentially increasing 
with time. If both roots are negative, the solution x(t) will be exponentially 
decreasing with time, and the rate of decay and growth will depend on the 
magnitude of Pl and P2' Another possibility is that one root, say Pl, is 
positive and the other root P2 is negative. 

Example 2.1 

Find the solution of the following homogeneous second-order ordinary differential 
equation 

x - 4i + 3x = 0 

Solution. Assume a solution in the form 

x(t) = Aept 
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Substituting this solution into the differential equation yields 

p2 Aept - 4pAeP' + 3AeP' = 0 
That is, 

(p2 _ 4p + 3)AePt ;= 0 

The characteristic equation can then be defined as 

p2 -4p + 3 = 0 
That is, 

(p - 1)(P - 3) = 0 

The roots PI and P2 are then given by 

PI = 1 and pz = 3 

There are two independent solutions Xl (t) and X2(t) given by 

Xl (t) = A l eP11 = AIe' 

x2(t) = A2ePzt = A 2e31 

The solutions Xl (t) and X2(t) are shown in Fig. 1. The complete solution is the sum 
of the two solutions, that is, 

x(t);= xl(t) + Xz(t);= Ale' + Aze3t 

25.0 

20.0 

'"", 
-g 15.0 

<'d 

5.0 

---0.0 
0.00 

~ 

0.25 

/ 
.... vv 

0.50 

Time (s) 

e3'1 

7 
/ 

V 

e' 

0.75 

FIG. 2.1. Independent solutions. 

/ 
/ 

/ 

1.00 



2.1. Homogeneous Differential Equations 37 

5.0 

r---r--
......... 

~ 
0.0 

1\ 
\ 

~ -5.0 

-10.0 \ 

-15.0 
0.00 0.25 0.50 

Time (s) 

0.75 

FIG. 2.2. Complete solution (AI = 3, A2 = -1). 

\ 
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The complete solution depends on the constants Al and A2 which can be de­
termined using the initial conditions. This solution is shown is Fig. 2 for the case 
in which Al = 3 and A2 = -1. 

Example 2.2 

Find the solution of the following second-order differential equation 

x+x-6x=O 

Solution. We assume a solution in the follwing exponential form 

x(t) = Aept 

Substituting this solution into the differential equation leads to 

p2 Aept + pAePt - 6Aept = 0 

which can be written as 
(P2 + P _ 6)Aept = 0 

The characteristic equation can then be defined as 

p2 + P _ 6 = 0 
or 

(p - 2) (p + 3) = 0 
That is, 

PI = 2, P2 = -3 
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FIG. 2.3. Distinct real roots (AI = 3, A2 = -1). 

The two independent solutions are then given by 

XI(t) = A le2t 

X2(t) = A2e-3t 

and the complete solution is 

x(t) = xl(t) + x 2(t) = A le2t + A2e- 3t 

The independent solutions x I (t) and x 2(t), as well as the complete solution x(t), are 
shown in Fig. 3 in the case in which Al = 3 and A2 = -l. 

We observe from this and the preceding example that if the roots PI and P2 are 
distinct and real, the solution is not oscillatory, but it can be represented as the sum 
of exponential functions which increase or decrease with time. 

Repeated Roots If the roots of the characteristic equation are real and 
equal, 

PI = P2 (2.18) 
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This condition will be satisfied if the coefficients of the differential equation 
satisfy the following equality 

a~=4ala3 

In this case, we have only one solution 

xl(t) = AleP1t 

(2.19) 

(2.20) 

From the theory of differential equations, it is shown that the complete 
solution x(t) can be assumed in the following form 

x(t) = Xl (t)u(t) (2.21) 

where u(t) is a function that can be determined by substituting x(t) into the 
original differential equation 

alx + a2x + a3x = 0 

Differentiating Eq. 21 with respect to time yields 

x(t) = XI(t)U(t) + XI(t)U(t) = PIAlePltu(t) + AleP1tu(t) 

= [Plu + u]AleP1t 

x(t) = [PIU + ii]AleP1t + PI[PIU + u]AleP1t 

= [p~u + 2P l u + ii]AleP1t 

Substituting Eqs. 21, 23, and 24 into Eq. 22 yields 

al(p~u + 2P l u + ii)AleP1t + a2(Plu + u)AleP1t + a3uAlePlt = 0 

That is, 

or 

(2.22) 

(2.23) 

(2.24) 

alii + (2a1PI + a2)u + (aIP~ + a2PI + a3)u = 0 (2.25) 

Using Eqs. 10 and 19, one can verify that the root PI is given by 

a2 
PI= --

2al 
(2.26) 

Substituting this equation into Eq. 25 and using the identity ofEq. 19 one gets 

ii=O 
which, upon integration, yields 

u = A2 + A3t (2.27) 

where A2 and A3 are constants. The complete solution in the case of repeated 
roots then can be written as 

x(t) = x(t)u(t) = (A2 + A3t)AlePlt 

which can be rewritten as 
(2.28) 
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where the two arbitrary constants C1 and Cz can be determined from the initial 
conditions. 

Example 2.3 

Find the complete solution of the following second-order ordinary differential 
equation 

x + 6,-( + 9x = 0 

Solution. We assume a solution in the form 

x(t) = AeP' 

Substituting this solution into the ordinary differential equation we obtain 

pZ AeP' + 6pAeP' + 9AeP' = 0 

or 
(pZ + 6p + 9)AeP' = 0 

The characteristic equation can then be defined as 

pZ + 6p + 9 = 0 

which can be written as 

(p + 3) (p + 3) = 0 

that is, 
Pi = pz = -3 

which is the case of repeated roots. In this case, the complete solution can be written 
as 

x(t) = (c 1 + czt)e- 3' 

This solution is shown in Fig. 4. As in the case of real distinct roots, the solution is 
not of oscillatory nature. 
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FIG. 2.4. Repeated roots (c i = 0, Cz > 0). 
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Complex Conjugate Roots This is the case in which the coefficients of 
the differential equation satisfy the inequality 

(2.29) 

In this case, we can write 

Ja~ - 4a Ia3 = J -(4aIa3 - aD = iJ4a Ia3 - a~ 

where i is the imaginary operator defined as 

i = J-=l 
Let 

(2.30) 

Then the roots of Eqs. 10 and 11 can be written as 

a2 1 J 2 . 
PI = --2 + -2 a2 - 4a Ia3 = IX + zf3 

ai ai 
(2.31) 

(2.32) 

That is, PI and P2 are complex conjugates. Since PI is not equal to P2' the 
complete solution is the sum of two independent solutions and can be ex­
pressed as follows 

where Al and A2 are constants. 
Substituting Eqs. 31 and 32 into Eq. 33, one gets 

x(t) = A Ie(a+iPlt + A2e(a-iPlt 

= eat(AleiPt + A 2e- iPt ) 

(2.33) 

(2.34) 

The complex exponential functions eiPt and e-iPt can be written in terms of 
trigonometric functions using Euler's formulas which are given by 

e i9 = cos 0 + i sin 0 

e- iO = cos 0 - i sin 0 

Using these identities with Eq. 34, one obtains 

x(t) = eat[A I(cosf3t + i sinf3t) + A2(COSf3t - i sinf3t)] 

= eat [(AI + A2) cosf3t + i(AI - A2) sinf3t] 

(2.35) 

(2.36) 

(2.37) 

Since the displacement x(t) must be real, the coefficients of the sine and cosine 
functions in the above equations must be real. This will be the case if and only 
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if Al and A2 are complex conjugates. In this case, 

Al + A2 = C1 

i(AI - A 2 ) = C2 

where C1 and C2 are constants. The complete solution of Eq. 37 can then be 
written as 

x(t) = e"'t[cl cospt + C2 sinptJ (2.38) 

The constants C1 and C2 can be determined from the initial conditions. Note 
that the solution x(t) is of an oscillatory nature, since it is the product of the 
exponential function e"'t and the harmonic functions cos pt and sin pt. 

The solution x(t) given by Eq. 38 can also be expressed in another simple 
form. To this end, let 

x = Jci + c~ 
One can write x(t) as 

[
C 1 c2 • ] x(t) = Xe"'t xcosPt + xsmpt 

As shown in Fig. 5, we define the angle t/J such that 

It follows that 

-1 C1 t/J=tan -
c2 

sint/J = i, C2 
cost/J = X 

Substituting Eq. 41 into Eq. 39 yields 

x(t) = Xe"'t[sint/J cospt + cost/J sinptJ 

Recall the following trigonometric identity 

sin t/J cos pt + cos t/J sin pt = sin(pt + t/J) 

FIG. 2.5. Definition of the phase angle 1/>. 

(2.39) 

(2.40) 

(2.41) 

(2.42) 

(2.43) 
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By using this identity, Eq. 42 can be written as 

x(t) = X eat sin(fJt + rjJ) (2.44) 

This form of the solution is useful in the analysis of the free vibration of 
mechanical systems, and as in the preceding two cases, there are two arbitrary 
constants, X and rjJ, which can be determined from the initial conditions. The 
constant X is called the amplitude of displacement and the constant rjJ is called 
the phase angle. Note that IX and fJ are known since they are functions of the 
coefficients ai' a2 , and a3 of the differential equation (see Eqs. 31 and 32). 

Example 2.4 

Find the complete solution of the following second-order ordinary differential 
equation 

5x + 2x + 50x = 0 

Solution. We assume a solution in the form 

Substituting this solution into the differential equation we obtain 

(5pZ + 2p + 50)Ae Pt = 0 

The characteristic equation is then given by 

5pz + 2p + 50 = 0 

which has the following roots 

_ -az+)a~-4ala3_ -2+)4-4(5)(50)_ -02 3156' 
PI - - - . +. I 

2a l 2(5) 

PZ = -az - )a~ - 4a 1a3 = -2 -)4 - 4(5)(50) = -0.2 _ 3.l56i 
2a l 2(5) 

The two roots, PI and pz, are complex conjugates, and the constants 0( and f3 can be 
recognized as 

0( = -0.2, f3 = 3.156' 

The complete solution is then given by Eq. 38 as 

x(t) = e-o.Zt[c l cos 3.156t + Cz sin 3.1 56t] 

or, equivalently, by Eq. 44 as 

x(t) = Xe- o.Zt sin(3.156t + 1/» 

where the constants CI and C2 or X and I/> can be determined from the initial 
conditions. As shown in Fig. 6, the solution is of oscillatory nature with an ampli­
tude that decreases with time. A system with this type of solution is said to be a 
stable system. 
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FIG. 2.6. Complex conjugate roots with negative real part. 

Example 2.5 

Find the complete solution of the following second-order differential equation 

5x - 2.i + 50x = 0 

Solution. This differential equation is the same as the one given in the preceding 
example, except the coefficient a2 of.i becomes negative. In this case, the charac­
teristic equation is 

5p2 - 2p + 50 = 0 

The roots of this characteristic equation are 

= -a2 + Ja~ - 4a1a3 = 2 + J4 - 4(5)(50) = 02 3156· 
P1 2a1 2(5)· +. I 

= -a2-Ja~-4a1a3=2-J4-4(5)(50)=02_31 6. 
P2 2a1 2(5)·· 5 I 

The constants IX and f3 of Eqs. 31 and 32 are, respectively, given by 

IX = 0.2 and f3 = 3.156 

The complete solution is then given by 

x(t) = eO. 2t [c1 cos 3.156t + C2 sin 3.156t] 

or, equivalently, as 
x(t) = XeO. 2t sin(3.156t + l/J) 

The solution x(t) is shown in Fig. 7. The solution is of oscillatory nature with 
increasing amplitude. A physical system with this type of solution is said to be an 
unstable system. 

I Example 2.6 

Find the complete solution of the following second-order differential equation 

5x + 50x = 0 
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FIG. 2.7. Complex conjugate roots with positive real part. 

Solution. This is, the same equation as in the preceding example, except that 
the coefficient a2 of x is equal to zero. In this case, the characteristic equation is 
given by 

5p2 + 50 = 0 

or 
p2 + 10 = 0 

the roots of this equation are 

PI = 3.l62i, P2 = -3.162i 

The roots PI and P2 are complex conjugates with the real parts equal to zero. In this 
case. 

and f3 = 3.162 

and the solution can be written as 

x(t) = CI cos 3.162t + C2 sin 3.l62t 

or, equivalently, 
x(t) = X sin(3.162t + t/J) 

This solution is a harmonic function which has a constant amplitude, as shown in 



46 2. Solution of the Vibration Equations 

1.0 

0.5 

'0:' 
0.0 >i' 

-0.5 

\ / \ I \ / \ / \ 
\) \ ) \ / \ i \ 

-1.0 
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 

Time (s) 

FIG. 2.8. Complex conjugate roots with zero real parts. 

Fig. 8. If the response of a physical system has a similar nature, the system is said 
to be critically stable or to have sustained oscillation. This case of free vibration in 
which the damping coefficient is equal to zero will be studied in more detail in 
Chapter 3. 

2.2 INITIAL CONDITIONS 

It was shown in the preceding section that the solution of the homogeneous 
second-order ordinary differential equations contains two arbitrary constants 
which can be obtained by imposing two initial conditions. This leads to two 
algebraic equations which can be solved for the two constants. In the follow­
ing, we discuss the determination of these constants in the three different cases 
of real distinct roots, repeated roots, and complex conjugate roots. 

Real Distinct Roots If PI # P2 and both PI and P2 are real, the solution 
is given by 

(2.45) 

where PI and P2 are defined by Eqs. 10 and 11, and A I and A2 are two arbitrary 
constants to be determined from the initial conditions. 

Differentiating Eq. 45 with respect to time yields 

(2.46) 

If any two specific conditions on the displacement and/or the velocity are given, 
Eqs. 45 and 46 can be used to determine the constants Al and A 2 • For instance, 
let Xo and Xo be the initial values for the displacement and velocity such that 

Xo = x(t = 0), Xo = x(t = 0) (2.47) 
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Substituting Eq. 47 into Eqs. 45 and 46 yields 

Xo = Al + A z 

Xo = P1A l + pzAz 

(2.48) 

(2.49) 

These are two algebraic equations which can be used to determine the con­
stants Al and A z. One can verify that, in this case, Al and A z are given by 

A _ Xopz - Xo 
1 - , 

pz - Pl 

Example 2.7 

A _ Xo - P1XO 
z-

pz - Pl 
(2.50) 

Find the complete solution of the following second-order ordinary differential 
equation 

x - 4x + 3x = 0 

subject to the initial conditions 

Xo = 2, Xo = 0 

Solution. It was shown in Example 1, that the solution of this differential equation 
is 

It follows that 
x(t) = Ai et + 3Aze3t 

Using the initial conditions, we have the following two algebraic equations 

2 = Ai + Az 

0= Ai + 3Az 

The solution of these two algebraic equations yields 

Az = -1 

and the complete solution can be written as 

x(t) = 3et - e3t 

Repeated Roots If Pl and pz are real and equal, the solution, as demon­
strated in the preceding section, is given by 

which yields 
x(t) = (c l + czt)ePlt (2.51) 

x(t) = czePlt + (c l + czt)PlePlt 

= [c z + Pl(Cl + czt)]e Plt (2.52) 

where C 1 and Cz are arbitrary constants to be determined from the initial 
conditions. Let Xo and Xo be, respectively, the initial displacement and velocity 
at time t = 0, it follows that 

(2.53) 

(2.54) 
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These two algebraic equations can be solved for the constants C1 and C2 

as 

Example 2.8 

(2.55) 

(2.56) 

Find the complete solution of the following second-order ordinary differential 
equation 

x + 6x + 9x = 0 

subject to the initial conditions 

Xo = 0, Xo = 3 

Solution. It was shown in Example 3 that the solution of this differential equation 
is given by 

x(t) = (c 1 + czt)e- 3t 

Differentiating this equation with respect to time yields 

x(t) = [cz - 3(c1 + czt)]e- 3t 

By using the initial conditions, we obtain the following two algebraic equations 

0= C1 

3 = Cz - 3c 1 

or 
c1 = 0 

Cz = 3 

The complete solution can then be written as 

x(t) = 3te -3t 

Complex Conjugate Roots If the roots of the characteristic equations 
PI and P2 can be written in the following form 

PI = IX + if3 

P2 = IX - if3 

(2.57) 

(2.58) 

where IX and f3 are constant real numbers, then the solution of the homoge­
neous differential equation can be written as 

x(t) = eat [c 1 cos f3t + C2 sin f3t] (2.59) 

or, equivalently, 
x(t) = Xe at sin(f3t + r/J) (2.60) 

where c 1 and C2 or X and ¢J are constants to be determined using the initial 
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conditions. Differentiating 'Eq. 60 with respect to time yields 

x(t) = aX eat sin(pt + ¢J) + PX eat cos(pt + ¢J) 

= Xeat[a sin(pt + ¢J) + P cos(pt + ¢J)] (2.61) 

If Xo and Xo are, respectively, the initial displacement and velocity at time 
t = 0, substituting these initial conditions into Eqs. 60 and 61 leads to the 
following algebraic equations 

Xo = X sin ¢J 

Xo =X(a sin ¢J + P cos ¢J) 

The solution of these two equations defines X and ¢J as 

J 2 (xo - axo)2 
X = Xo + p 

¢J = tan -1 pxo 
(xo - axo) 

Example 2.9 

(2.62) 

(2.63) 

(2.64) 

(2.65) 

Obtain the complete solution of the following second-order ordinary differential 
equation 

5i + 2X + 50x = 0 

subject to the initial conditions 

Xo = 0.01, Xo = 3 

Solution. It was shown in Example 4, that the solution of this equation is given by 

x(t) = Xe- O.2t sin(3.156t + I/J) 

and the derivative is 

x(t) = Xe- O.2t [ -0.2 sin(3.156t + I/J) + 3.156 cos(3.156t + I/J)] 

Using the initial conditions we obtain the following algebraic equations 

0.01 = X sin I/J 

3 = -0.2X sin I/J + 3.156X cos I/J 
from which we have 

X = (001)2 + ((3 + 0.2(0.01))2 = 0.9512 
. 3.156 

= n-1 (3.156)(0.01) = 0.60230 
I/J ta 3 _ (0.01)( -0.2) 

The complete solution is then given by 

x(t) = 0.9512e-o.2t sin(3.156t + 0.6023°) 
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2.3 SOLUTION OF NONHOMOGENEOUS EQUATIONS 
WITH CONSTANT COEFFICIENTS 

In the preceding sections, methods for obtaining the solutions of homogeneous 
second-order ordinary differential equations with constant coefficients were 
discussed, and it was shown that the solution of such equations contains two 
constants which can be determined using the initial conditions. In this section, 
we will learn how to solve nonhomogeneous differential equations with con­
stant coefficients. These equations can be written in the following general form 

(2.66) 

This equation, which represents the mathematical model of many vibratory 
systems, is in a similar form to the standard equation used to study the 
forced vibration of damped single degree of freedom systems, where f(t) 
represents the forcing function. If f(t) = 0, Eq. 66 reduces to the case of 
homogeneous equations which are used to study the free vibration of single 
degree of freedom systems. Thus, the solution of Eq. 66 consists of two parts 
First, the solution X h of Eq. 66 where the right-hand side is equal to zero, that 
is, f(t) = 0; this part of the solution is called the complementary function. 
Methods for obtaining the complementary functions were discussed in the 
preceding sections. The second part of the solution is a solution xp which 
satisfies Eq. 66; this part of the solution is called the particular solution. That 
is, the complete solution of Eq. 66 can be written as 

x = complementary function + particular solution 

or 

where X h is the solution of the equation 

a1xh + a2xh + a3x h = ° 
and xp is the solution of the equation 

a1xp + a2xp + a3xp = f(t) 

(2.67) 

(2.68) 

(2.69) 

The particular solution xp can be found by the method of undetermined 
coefficients. In this method, we determine the linearly independent functions 
which result from repeated differentiation of the functionf(t). Then we assume 
xp as a linear combination of all the independent functions that appear in the 
function f(t) and its independent derivatives. The particular solution xp is then 
substituted into the differential equation, and the independent constants can 
be found by equating the coefficients of the independent functions in both 
sides of the differential equation. 

In most of the applications in this book the functionf(t) possesses only a 
finite number of independent derivatives. For example, if the functionf(t) is 
constant, such that 

f(t) = b 
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where b is a given constant, we have 

Since all the derivatives off(t) are zeros in this case, we assume the particular 
solution xp in the following form 

xp = ktf(t) = k 1b 

where kl is a constant. It follows that xp = xp = O. Substituting xp' xp, and xp 
into Eq. 69, and keeping in mind thatf(t) = b, we obtain 

0+0 + a3k1b = f(t) = b 

from which kl = 11a3 and xp = bla3 • 

Examples of other functions which have a finite number of independent 
derivatives are tn, ebt , cos bt, and sin bt, where n is an integer and b is an 
arbitrary constant. If the function f(t) possesses an infinite number of in­
dependent derivatives, such as the functions lit or 11tn where n is a positive 
integer, the particular solution xp can be assumed as an infinite series whose 
terms are the derivatives of f(t) multiplied by constants. In this case the 
convergence of the solution must be checked. In general, the method for 
solving the linear nonhomogeneous second-order ordinary differential equa­
tion (Eq. 66) can be summarized in the following steps: 

1. The complementary function xh , which is the solution of the homogeneous 
equation given by Eq. 68, is first obtained by using the method described 
in the preceding sections. 

2. The independent functions that appear in the function f(t) and its deriva­
tives are then determined by repeated differentiation of f(t). Let these 
independent functions be denoted as fl (t),f2(t), ... ,fn(t) where n is a positive 
integer. 

3. The particular solution xp is assumed in the form 

(2.70) 

where kl' k2 , ••• , kn are n constants to be determined. 
4. Substituting this assumed solution into the differential equation defined by 

Eq. 69, and equating the coefficients of the independent functions in both 
sides of the equations, we obtain n algebraic equations which can be solved 
for the unknowns kl' k2 , ••• , kn-

5. The complete solution x is then defined as x = x h + xp' This complete 
solution contains only two arbitrary constants which appear in the com­
plementary function X h . At this stage, the particular solution contains 
no unknown constants, and the initial conditions Xo = x(t = 0) and 
x = x(t = 0) can be used to determine the arbitrary constants in the com­
plementary function. It is important, however, to emphasize that the initial 
conditions must be imposed on the complete solution x and not just the 
complementary function xh • 
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The above procedure for solving linear, nonhomogeneous, second-order 
ordinary differential equations with constant coefficients is demonstrated by 
the following example. 

Example 2.10 

Find the solution of the differential equation 

x + 4x= te3t 

subject to the initial conditions 

Xo = 0.01, Xo = 0 

Solution. First, we will solve the homogeneous equation 

xh + 4Xh = 0 

by assuming a complementary function in the form 

Upon substituting this solution into the homogeneous differential equation, the 
following characteristic equation is obtained 

p2 + 4 = 0 

which has the roots 
PI = 2i, P2 = -2i 

and, accordingly, the complementary function X h is defined as 

X h = X sin(2t + </J) 

where X and </J are constants to be determined later, using the initial conditions. 
The functionf(t), in this example, is given by 

f(t) = te3t 

By repeated differentiation of this function with respect to time, we have 

df 
_ = 3te3t + e3t 

dt ' 
d2f 9 3, 6 3, 
dt2 = te + e , ... 

Clearly, by repeated differentiation, only the independent functions te3' and e3t 

appear and, as such, the function f(t) and its derivatives contain the following 
independent functions 

Therefore, we assume a particular solution in the form 

xp = kdl(t) + kzf2(t) = k l te3' + k 2e3t 

Differentiating this equation with respect to time yields 

xp = k 1(3te3t + e3t ) + 3k2e3t 

= (k l + 3k2 + 3k1 t)e3t 

xp = (6k l + 9k2 + 9k l t)e3t 
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Substituting xp' xp, and xp into the differential equation 

xp + 4xp = te3t 

yields 

or 
(6k 1 + 13k2)e3t + 13k1te3t = te3t 

Equating the coefficients of the independent functions on both sides yields the 
following two algebraic equations 

13k1 = 1 

6k1 + 13k2 = 0 

From which kl and k2 can be determined as 

The particular solution xp can then be written as 

x = ~(te3t - ~e3t) 
p 13 13 

It is clear that the particular solution, at this stage, contains no unknown coeffi­
cients. The complete solution is given by summing the complementary function and 
the particular solution as 

x = X h + xp = X sin(2t + I/J) + 113 (te 3t - 163 e3t ) 

The constants X and I/J can now be determined using the initial conditions 

or 

. 6 
Xo = 0.D1 = X sm I/J - 169 

. 5 
Xo = 0 = 2X cos I/J - ~ 

169 

X sin I/J = 0.0455 

Xcosi/J = 0.01479 

By dividing the first equation by the second and by squaring the two equations and 
adding, we obtain, respectively, the following 

that is, 

0.0455 
I/J = tan-1--= tan-1 (3.0764) = 71.993° 

0.01479 

X = J(0.045W + (0.01479)2 = 0.04784 

x = 0.04784 sin(2t + 71.993°) + 113 (te3t - 163 e3t ) 
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Special Case In the method presented in this chapter for finding the 
solution of the differential equations, the particular solution is assumed as a 
linear combination of a set of independent functions. If one of these functions, 
however, is the same as one of the functions that appear in the homogeneous 
solution, this function in the particular solution must be altered in order to 
make it independent of the homogeneous solution. This can be achieved by 
multiplying this function by the independent variable t. In order to demon­
strate this procedure, consider the differential equation 

x - 9x = 5t + e- 3t 

The homogeneous solution of this equation is given by 

Xh = A Ie3t + A2e- 3t 

where Al and A2 are arbitrary constants. By using the method described in 
this chapter, the particular solution can be assumed in the following form 

xp = kIt + k2 + k3e- 3t 

where kl' k2' and k3 are constants to be determined by substituting this 
solution into the differential equation. One, however, may observe that the 
last function used in the particular solution e- 3t is the same as one of the func­
tions that appear in the solution of the homogeneous equation. In this case, 
the particular solution must be modified by multiplying this function by the 
independent variable t. The particular solution then must be assumed as 

xp = kIt + k2 + k3te- 3t 

By so doing, all the functions that appear in the assumed particular solution 
become independent of those that appear in the homogeneous solution. 

The special case discussed in this section has practical significance in the 
vibration analysis, because the solution procedure discussed in this special 
case is used to obtain the solution of the vibration equation in an important 
case known as resonance. This resonance situation will be examined in Chap­
ter 4. 

Principle of Superposition One important advantage in dealing with 
linear differential equations is the fact that the principle of superposition can 
be applied. According to this principle, if the right-hand side of the differential 
equation can be written as the sum of several functions, the particular solution 
of the differential equation can be expressed as the sum of the particular 
solutions as the result of application of each of these functions separately. 
Consider the differential equation 

(2.71) 

Let xpi ' i = 1, 2, ... , n, be the particular solution of the differential equation 

alx + a2 x + a3 x = Fi(t) 
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then, according to the principle of superposition which is applicable only to 
linear systems, the particular solution xp of the differential equation defined 
by Eq. 71 can be written as 

n 

xp = x p1 + x p2 + ... + xpn = L x pi 
i=l 

2.4 STABILITY OF MOTION 

(2.72) 

It has been shown in the preceding sections that the solution of the vibration 
equation consists of two parts; the complementary function and the particular 
solution. In the theory of vibration, the particular solution depends on the 
external excitation. In the special case of free vibration, on the other hand, 
one has to determine only the complementary function which contains two 
arbitrary constants that can be determined using the initial conditions. As was 
shown in the preceding section, the complementary function depends on the 
roots ofthe characteristic equations, and these roots depend on the coefficients 
of the displacement and its time derivatives in the differential equation. Conse­
quently, these coefficients, which represent inertia, damping, and stiffness 
coefficients, affect the form of the complementary function and the complete 
solution of the vibration problem. In fact, as was shown in the examples 
presented in this chapter, the stability of the system depends on the roots of 
the characteristic equations. In terms of these roots, the general form of the 
complementary function is given by 

x(t) = A 1ePlt + A 2eP2t 

where A1 and A2 are arbitrary constants and P1 and P2 are the roots of the 
characteristic equation. In the following, we examine the effect of the roots on 
the stability of the system and summarize some of the important results 
obtained in the preceding sections. 

Negative Real Roots If both the roots P1 and P2 are real and negative, 
the solution x(t) (as shown in Fig. 9(a)) approaches zero as time t becomes 
large. In this case, the solution is bounded and nonoscillatory; and the rate at 
which the solution decreases as time increases depends on the magnitude of 
the roots P1 and P2. It is quite usual to use the complex plane to examine the 
stability of the system. As shown in Fig. 9(b), in the case of negative real roots, 
the roots of the characteristic equations P1 and P2 lie on the negative portion 
of the real axis. The system can be made more stable by increasing the 
magnitude of the negative roots or, equivalently, by changing the inertia, 
damping, and/or stiffness parameters of the system. 

Positive Real Roots If one of the roots or both become positive, the 
solution is nonoscillatory and grows without bound as time increases; an 
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FIG. 2.9. Negative real roots. 
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Real 

example of this case is shown in Fig. lO(a). The rate at which the solution 
increases with time depends on the magnitude of the positive roots, and as 
this magnitude increases, the solution grows more rapidly. This case of insta­
bility, which can be encountered in some engineering applications, is the 
result of the exponential form of the solution, and that instability occurs 
when at least one of the roots is positive. Different combinations that lead to 
instability are shown in the complex planes shown in Fig. lO(b)-(d). 

Complex Roots In this case, the roots PI and P2 appear as complex 
conjugates which can be written as 

PI = IX + ifJ 

P2 = IX - ifJ 

The solution, in this case, is oscillatory and can be expressed as 

x(t) = Xe llt sin(fJt + ¢J) 

where X and ¢J are arbitrary constants which can be determined from the 
initial conditions. As shown in the examples presented in the preceding 
sections, there are three possibilities which may be encountered. First, the real 
part of the root IX is negative, such that the roots PI and P2 are located in 
the left-hand side of the complex plane, as shown in Fig. l1(a). As shown in 
Fig. 11(b), the solution of the vibration equation, in this case, is oscillatory and 
bounded, with an amplitude which decreases with time. The frequency of 
oscillation depends on fJ while the rate of decay depends on the magnitude of 
the real part IX. This is the case of a stable system. 

The second possibility occurs when the real part IX is identically zero. In this 
case, the roots PI and P2 consist of only imaginary parts, as shown in Fig. 
12(a). In this case, the solution is a harmonic function which has a frequency 
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FIG. 2.10. Positive real roots. 

equal to p, as shown in Fig. 12(b). In this case, the system is called critically 
stable since the solution is bounded, but the amplitude does not increase or 
decrease as time t increases. 

The third possibility occurs when the real part IX is positive, and as a 
consequence, the roots PI and P2 are located in the right-hand side of the 
complex plane, as shown in Fig. 13(a). The solution, in this case, is a product 
of an exponential function which grows with time and a harmonic function 
which has a constant amplitude. The result is an oscillatory solution with an 
amplitude that increases as time increases, as shown in Fig. 13(b). This is the 
case of an unstable system. 
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It is clear from the analysis presented in this section, that stability of motion 
is achieved if the roots Pl and P2 of the characteristic equation lie in the 
left-hand side of the complex plane. If any of the roots lie in the right-hand 
side of the complex plane, the system becomes unstable, and the degree of 
stability or instability depends on the magnitude of the roots. The locations 
of the roots of the characteristic equations can be altered by changing the 
physical parameters of the system, such as the inertia, damping, and stiffness 
coefficients. 

Problems 

Find the solution of each of the following second-order differential equations: 

2.1. x + 9x = O. 

2.2. 5x + 16x = O. 

2.3. x - 9x = O. 

2.4. 2x + 3x + 7x = o. 
2.5. 2x - 3x + 7x = O. 

2.6. 2x - 3x - 7x = O. 

Find the solution of each ofthe following second-order ordinary differential equations: 

2.7. x + 9x = 6e'. 

2.8. x + 16x = 10 + 3e'. 

2.9. 3x + 25x = t2e2' + t. 
2.10. 3x + 25x = 5 cos 2t. 

2.11. 2x + 3x + 7x = 2 cos 2t + 3 sin t. 

2.12. x + 3x + 2x = 10e3' + 4t2 • 

2.13. 2x - 3x + 7x = 3t sin t + t2• 

2.14. x + 5x + 6x = 3e- 2' + e3'. 

Find the complete solution of the following differential equations: 

2.15. x + 9x = 3 cos t; Xo = 1, Xo = O. 

2.16. x + 9x = 3 cos t; Xo = 0, Xo = 3. 

2.17. 5x + 16x = 0; Xo = 2, Xo = O. 

2.18. 5x + 16x = 0; Xo = 0, Xo = 3. 

2.19. 5x + 16x = 0; Xo = 2, Xo = 3. 

2.20. x + 3x + 2x = 10t(1 + sin 2t); Xo = 1, Xo = O. 

2.21. x - 2x + 5x = e2'(1 - t sin 3t); Xo = 1, Xo = 2. 
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2.22. x + 15x + 6x = 3e-2t + te3t; Xo = 1, Xo = 5. 

2.23. Discuss the stability of the dynamic system whose differential equation is given 
in Problem 1. 

2.24. Compare the stability results obtained in Problem 23 with the stability of the 
system whose dynamics is defined by the differential equation given in Problem 3. 

2.25. Examine the stability of the solutions of the two differential equations given in 
Problems 4 and 5. 



3 
Free Vibration of Single Degree 
of Freedom Systems 

The term free vibration is used to indicate that there is no external force 
causing the motion, and that the motion is primarily the result of initial 
conditions, such as an initial displacement of the mass element of the system 
from an equilibrium position and/or an initial velocity. The free vibration is 
said to be undamped free vibration if there is no loss of energy throughout 
the motion of the system. This is the case of the simplest vibratory system, 
which consists of an inertia element and an elastic member which produces a 
restoring force which tends to restore the inertia element to its equilibrium 
position. Dissipation of energy may be caused by friction or if the system 
contains elements such as dampers which remove energy from the system. In 
such cases, the oscillation is said to be free damped vibration. The mathemati­
cal models that govern the free vibration of single degree of freedom systems 
can be described in terms of homogeneous second-order ordinary differential 
equations that contain displacement, velocity, and acceleration terms. The 
displacement coefficients describe the stiffness of the elastic members or the 
restoring forces. The velocity coefficients define the damping constants and 
determine the amount of energy dissipated, and the acceleration coefficients 
define the inertia of the system. 

3.1 FREE UNDAMPED VIBRATION 

In this section, the standard form of the differential equation that governs the 
linear free undamped vibration of single degree of freedom systems is derived, 
and the solution of this equation is obtained and is used to introduce several 
basic definitions that will be frequently used in this text. For this purpose, a 
single degree of freedom mass-spring system is first used, and it is shown that 
the linear free undamped vibration of other single degree of freedom systems 
is governed by a mathematical model that resembles the model obtained for 
the mass-spring system. 

Static Equilibrium Configuration Figure l(a) shows an elastic ele­
ment represented by a spring, which has undeformed length denoted as 10 • 

61 
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If the mass m is attached to this spring, there will be an elongation L1 in 
the spring due to the weight of the mass as a static load, as shown in Fig. 1(b). 
In this configuration, the mass is in a position called the static equilibrium 
position. The free body diagram shown in Fig. 1 (c) reveals that the spring force 
must be equal in magnitude and opposite in direction to the weight of the 
mass, that is, 

kL1 = mg 
or 

kL1- mg = 0 (3.1) 

where k is the spring stiffness, L1 is the static deflection, and 9 is the gravita­
tional constant. Equation 1 is called the static equilibrium condition. 

Natural Frequency Suppose now that the system is set in motion from 
the static equilibrium position due to initial displacement and/or initial veloc­
ity. In order to derive the differential equation of motion that governs the 
free vibration of this system, we consider the mass at an arbitrary position x 
from the static equilibrium position. The extension in the spring at this 
position will be the displacement x plus the static deflection L1. The spring 
force denoted as Fs can then be written as 

Fs = -k(L1 + x) (3.2) 

The negative sign indicates that the spring force is a restoring force which 
is in an opposite direction to the direction of motion. Applying Netwon's 
second law and using the free body diagram shown in Fig. 2, we have 

or 

or 

mx = mg - k(x + L1) 

mx = mg - kx - kL1 (3.3) 

Using the static equilibrium condition given by Eq. 1, Eq. 3 can be written as 

mx = -kx 

mx+kx=O (3.4) 
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FIG. 3.2. Free undamped vibration. 

This is the standard form of the equation of motion that governs the linear 
free vibration of single degree of freedom systems. Equation 4 can be rewritten 
as 

or 

k 
x + -x = 0 

m 

(3.5) 

where w is a constant that depends on the inertia and stiffness characteristics 
of the system and is defined as 

w=Jfn (3.6) 

The constant w is called the circular or the natural frequency of the system. 
That is, the natural frequency w is defined to be the square root of the co­
efficient of x divided by the coefficient of x. The unit of the natural frequency 
w is radians/second or simply rad/s. 

Harmonic Motion As discussed in the preceding chapter, the complete 
solution of Eq. 5 can be assumed in the following form 

Substituting this solution into the differential equation (Eq. 5) leads to 

(p2 + ( 2)AePt = 0 

The characteristic equation of the system is then defined as 

(p2 + ( 2) = 0 

which has the roots 
Pl = iw and P2 = -iw 

(3.7) 

These roots are complex and conjugate, and as a consequence the solution 
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can be assumed in the following form 

x = A cos rot + B sin rot (3.8) 

where A and B are arbitrary constants which can be determined by using the 
initial conditions. Equation 8 can be expressed in another form as 

x = X sin (rot + ¢J) (3.9) 

where 
X = JA 2 + B2 (3.10) 

¢J = tan -1 (~ ) (3.11) 

The constants X and ¢J which are called, respectively, the amplitude of vibra­
tion and the phase angle, can be determined if the constants A and Bare 
known. 

Equation 9 represents a harmonic oscillation, and the maximum or mini­
mum displacement x occurs when 

That is, 

Isin(rot + ¢J)I = 1 

2n + 1 
rot + do =--1C 

'P 2 ' n = 0,1,2, ... 

which implies that the solution has an infinite number of peaks, and the time 
at which these peaks occur depends on the phase angle ¢J. 

Applications Equation 4 or 5 and its oscillatory solution as defined by 
Eq. 8 or 9 describe the vibration of many single degree of freedom systems, 
and their use is not only restricted to the simple mass-spring system. In order 
to illustrate this, we consider the pulley system shown in Fig. 3, where the 
spring has a stiffness coefficient k and the pulley, which is assumed to have a 
frictionless surface, has a negligible mass. In this system, the displacement of 
the mass is twice the displacement of the spring. Using the static equilibrium 
configuration, one has 

mg = Fr = tFs 

where the spring force Fs = k~, ~ is the static deflection of the spring, and Fr 
is the tension in the rope. The static equilibrium condition then can be written 
as 

mg - tk~ = 0 

If the mass oscillates as the result of an initial displacement or an initial 
velocity, the equation of motion of the mass is given by 

mx = mg - Fr = mg - ~kG + ~) 
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Fr Fr 

FIG. 3.3. Pulley system. 

where x is the displacement of the mass from the static equilibrium position. 
The preceding equation, upon the use of the static equilibrium condition, leads 
to the equation of motion of the system shown in Fig. 3 as 

k mx + -x = 0 
4 

which defines the natural frequency of the system as 

w=jf 
As another example, we use the U- tube manometer, shown in Fig. 4, which 

can be used in pressure measurements. The liquid mercury in the tube has 
length I and mass density p, and the cross section of the tube is A and it is 
assumed to be uniform. The total mass of the mercury in the tube is m = pAl, 
and the pressure on the cross section that acts in a direction opposite to the 
direction ofthe acceleration is Pu = - 2pAxg. Using Newton's second law, one 
has 

mx =Pu 

x 

FIG. 3.4. U-tube manometer. 
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which leads to the linear second-order ordinary differential equation 

pAlx = - 2pAgx 

This equation can be written in the form of Eq. 5 as 

x+ 2g x=0 
I 

which defines the natural frequency of oscillation as 

co=fl 

3.2 ANALYSIS OF THE OSCILLATORY MOTION 

For the mass-spring system discussed in the preceding section, let us consider 
the case in which the mass m has both initial displacement and velocity which 
can be expressed as 

x(t = 0) = Xo 

x(t = 0) = Xo 

(3.12) 

(3.13) 

Substituting these initial conditions into Eq. 8 and its time derivative, one can 
show that the constants A and B can be written as 

A =Xo, B= Xo 
co 

Therefore, Eq. 8 can be expressed in terms of the initial conditions as 

and the velocity x is 

Xo . 
x = Xo cos cot + - SIn cot 

co 

x = -coXo sin cot + Xo cos cot 

(3.14) 

(3.15) 

(3.16) 

Using Eq. 14, the amplitude X of Eq. 10 and the phase angle tP of Eq. 11 are 
defined as 

X= 2 Xo (. )2 
Xo + co (3.17) 

tP = tan-1 (~) 
xolco 

(3.18) 

If the initial displacement Xo is equal to zero, the phase angle tP is equal to 
zero and, accordingly, the displacement is equal to X sin cot. On the other 
hand, if the initial velocity is equal to zero, the phase angle tP is equal to nl2 
and the displacement, in this case, is equal to X cos cot. 
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The velocity ofthe mass can be obtained by differentiating Eq. 9 with respect 
to time. This yields 

x = wX cos(wt + r/J) 

Using the following trigonometric identity 

cos () = sin(() +~), 
Eq. 19 can also be written as 

x = wX sin ( wt + r/J + ~) 

(3.19) 

(3.20) 

(3.21) 

which indicates that the velocity x has a phase lead angle of nl2 compared to 
the displacement x given by Eq. 9. 

The acceleration of the mass can be obtained by differentiating Eq. 19 with 
respect to time. This yields 

x = -w2X sin(wt + r/J) (3.22) 

The acceleration x can also be obtained by differentiating Eq. 21 with respect 
to time, that is, 

x = w2 X cos ( wt + r/J + ~) 
Using the trigonometric identity ofEq. 20, the acceleration x can be expressed 
as 

x = w2 X sin(wt + r/J + n) (3.23) 

which is the same as Eq. 22, since sin () = - sin«() + n). Equation 23, however, 
shows that the phase difference between the displacement x and the accelera­
tion x is 180°, and comparing Eqs. 21 and 23 shows that the phase difference 
between the velocity x and the acceleration x is 90°. The displacement x of 
Eq. 9, the velocity x of Eq. 19, and the acceleration x of Eq. 22 are shown 
graphically in Fig. 5. 

Natural Period of Oscillation The natural period of oscillation is de­
noted as 't and defined from the equation 

W't = 2n 

that is, 

't = ~ = 2nft (3.24) 

The system natural frequency can be expressed as the number of cycles per 
second as 

(3.25) 
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FIG. 3.5. Oscillatory motion. 

2.5 

The frequency of the system can also be written in terms of the static deflection 
L\. To this end, we may rewrite Eq. 1 in the following form 

k 9 
m=A 

Substituting this equation into Eq. 25 yields 

f=~ fi 
21t\/A (3.26) 

which implies that the natural frequency of this particular single degree of 
freedom system can be obtained once the static deflection L\ is known. The 
unit used for the frequency f is Hertz or simply Hz. 
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FIG. 3.6. Experimental determination of the mass moment of inertia. 

Measuring the natural frequency of oscillations provides a convenient 
method for the experimental evaluation of the mass moment of inertia of a 
body with complex geometry, about a fixed axis. If the mass of the body as 
well as the location of its center of gravity can be determined, a simple analysis 
can be used in order to determine the mass moment of inertia of the body. To 
this end, the body can be suspended like a pendulum and caused to oscillate 
freely about an axis passing through a fixed point 0, as shown in Fig. 6. The 
linear equation of free vibration of this body is given by 

100 + mgl() = 0 

where 10 is the mass moment of inertia of the body about an axis passing 
through 0, m is the mass of the body, g is the gravity constant, I is the distance 
of the center of mass from point 0, and () is the angular oscillation. The 
frequency of the free oscillations is then given by 

OJ = /mil -VI;; 
Therefore, by measuring the number of oscillations in a certain period of time, 
the natural frequency OJ can be determined and the mass moment of inertia 
10 can be calculated by using the preceding equation. The mass moment of 
inertia of the body about its center of mass can be determined by using the 
parallel axis theory 

10 = 1 + ml2 

where 1 is the mass moment of inertia defined with respect to the center of 
mass of the body. 
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Conservation of Energy Two forms of energy exist as the result of the 
free vibration of the undamped single degree of freedom system shown in Fig. 
2. The first form is the kinetic energy T as the result of the motion of the mass, 
while the second form is the strain energy U resulting from the deformation of 
the spring from the static equilibrium position. The kinetic energy T and the 
strain energy U are given, for the single degree of freedom mass-spring system 
discussed in this section at an arbitrary position x, by 

T=tmi2 

U = tkx2 

The system total energy E is defined as the sum of the kinetic and strain 
energies, that is, 

E = tmi2 + tkx2 

Using the definition of x and i given, respectively, by Eqs. 9 and 19, the total 
energy E can be written as 

E = tmro2X2 cos2(rot + r/J) + tkX2 sin2(rot + r/J) 

Since k = ro2m (Eq. 6), the preceding equation reduces to 

E = tkX2[COS2(rot + r/J) + sin2 (rot + r/J)] 
By using the trigonometric identity 

cos2(rot + r/J) + sin2(rot + r/J) = 1, 

the total energy of the system at any arbitrary position x reduces to 

E = t kX2 = constant 

Therefore, the total energy of the single degree of freedom system at any 
instant in time is constant. One may observe that the total energy E given by 
the preceding equation is equal to the strain energy, as the result of the 
deformation of the spring when the displacement is maximum. At this 
position the velocity is equal to zero. Since the total energy is equal to the 
sum of the kinetic and strain energies, one may expect that the total energy 
at any instant in time is also equal to the kinetic energy when the strain energy 
is equal to zero or, equivalently, when the deformation of the spring is equal 
to zero. This is indeed the case, and can be demonstrated using the fact that 
k = ro2m which, upon substitution in the preceding equation for E, leads to 

observe that roX is equal to the maximum velocity which occurs when the 
displacement is equal to zero. Therefore, the total energy of the system at any 
instant in time is equal to the maximum kinetic energy. This implies that in 
the free vibration of the system under consideration, the maximum kinetic 
energy is equal to the maximum strain energy which is equal to the total 
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energy. Between the points at which the displacement is zero (maximum 
kinetic energy) and the points at which the velocity is zero (maximum strain 
energy), both forms of energy (kinetic and strain) exist and the total energy E 
is the sum of both and remains constant. In this case, we say energy is 
conserved and the undamped single degree of freedom system is said to be a 
conservative system. 

Phase Plane It is clear from the analysis presented in this section and the 
preceding section that both the displacement x and the velocity i are rep­
resented by harmonic functions. By using the velocity expression of Eq. 19, 
one may define the following new variable 

i 
y = - = X cos (rot + t/J) 

ro 

By using this equation and the expression for the displacement given by Eq. 
9, one has 

x 2 + y2 = X2 sin2(rot + t/J) + X2 cos2(rot + t/J) 

= X2[sin2(rot + t/J) + cos2(rot + t/J)] 

=X2 

The preceding relationship between x and y describes a circle of radius X 
which is the amplitude of the free oscillation. This relationship, as shown in 
the phase plane of Fig. 7(a), can be represented by a vector x rotating with a 
constant angular velocity ro, and the position of the vector is located by the 
angle rot + t/J. Each point in the graphical representation of the phase plane 
corresponds to a unique displacement and velocity that satisfy the equation 
of motion of the single degree of freedom system. Therefore, the motion 

x x 

---+----- ~~--~~---.y ----~--------~-------r--.x 

wX 

(a) (b) 

FIG. 3.7. Analysis ofthe oscillatory motion. 
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resulting from the free vibration of the single degree of freedom system is such 
that x and x/ware the coordinates of a point on the circle of the phase plane, 
that is, 

which can also be written as 

which represents an ellipse on which the coordinates of every point corre­
sponds to a unique displacement x and velocity X, as shown in Fig. 7(b). 

Example3.} 

A mass of 0.5 kg is suspended in a vertical plane by a spring having a stiffness 
coefficient of300 N/m. If the mass is displaced downward from its static equilibrium 
position through a distance 0.01 m determine: 

(a) the differential equation of motion; 
(b) the natural frequency of the system; 
(c) the response of the system as a function of time; 
(d) the system total energy. 

Solution. The differential equation of motion is given by 

mx+kx=O 

Since m = 0.5 kg and k = 300 N/m, the above differential equation can be written as 

0.5x + 300x = 0 

The natural frequency OJ is given by 

f; ~OO 
OJ = - = - = 24.495 rad/s 

m 0.5 

The frequency fis given by 

OJ 24.495 
f = - = -- = 3.898 Hz 

2n 2n 

Using Eq. 9, the response of the system is given by 

x = X sin(OJt + t/J) 

where 

-1 ( xo ) -1 n t/J = tan -.- = tan (00) =-
xo/OJ 2 
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that is, 
x = 0.01 cos 24.495t 

For this simple conservative system, the system total energy is equal to the maxi­
mum kinetic energy or the maximum strain energy. One therefore has 

E = tkX2 = t(300)(0.01)2 = 0.015 N· m 

This is the same as the maximum kinetic energy given by 

E = tm(wX)2 = !(0.5)(24.495 x 0.01)2 = 0.015 N· m 

Example 3.2 

Figure 8 depicts a uniform slender bar of mass m and length I. The bar, which is 
connected to the ground by a pin joint at 0, is supported by a spring which has a 
stiffness coefficient k, as shown in the figure. The undeformed length of the spring 
is such that the bar is in static equilibrium when it is in the horizontal position. 
Assuming small angular oscillations, find the differential equation of motion and 
the natural frequency. 

Solution. Let Rx and Ry be the reaction forces at the joint at O. We first consider 
the static equilibrium condition of the bar. From the free body diagram shown in 
Fig. 8(b), and by taking the moment about 0, we have 

I 
kila - mg- = 0 

2 

where il is the static deflection of the spring. 

a Ryt 

(~. ======~==~===) 1 t 
(a) (b) 

Free body diagram my Inertia diagram 

mg k(a sin (} - 8) 

(c) 

FIG. 3.8. Small oscillations. 
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Now we consider the case in which the bar oscillates. In order to develop the 
differential equation of motion of the bar, we consider the bar at an arbitrary 
angular position {}. In this case, the condition of dynamic equilibrium is defined by 

where Ma is the applied external moment and Meff is the moment of the inertia 
forces. If we consider the moment equation at point 0, we get 

Ma = -mg~cos {} - k(a sin {} - ~)a cos {} 

By using the static equilibrium condition, this equation reduces to 

Ma = - ka2 sin {} cos {} 

Series expansions of sin {} and cos {} can be expressed, respectively, as 

{}3 {}s {}7 
sin {} = {} - - + - - - + ... 

3! 5! 7! 

{}2 {}4 {}6 
cos{}=1--+---+··· 

2! 4! 6! 

For small oscillations, we can neglect higher-order terms and write 

sin {} ~ {}, cos {} ~ 1 

Therefore, the applied moment Ma can be written as 

Ma = -ka2{} 

The moment of the inertia forces Meff is given by 

where I is the mass moment of inertia about the center of mass of the bar given by 

ml2 

1=-
12 

and x and ji are the accelerations of the mass center, which can be obtained using 
the kinematic relationships 

I 
x = 2cOS {} 

I . 
y=-sm{} 

2 

Differentiating these two equations yields 
.. . I x = -({} sin {} + {}2 cos {})2 

.. . I 
ji = ({} cos {} - (}2 sin (}) 2 
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Therefore, Meff can be written as 

.. .. . (1)2 .. . (1)2 
Meff = Ie + m(8 sin 8 + 1]2 cos 8) 2 sin 8 + m(8 cos 8 - 82 sin 8) 2 cos 8 

which upon simplifying and utilizing the following trigonometric identity 

cos2 8 + sin2 8 = 1 

leads to 

.. 12 .. ( m12) .. (mf2 mI2).. mI 2 .. 
M rr =!8+m-8= !+- 8= -+- 8=-8 

e 4 4 12 4 3 

Therefore, the differential equation of motion can be written as 

_ ka28 = mF e 

or 

3 

ml2 .. 2 
-8 + ka 8 = 0 

3 

The natural frequency (i) is then defined as 

(i) = J ~~~3 radls 

This frequency can be defined in Hertz as 

(i) 1 ["G2 
J = 211: = 211: .ymf2!3 Hz 

3.3 STABILITY OF UNDAMPED LINEAR SYSTEMS 

As was demonstrated in the preceding chapter, the mass and stiffness coeffi­
cients affect the roots of the characteristic equation which define the response 
of the system and, as such, changes in these coefficients lead to changes in the 
system dynamic behavior. It is shown, in this section, that by a proper selection 
of the stiffness and inertia coefficients, instability of the motion of the un­
damped single degree of freedom systems can be avoided. In later sections, 
the effect of damping on the stability of motion will be discussed. 

Illustrative Example The inverted pendulum shown in Fig. 9 consists of 
a mass m and a massless rod of length t. The mass is supported by a spring 
which has a stiffness coefficient k. Let Rx and Ry be the reaction forces at the 
pin joint. Since this is a one degree of freedom system, we can obtain the 
differential equation of motion by taking the moment about point 0 and 
applying the formula 
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x 

kl sin 8 

FIG. 3.9. Inverted pendulum. 

In this case, the applied external moment Ma about point 0 is given by 

Ma = mgl sin e - kl sin e(l cos e) 

The moment of the inertia forces is given by 

Merr = - mil cos e - mjil sin e 
where x and ji are the accelerations of the concentrated mass m. Using the 
Cartesian coordinate system shown in Fig. 9, the acceleration x and ji can be 
obtained by differentiating the following kinematic relationships 

that is, 

X= -Isine 

y = I cos e 

x = -18 cos e + le2 sin e 
ji = -18 sin e - le2 cos e 
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Therefore, the moment of the inertia forces can be written as 

Merr = m(18 cos () - I(P sin ()I cos () 

+ m(l8 sin () + [(}2 cos () I sin () 

= mP8(cos2 () + sin2 () = mP8 

Thus, the second-order differential equation of motion is given by 

mgl sin () - kl sin ()(I cos () = ml 28 

or 
ml 28 + kl 2 sin () cos () - mgl sin () = 0 

If we use the assumption of small oscillations, that is, 

sin () ~ (), cos () ~ 1, 

the linear differential equation of motion can be obtained as 

ml 28 + (kl - mg)W = 0 

Let 
kl- mg = b 

The differential equation of the system in terms of the parameter b can be 
written as 

ml 28 + bW = 0 

There are three different cases which lead to different solutions. These cases are: 

(1) the constant b is positive; 
(2) the constant b is zero; 
(3) the constant b is negative. 

Critically Stable System If the constant b is positive, we have 

kl > mg 

In this case, the natural frequency of the system is defined as 

w = fbi = fb = Jkl - mg 
-.J mr -.J mz ml 

the characteristic equation, in this case, has complex conjugate roots defined 
as 

Pi = iw, P2 = -iw 

and the solution in this case is given by 

() = E> sin(wt + ¢» 

where E> is the amplitude and ¢> is the phase angle. The solution in this case 
is a harmonic function which has a constant amplitude. A system which has 
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this type of sustained oscillation is said to be a critically stable system since 
the amplitude of oscillation does not increase or decrease with time. 

Unstable System If the constant b is identically zero, we have the follow­
ing equality 

kl = mg 

The differential equation in this case reduces to 

ml2jj = 0 

or 

which upon integration yields 
e = C1 

()=C 1t+C2 

where C1 and C2 are constants that can be determined from the initial condi­
tions. Because the solution is a linear function in time, the absolute value of 
() increases with time, and the system becomes unstable. 

If, on the other hand, the constant b-is negative, we have the following 
inequality 

kl < mg 

Consequently, the characteristic equation has two real roots given by 

- J - bl - Jmg - kl 
Pl - ml2 - ml 

P2 = - J-bl = - Jmg - kl 
ml2 ml 

The solution can then be written as 

where Al and A2 are constants which can be determined from the initial 
conditions. The solution is a linear combination of the exponential growth 
ePlt and the exponential decay eP2t, and the result is a case of instability. 

3.4 CONTINUOUS SYSTEMS 

Even though continuous systems such as rods, beams, and shafts have 
infinite numbers of degrees of freedom due to the fact that such systems can 
assume arbitrary deformation shapes, in many practical applications simple 
single degree of freedom models can be developed for these systems. There are 
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two approaches which are commonly used for developing single degree of 
freedom models for continuous systems; in the first approach the distributed 
inertia of the elastic elements is neglected, while in the second approach the 
distributed inertia is taken into consideration using the assumed mode method. 
In this section, these two approaches are discussed, starting with the more 
simple approach in which the distributed inertia of the elastic member is 
neglected. For this purpose, we use torsional systems as an example. 

Torsional Systems Shafts are used, to transmit torque, in many mechani­
cal systems such as engines, turbines, and helicopter rotor systems. These 
systems may be subject to cyclic variations of the transmitted torque which 
result in torsional oscillations. In these cases, shafts as a result of their 
flexibility, produce torsional restoring torques which depend on the rigidity 
as well as on the dimensions of the shafts. The torsional system shown in Fig. 
10 consists of a disk which has a mass moment of inertia 1. The disk is 
supported by a circular shaft which has length I and diameter D. It is clear 
that if the disk is subjected to a rotation e, a torque will be produced by the 
shaft which tends to restore the disk to its original position. The relationship 
between the angular displacement e and the applied torque T which produces 
this displacement can be obtained from standard texts on strength of materials 
as 

Free body diagram 

e = TI 
GJ 

I 

Inertia diagram 

FIG. 3.10. Torsional systems. 

(3.27) 
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where I is the length of the shaft, J is the polar second moment of area of the 
shaft, and G is its modulus of rigidity. Similar to the case of linear springs, we 
define the torsional spring constant of the shaft as 

(3.28) 

Using Eqs. 27 and 28, the torsional stiffness ofthe shaft can be recognized as 

k = GJ 
t I (3.29) 

The internal restoring torque that opposes the angular displacement 8 is then 
given by 

(3.30) 

which must be equal and opposite to the applied torque T if the disk is to be 
in a static equilibrium position. Suppose now that the disk is given an initial 
angular displacement and/or angular velocity. Because of the inertia of the 
disk and the restoring elastic torque of the shaft, the disk oscillates. In order 
to obtain the differential equation of motion we apply the equation 

where M. is given by 

and Meff is 

GJ 
M = -kt8= --8 

• I 

Meff = Ie 

Therefore, the differential equation of motion is given by 

-kt 8 = Ie 

or 
Ie + kt 8 = 0 

from which the natural frequency is defined as 

w=!;=!/r 
The solution of Eq. 31 is 

8(t) = Al sin wt + A2 cos wt 

(3.31 ) 

where Al and A2 are constants to be determined using the initial conditions. 
The solution 8(t) can also be written in terms of an amplitude e and a phase 
angle t/J as 

8(t) = e sin(wt + t/J) 
where e and t/J also can be determined from the initial conditions. 
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Assumed Mode Method In the analysis of the torsional systems pre­
sented in this section, we assumed that the shaft is massless, such that it does 
not contribute to the system inertia. In addition to the fact that such an 
assumption is not necessary for developing a single degree of freedom model 
for continuous systems, this assumption can lead to inaccurate results if the 
inertia of the shaft is not negligible. A more accurate model can be developed 
if the distributed inertia of the elastic member is taken into consideration. As 
was previously pointed out, continuous systems have an infinite number of 
degrees of freedom because they can assume an arbitrary shape when they 
deform. In most mechanical and structural system applications, however, the 
shape of deformation of the elastic components can be predicted and approxi­
mated using simple functions such that the vibration of the infinite number 
of degrees of freedom continuous system can be represented accurately by a 
single degree of freedom system that has the same mathematical model as the 
mass-spring system. In order to demonstrate the use of the assumed mode 
method to obtain the single degree of freedom model for continuous systems, 
we consider the cantilever beam shown in Fig. 11(a). The beam is assumed to 
have length I, cross-sectional area A, mass m, mass density p, modulus of 
elasticity E, and second moment of area Iz . We assume that the beam bending 
deflection is described in terms of the axial coordinate x by the shape function 

A.( ) = 3x2 1 - x 3 

'f' X 21 3 

In terms of this assumed mode of deformation, the bending displacement of 
the beam can be written as 

( 3x21- X3) 
v(x, t) = fjJ(x)q(t) = 21 3 q(t) 

where q(t) is the amplitude of the displacement at the free end, and it is the 
only time-dependent unknown in the displacement equation of the beam. 
U sing the preceding expression for the transverse displacement v, the kinetic 
and strain energy of the beam can be written as 

1 II T = 2 0 pA(V)2 dx, 

Substituting the expression for v into the kinetic and strain energy equations 

Ca) Cb) 

FIG. 3.11. Bending vibration. 
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and keeping in mind that the axial beam coordinate x does not depend on 
time, one obtains 

where me and ke are, respectively, the equivalent mass and stiffness coefficients 
defined as 

33 
me = 140 PA1, 

If we assume that q(t) can be described using a simple harmonic motion, the 
equation of motion of the free vibration of the beam can be written as 

meq(t) + keq(t) = 0 

and the natural frequency of the system due to the distributed inertia of the 

beam is Q) = (k. = 3.568 fEiz 
v~ 12 VPA 

If a concentrated mass m is attached to the free end of the beam as shown 
in Fig. 11 (b), the kinetic energy of the beam must be altered in order to take 
into consideration the effect of the inertia of the concentrated mass. In this 
case, the kinetic energy is given by 

T = ~ f: pA(v(x, t))2 dx + ~m(v(l, t)f 

where v(l, t) is the bending displacement at the free end. Using the assumed 
shape function for v, the preceding expression for the kinetic energy leads to 

T = tmeq2(t) 

where me, in this case, is given by 

33 
me = 140PA1 + m 

A similar procedure also can be used to obtain an approximate single degree 
of freedom model in the case of longitudinal and torsional systems. For 
example, for the torsional system shown in Fig. 10, one can assume the 
torsional displacement of the shaft to be linear as described by the function 

x 
qj(x) = 1 

where x is the axial coordinate of the shaft. The torsional displacement of the 
shaft then can be written using this assumed shape function as 

x 
O(x, t) = qj(x)q(t) = l q(t) 

where q(t) = O(l, t) is the amplitude of the displacement at the end ofthe shaft 
to which the disk is attached. Using the assumed displacement ofthe preceding 
equation, the kinetic and strain energy expressions of the torsional system 
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shown in Fig. 10 are given by 

1 fl. 1 . 1 [PJI ] 
T = 2 0 pJ82(x, t) dx + 2182(1, t) = 2 3 + I q2(t) 

U = - GJ - dx = - - q2(t) 1 fl (a8)2 1 GJ 
2 0 ax 2 I 

from which the equivalent inertia and stiffness coefficients Ie and ke can be 
recognized as 

pAl 
Ie = I + -3-' k = GJ 

e I 

Note that if the distributed inertia of the shaft is negligible, the inertia coeffi­
cient Ie presented in the preceding equation reduces to the mass moment of 
inertia of the disk, and the natural frequency of the system will be the same 
as previously obtained in this section. 

Table 1 shows the equivalent mass and stiffness coefficients for several 

TABLE 3.1. Continuous Systems 

System Shape Function me ke 

u -- x pAl EA 
ljJ(x) = I m+) I 

Longitudinal vibration 

x pJI GJ 
ljJ(x) = I 1+3 I 

Torsional vibration 

3x21 _ x3 33pAI 3E1= 
ljJ(x) = 

2P m+14O p 

Bending of cantilever beam 

ljJ(x) = sin CIt) pAl 1[4El= 
m+- 2J3 2 

Bending of simply supported beam 
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elastic elements to which concentrated masses are attached. The results pre­
sented in this table are approximate, and other approximations of the mass 
and stiffness coefficients can be obtained if different shape functions are used. 
The results obtained for the natural frequencies using different shape functions 
should closely match the results obtained using the mass and stiffness coeffi­
cients presented in the table so long as these shape functions provide a good 
approximation for the deformation shapes of the elastic members. A good 
choice of the shape functions for vibrating beams is the shape of deformation 
resulting from their own static weights. 

3.5 EQUIVALENT SYSTEMS 

Several elastic elements such as springs are often used in combination, and in 
many cases, an equivalent single elastic element can be used to simplify the 
mathematical model developed. In this section, we discuss two types of con­
nections; parallel and series connections, and develop methods for obtaining 
the equivalent stiffness coefficients. 

Parallel Connection Figure 12(a) shows a mass m supported by the two 
linear springs kl and k2. The mass m is constrained to move only in the verti­
cal direction; and therefore, the system has only one degree of freedom. In 
this case, in which the displacements ofthe two springs kl and k2 are the same, 
the two springs are said to be connected in parallel. We wish to obtain the 
stiffness coefficient of a single spring ke such that the system of Fig. 12(a) is 
equivalent to the system of Fig. 12(b). 

From the free body diagrams shown in the figure, it is clear that the two 
systems are equivalent if 

where d is the static deflection due to the weight. Equation 32 leads to 

ke = kl + k2 

(3.32) 

(3.3) 

which implies that, in the case of parallel connection, the equivalent spring 

kid k 2 d 

~ 
~A 

mg mg 

(a) (b) (c) (d) 

FIG. 3.12. Springs in parallel. 
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(a) (b) 

FIG. 3.13. Springs in series. 

stiffness is equal to the sum of the two springs kl and k2' and as such k. is 
greater than kl and is greater than k 2. 

In general, ifthere are n springs connected in parallel and they have stiffness 
coefficients kl' k 2, ... , km then the equivalent stiffness coefficient k. is given by 

n 

k. = kl + k2 + '" + kn = L kj 
j=l 

(3.34) 

Series Connection Figure 13(a) shows a mass m supported by two 
springs kl and k2 which are connected in series. The mass m is allowed to 
move only in the vertical direction; and, therefore, the system has only one 
degree of freedom. In this case, in which the forces in the two springs are the 
same, we wish to obtain the stiffness coefficient of a single spring k. such that 
the system of Fig. 13(a) is equivalent to the system of Fig. 13 (b). 

Since the force is the same in the two springs, we have 

mg = k1Al 

mg = k2A2 

(3.35) 

(3.36) 

where g is the gravitational constant, and Al and A2 are, respectively, the 
deformation of the springs kl and k2. The displacement of the mass m is the 
sum of the deformations of the two springs, that is, 

A = Al + A2 (3.37) 

where A is the displacement of the mass which is equal to 

A = mg 
k. 

Substituting Eqs. 35, 36, and 38 into Eq. 37, one obtains 

mg=mg+mg 

k. kl k2 

or 

(3.38) 

(3.39) 
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This equation can be used to define the equivalent stiffness coefficient of the 
two springs kl and k2 as 

k = klk2 
• kl + k2 

Observe that, since kl and k2 are assumed to be positive constants, one has 

k = kl k2 < kl k2 = kl 
• kl + k2 k2 

Similarly, 

k = klk2 < klk2 = k2 
• kl + k2 kl 

That is, the equivalent stiffness coefficient of two springs connected in series 
is less than the stiffness coefficient of each of the two springs. 

Equation 39 can be generalized to the case ofn springs connected in series as 

1 1 1 1 n 1 
-=-+-+ ... +-= L­
k. kl k2 kn j=l kj 

where kl' k2' ... , kn are the stiffness coefficients of the springs. 

Example 3.3 

(3.40) 

Obtain the differential equation of motion of the system shown in Fig. 14(a) and 
determine the system natural frequency. 

Solution. Since the springs kl and k2 are in parallel, they are equivalent to a single 
spring which has a stiffness coefficient kel defined by the equation 

kel = kl + k2 

The system in Fig. 14(a) is then equivalent to the system shown in Fig. 14(b). In 
Fig. 14(b), the two springs kel and k3 are connected in series, and therefore, they are 

(a) (b) (c) 

FIG. 3.14. Equivalent springs. 
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equivalent to one spring which has a stiffness coefficient ke2 defined by the equation 

or 
k _ kel k3 (k l + k2)k3 

e2 - kel + k3 kl + k2 + k3 

It follows that the system in Fig. 14(b) is equivalent to the system shown in Fig. 
14(c), which has the following differential equation of motion 

mx + ke2 x = 0 

The natural frequency is given by 

(k l + k2)k3 

(k l + k2 + k3)m 

If the springs are not connected in parallel or series, an equivalent stiffness 
coefficient still can be obtained by examining the spring forces as demon­
strated by the following example. 

Example 3.4 

Figure 15(a) shows a pendulum which is supported by two springs which have 
stiffness coefficient kl and k2. The two springs are connected to the pendulum rod 
at points which are at distances a and b from the pin joint, as shown in the figure. 
If the two springs shown in Fig. 15(a) are to be equivalent to a single spring which 
is connected to the rod at a distance d from the pin joint as shown in the figure, 
determine the stiffness coefficient of this single spring in terms of the constants kl 
and k2 . 

Solution. As shown in Fig. 15(c), the force produced by the springs kl and k2, as 
the results of an angular displacement e, are given by 

Fl = -k1a sin e 
F2 = -k2b sin e 

The resultant moment due to the forces Fl and F2 about point 0 is given by 

M = F1a cos e + F2b cos e = -(k1a2 + k2b2) sin e cos e 

The force Fe produced by the equivalent spring is given by 

Fe = -ked sin e 

and the moment about 0 produced by this force is 

Me = Fed cos e = -ked2 sin e cos e 
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(a) (b) (e) (d) 

FIG. 3.15. Equivalent springs in the case of angular oscillations. 

If the two systems in Fig. 15(a) and 15(b) are to be equivalent, the moment M 
produced by the original system must be equal to the moment Me produced by the 
equivalent system, that is, 

M=Me 

or 
-(k1 a2 + k2 b2 ) sin e cos e = -ke d2 sin e cos e 

from which the equivalent stiffness coefficient ke is defined as 

k1 a2 + k2 b2 

ke = d2 

A moment equation is used in this example instead of a force equation to determine 
ke , because this is the case of angular oscillations in which the system degree of 
freedom is the angular orientation e. 

3.6 FREE DAMPED VIBRATION 

Thus far, we have only considered the free vibration of the undamped single 
degree of freedom systems. As was shown in the preceding sections, the 
response of such undamped systems can be represented by a harmonic func­
tion which has a constant amplitude, which is the case of a sustained oscilla­
tion. In this section, we study the effect of viscous damping on the free 
vibration of single degree offreedom systems, and develop, solve, and examine 
their differential equation. It will be seen from the theoretical development 
and the examples presented in this section that the damping force has a 
pronounced effect on the stability of the systems. 

Figure 16(a) depicts a single degree of freedom system which consists 
of a mass m supported by a spring and a damper. The stiffness coefficient of 
the spring is k and the viscous damping coefficient of the damper is c. If the 
system is set in motion because of an initial displacement and/or an initial 
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T 
x 

eX 
k ~ 

m 

(a) 

m 

k(x + 8) 
~II' 

mg 

(b) 

FIG. 3.16. Damped single degree offreedom system. 

velocity, the mass will vibrate freely. At an arbitrary position x of the mass 
from the equilibrium position, the restoring spring force is equal to kx and 
the viscous damping force is proportional to the velocity and is equal to c.x, 
where the displacement x is taken as positive downward from the equilibrium 
position. Using the free body diagram shown in Fig. 16(b), the differential 
equation of motion can be written as 

mx = mg - c.x - k(x + d) (3.41) 

where d is the static deflection at the equilibrium position. Since the damper 
does not exert force at the static equilibrium position, the condition for the 
static equilibrium remains 

mg=kd 

Substituting Eq. 42 into Eq. 41 yields 

mx = -c.x - kx 

or 
mx+c.x+kx=O 

(3.42) 

(3.43) 

This is the standard form of the second-order differential equation of motion 
that governs the linear vibration of damped single degree of freedom systems. 
A solution of this equation is in the form 

Substituting this solution into the differential equation yields 

(mp2 + cp + k)AePt = 0 

From which the characteristic equation is defined as 

mp2 + cp + k = 0 

(3.44) 

(3.45) 
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The roots of this equation are given by 

c 1 I 2 
Pl = - - + -y c - 4mk 

2m 2m 

c 1 ~ 2 P2 = ----. c -4mk 
2m 2m 

Define the following dimensionless quantity 

~=~ 
Ce 

(3.46) 

(3.47) 

(3.48) 

where ~ is called the damping factor and Ce is called the critical damping 
coefficient defined as 

Ce = 2mw = 2fo 

where w is the system natural frequency defined as 

w=~ 

(3.49) 

(3.50) 

The roots Pl and P2 of the characteristic equation can be expressed in terms 
of the damping factor ~ as 

Pl = -~w + w~ (3.51) 

P2 = - ~w - w~ (3.52) 

If ~ is greater than one, the roots Pl and P2 are real and distinct. If ~ is 
equal to one, the root Pl is equal to P2 and both roots are real. If ~ is less 
than one, the roots Pl and P2 are complex conjugates. The damping factor ~ 
is greater than one if the damping coefficient c is greater than the critical 
damping coefficient Ce . This is the case of an overdamped system. The damp­
ing factor ~ is equal to one when the damping coefficient c is equal to the 
critical damping coefficient Ce , and in this case, the system is said to be 
critically damped. The damping factor ~ is less than one if the damping 
coefficient c is less than the critical damping coefficient Ce , and in this case, 
the system is said to be underdamped. In the following, the three cases of 
overdamped, critically damped, and underdamped systems are discussed in 
more detail. 

Overdamped System In the overdamped case the roots Pl and P2 of Eqs. 
51 and 52 are real. The response of the single degree of freedom system can 
be written as 

(3.53) 

where Al and A2 are arbitrary constants. Thus the solution, in this case, is the 
sum of two exponential functions and the motion of the system is non-
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FIG. 3.17. Overdamped systems. 

oscillatory, as shown in Fig. 17. The velocity can be obtained by differentiating 
Eq. 53 with respect to time, that is, 

(3.54) 

The extremum of the displacement occurs at time tm when the velocity x(t) 
is equal to zero, that is, the maximum displacement occurs when 

or 

This equation can be used to determine the time tm at which the displacement 
is maximum as 

(3.55) 

The constants A 1 and Az can be determined from the initial conditions. For 
instance, if Xo and Xo are, respectively, the initial displacement and velocity, 
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one has from Eqs. 53 and 54 

from which Al and A2 are 

Xo = Al + A2 

Xo = PlAl + P2 A2 

A _ X OP2 - Xo 
1 -

P2 - Pl 

A _XO-PlXO 
2-

P2 - Pl 

(3.56) 

(3.57) 

provided that (Pl - P2) is not equal to zero. The displacement x(t) can then 
be written in terms of the initial conditions as 

1 
x(t) = [(XOP2 - xo)e Ptt + (xo - Pl xo)e P2t ] 

P2 - Pl 
(3.58) 

The time tm at which the maximum displacement occurs can also be written in 
terms of the initial conditions as 

1 1 [P2(XO - PlXO)] t = n 
m P2 - Pl Pl (xo - P2XO) 

(3.59) 

provided that the natural logarithmic function is defined, that is, tm of Eq. 
59 is defined only when the argument of the natural logarithmic function in 
this equation is positive. If the system has initial displacement and zero initial 
velocity, tm is given by 

1 
tm = In 1 = 0 

P2 - Pl 

and the maximum absolute displacement is equal to the initial displacement, 
as shown in Fig. 18. It is important, however, to point out that there are also 
cases in which the response curve does not have an extremum, as shown in 
Fig. 17. This case corresponds to the case in which the argument of the In 
function in Eq. 59 is negative. 

Example 3.5 

The damped mass-spring system shown in Fig. 15 has mass m = 10 kg, stiffness 
coefficient k = 1000 N/m, and damping coefficient c = 300 N· s/m. Determine the 
displacement of the mass as a function of time. 

Solution. The natural frequency w of the system is 

!fn )1000 w = - = -- = 10 radls 
m 10 
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FIG. 3.18. Overdamped system with zero initial velocity. 

The critical damping coefficient Cc is 

Cc = 2mw = 2(10)(10) = 200 N· slm 

The damping factor ~ is given by 

c 300 
~=-=-= 1.5 

Cc 200 

Since ~ > 1, the system is overdamped and the solution is given by 

x(t) = Ai e Plt + A 2 e P2t 

where Pi and P2 can be determined using Eqs. 51 and 52 as 

4.0 

Pi = -~w + w~ = -(1.5)(10) + (1O)J(1.5)2 - 1 = -3.8197 

P2 = -~w - w~ = -(1.5)(10) - (10)J(1.W - 1 = -26.1803 

The solution x(t) is then given by 

x(t) = A i e Plt + A 2 e P2t = Aie-3.8i97t + A2e-26.i803t 

The constants Ai and A2 can be determined from the initial conditions. 

Critically Damped Systems For critically damped systems, the damp­
ing coefficient c is equal to the system's critical damping coefficient Ce , and in 
this case, the damping factor ~ is equal to one. The roots Pi and P2 of the 
characteristic equation are equal and are given by 

Pi=P2=P=-W 
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The solution, in this case, as discussed in Chapter 2, is given by 

x(t) = (At + A 2 t)e- rot (3.60) 

where At and A2 are arbitrary constants. It is clear from the above equation 
that the solution x(t) is nonoscillatory and it is the product of a linear function 
of time and an exponential decay. The form of the solution depends on the 
constants At and A2 or, equivalently, on the initial conditions. The velocity 
x can be obtained by differentiating Eq. 60 with respect to time as 

x(t) = [A2 - w(At + A 2t)Je- rot 

The peak of the displacement curve occurs when x = 0, that is, 

A2 - w(At + A 2tm ) = 0 

From which the time tm at which the peak occurs is 

A2 - wA t 
t =---,-----

m WA2 

(3.61) 

(3.62) 

The constants At and A2 can also be determined from the initial conditions. 
For instance, given the initial displacement Xo and the initial velocity xo, Eqs. 
60 and 61 yield 

Xo = At 

Xo = A2 - wA t 

which can be used to determine At and A2 as 

At = Xo 

A2 = Xo + wXo 

(3.63) 

(3.64) 

The displacement can then be written in terms of the initial conditions as 

(3.65) 

This nonoscillatory solution is shown in Fig. 19. 
The time tm ofEq. 62 can also be written in terms of the initial conditions as 

(3.66) 

For a given set of initial conditions, a critically damped system tends to 
approach its equilibrium position the fastest without any oscillations, that is, 
a critically damped system has the smallest amount of damping required for 
nonoscillatory motion. This property is utilized in many control and military 
system applications such as machine guns, which are designed as critically 
damped systems so that they return to their initial position, as fast as possible 
without vibration, after firing. 
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FIG. 3.19. Critically damped systems. 

1.00 

The damped mass-spring system shown in Fig. 16 has mass m = 10 kg, stiffness 
coefficient k = 1000 N/m, and damping coefficient c = 200 N· s/m. Determine the 
displacement of the mass as a function of time. 

Solution. The natural frequency co of the system is 

co = fE = J1000 = 10 radls -"j; 10 

The critical damping coefficient Cc is given by 

Cc = 2mco = 2(10)(10) = 200 N· slm 

The damping factor ~ is given by 

c 200 
~=-=-=1 

Cc 200 

Since ~ = 1, the system is critically damped and the solution is given by Eq. 60 as 

x(t) = (Ai + A 2 t)e- iOt 

where the constants Ai and A2 can be determined from the initial conditions by 
using Eqs. 63 and 64. 
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Underdamped Systems In the case of under damped systems, the damp­
ing coefficient c is less than the critical damping coefficient Ce . In this case, 
the damping factor e is less than one and the roots of the characteristic 
equations PI and P2' defined by Eqs. 51 and 52, respectively, are complex 
conjugates. Let us define the damped natural frequency Wd as 

Wd = W ~ (3.67) 

Using this equation, the roots PI and P2 of the characteristic equation given 
by Eqs. 51 and 52 are defined as 

PI = -ew + iWd 

P2 = -ew - iWd 

(3.68) 

(3.69) 

Following the procedure described in Chapter 2, one can show that the 
solution x(t) of the underdamped system can be written as 

(3.70) 

where the amplitude X and the phase angle ,p are constant and can be 
determined from the initial conditions. The solution x(t) is the product of an 
exponential decay and a harmonic function, and unlike the preceding two 
cases of overdamped and critically damped systems, the motion of the under­
damped system is oscillatory, as shown in Fig. 20. 

The velocity x(t) is obtained by differentiating Eq. 70 with respect to time as 

x(t) = Xe-~rot[ -ew sin(wdt + ,p) + Wd COS(Wdt +,p)] (3.71) 

The peaks of the displacement curve shown in Fig. 20 can be obtained by 
setting x(t) equal to zero, that is, 

-;:;-
>f 

Xe-~roti[ -ew sin(wdt; +,p) + Wd COS(Wdt; +,p)] = 0 

1.0 
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FIG. 3.20. Response of the underdamped systems. 
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where ti is the time at which the peak i occurs. The above equation yields 

Wd ~ 
tan(wdti + ifJ) = ~w = ~ (3.72) 

Using the trigonometric identity 

. () tan () 
SIn = -----r==~= Jl + tan2 () 

Eq. 72 yields 
(3.73) 

Equations 70 and 73 can be used to define the displacement of the peak i as 

(3.74) 

This equation will be used in the following section to develop a technique for 
determining the damping coefficient experimentally. 

Example 3.7 

The damped mass-spring system shown in Fig. 16 has mass m = 10 kg, stiffness 
coefficient k = 1000 N/m, and damping coefficient c = 10 N . s/m. Determine the 
displacement of the mass as a function of time. 

Solution. The circular frequency OJ of the system is 

OJ = !E = )1000 = 10 radls y;;i 10 

and the critical damping factor ~ is given by 

Cc = 2mOJ = 2(10)(10) = 200 N . slm 

Therefore, the damping factor ~ is given by 

c 10 
~ =~=-=0.05 

Cc 200 

The damped natural frequency OJd is given by 

OJd = OJ~ = lOJ1 - (0.05)2 = 9.9875 radls 

Substituting OJ, ~, and OJd into Eq. 70, the solution for the damped single degree of 
freedom system can be expressed as 

x = Xe- O.5t sin(9.9875t + ¢J) 

where X and ¢J are constants which can be determined from the initial conditions. 

Equivalent Coefficients It is important to point out at this stage that 
the linear differential equation of free vibration of the damped single degree 
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of freedom system can, in general, be written in the following form 
mex + cex + kex = ° (3.75) 

where me, Ce, and ke are equivalent inertia, damping, and stiffness coefficients, 
and the dependent variable x can be a linear or angular displacement. In this 
general case, me, Ce, and ke must have consistent units. The natural frequency 
OJ, the critical damping coefficient Ce, and the damping factor ~ are defined, 
in this general case, as 

OJ=~ (3.76) 

Ce = 2meOJ = 2 Jmeke (3.77) 

~=2 
Ce 

(3.78) 

The use of Eqs. 75-78, which reduce, respectively, to Eqs. 43, 50, 49, and 48 
in the simple case of damped mass-spring systems, is demonstrated by the 
following example. 

Example 3.8 

Assuming small oscillations, obtain the differential equation of the free vibration 
of the pendulum shown in Fig. 21. Determine the circular frequency, the critical 
damping coefficient, and the damping factor of this system. Assume that the rod is 
massless. 

Solution. As shown in the figure, let Rx and Ry be the components of the reaction 
force at the pin joint. The moments of the externally applied forces about 0 are 

Ma = - (kl sin e)l cos e - (de cos e)l cos e - mgl sin e 

Free body diagram Inertia diagram 

c 

mx 

mg 

FIG. 3.21. Damped angular oscillations. 
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For small oscillations, sin {} ~ {} and cos {} ~ 1. In this case, Ma reduces to 

Ma = _kI2{} - c[20 - mgW 

One can show that the moment of the inertia (effective) forces about 0 is given 
by 

Merr = ml20 

Therefore, the second-order differential equation of motion of the free vibration is 
given by 

or 
ml20 + el20 + (kl + mg)W = 0 

which can be written in the general form of Eq. 75 as 

meO + ceO + ke {) = 0 

where 

ke = (kl + mg)1 

where the units of me are kg· m2 or, equivalently, N· m· S2, the units of the 
equivalent damping coefficient Ce are N· m . s and the units of the equivalent stiffness 
coefficient ke are N . m. The natural frequency W is 

W = {k: = 
V-m. 

(kl + mg)1 = Jkl + mg radjs 
ml2 ml 

The critical damping coefficient Cc is 

C - 2 - 2 12 Jkl + mg c - meW - m -----;;;r-

= 2Jm13(kl + mg) 

The damping factor e of this system is 

3.7 LOGARITHMIC DECREMENT 

In the preceding section it was shown that the displacement of the under­
damped single degree of freedom system is oscillatory with amplitude that 
decreases with time. The peaks ofthe displacement curve shown in Fig. 20 can 
be determined using Eq. 74 which is reproduced here for convenience. Accord­
ing to this equation, the amplitude of the ith cycle of the displacement is 

(3.79) 
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This equation is used in this section to develop a method for determining 
experimentally the damping coefficient of the underdamped single degree of 
freedom systems. This can be achieved by comparing the amplitudes of succes­
sive cycles. Since Eq. 79 defines the amplitude for the ith cycle, the amplitude 
for the successive (i + l)th cycle which occurs at time ti + 'd is given by 

X i +1 = ~ Xe-~ro(ti+td) 

where'd is the damped periodic time defined as 

Dividing Eq. 79 by Eq. 80 leads to 

2n 
'd=­

Wd 

(3.80) 

(3.81) 

(3.82) 

which indicates that the ratio of any two successive amplitudes is constant. 
Equation 82 can be expressed in terms of the natural logarithm as 

(3.83) 

where b is a constant known as the logarithmic decrement. By using Eq. 83 
and the fact that Wd is 

Wd=W~ 
the logarithmic decrement b can be written as 

Xi 2n~ 
b = In - = ----0== 

X i +1 ~ 
If the damping factor ~ is very small, that is, 

~«1 

the expression for b reduces to 

(3.84) 

We now consider the ratio of non successive amplitudes. If we consider the 
amplitudes Xi and X Hn , where n is an integer, we obtain 

Xi 

that is, 
X· 

In -'- = n~w'd = nb 
X Hn 

(3.85) 

If b can be determined by the experimental measurements of two successive 
or nonsuccessive amplitudes, then one can determine the damping factor ~ 
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using Eq. 84 as 

(3.86) 

Energy Loss In the case of small damping, the energy loss can be expressed 
in terms of the logarithmic decrement. Let Ui be the energy of the system at 
the peak of the cycle i. Since at the peak the displacement is a local maximum, 
the velocity of the mass is equal to zero, and in this case, the energy is equal to 
the elastic energy stored in the spring, that is, 

Ui = tkxf 

Similarly, the energy at the peak of the cycle i + 1 is 

The loss of energy between the two cycles is, therefore, given by 

t1U = Ui - Ui+l = tk(xf - Xf+l) 

which can also be written as 

t1U = tk(Xi - Xi+l)(Xi + xi+d 

We define the specific energy loss as 

t1U tk(Xi - Xi+l)(Xi + Xi+l) 
Ui - tkxf 

= ( 1 _ X~:l ) ( 1 + X~:l ) 
= (1 - e-6)(1 + e-cS) = 1 _ e-2cS 

Note that the specific energy loss increases as the logarithmic decrement in­
creases, and if the damping is zero, ~ is equal to zero and accordingly t1UjUi 
is equal to zero. 

Example 3.9 

A damped single degree of freedom mass-spring system has mass m = 5 kg and 
stiffness coefficient k = 500 N/m. From the experimental measurements, it was 
observed that the amplitude of vibration diminishes from 0.02 m to 0.012 m in six 
cycles. Determine the damping coefficient c. 

Solution. In this example, n of Eq. 85 is equal to 6. Let 

Xi = 0.02 

Xi+6 = 0.012 
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The logarithmic decrement 0 is determined from 

that is, 

0.02 3 no = 6c5 '7 In-- = 0.5108 
0.012 

o = 0.085138 

The damping factor ~ can be determined from Eq. 86 as 

~ = 0 = 0.085138 = 0.013549 
J(2n)2 + [)2 J(2n)2 + (0.085138)2 

The damping coefficient c is defined as 

c = ~Cc 

where the critical damping coefficient Cc is 

Cc = 2Fm = 2J(500)(5) = 100 N· slm 

Therefore, 
c = (0.013549)(100) = 1.3549 N . slm 

The specific energy loss is 

1\U = 1 _ e- 26 = 1 _ e- 2(O.085138) = 0.1566 
Ui 

3.8 STRUCTURAL DAMPING 

While a viscous damping force is proportional to the velocity, in many cases, 
such simple expressions for the damping forces are not directly available. It 
is, however, possible to obtain an equivalent viscous damping coefficient by 
equating energy expressions that represent the dissipated energy during the 
motion. In this section, we consider the case of structural damping which is 
sometimes referred to as hysteretic damping. The influence of this type of 
damping can be seen in the vibration of solid materials, which in general, are 
not perfectly elastic. When solids vibrate, there is an energy dissipation due 
to internal friction, as the result of the relative motion between particles of the 
solids during deformation. It was observed that there is a phase lag between 
the applied force F and the displacement x, as shown by the hysteresis loop 
curve in Fig. 22, which shows that the effect of the force does not suddenly 
disappear when the force is removed. The energy loss during one cycle can be 
obtained as the enclosed area in the hysteresis loop, and can be expressed 
mathematically using the following integral 

L1D = f F dx (3.87) 
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x 

FIG. 3.22. Hysteresis loop. 

It was also observed experimentally that the energy loss AD during one 
cycle is proportional to the stiffness of the material k and the square of the 
amplitude of the displacement X, and can be expressed in the following simple 
form 

(3.88) 

where Cs is a dimensionless structural damping coefficient and the factor TC is 
included for convenience. In order to use Eq. 88 to obtain an equivalent 
viscous damping coefficient, we first assume simple harmonic oscillations in 
the form 

x = X sin(wt + r/J) 

The force exerted by a viscous damper can be written as 

Fd = cex = ceXw cos(wt + r/J) 

and the energy loss per cycle can be written as 

AD = f Fd dx = f cex dx 

Since x = dx/dt, we have 

dx = x dt 

Substituting Eqs. 89 and 91 into Eq. 90 yields 

AD = J: Ce X2 dt = J: ce w2 X 2 cos2 (wt + r/J) dt 

= TCC eWX2 

(3.89) 

(3.90) 

(3.91) 

(3.92) 
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where, is the periodic time defined as 

2n 
,=~ 

w 

Equating Eqs. 88 and 92 yields the equivalent viscous damping coefficient as 

kcs 
ce=o; (3.93) 

The structural damping coefficient Cs can be determined experimentally to 
obtian the equivalent viscous damping coefficient Ce which can be used to 
develop a simple mathematical model. 

Experimental Methods If a structure behaves as a single degree of 
freedom system, the equivalent damping factor ~e can be defined as 

~ =2=~ 
e Cc 2mw 

Substituting Eq. 93 into the preceding equation, one obtains an expression 
for the equivalent damping factor ~e as a function of the structural damping 
coefficient Cs as 

Since the damping factor ~e can be expressed in terms of the logarithmic 
decrement using Eq. 86, one has 

~ = J Cs 

e J(2n)2 + J2 2 

which leads to 
2J 

c = ---;====,=~ 
s J(2n)2 + J2 

That is, if the ratio between two successive amplitudes can be measured 
experimentally, the structural damping coefficient Cs can be evaluated by using 
the preceding equation. 

Example 3.10 

A simple structure is found to vibrate as a single degree of freedom system. The 
spring constant is determined using static testing and is found to be 1500 N/m, and 
the equivalent mass of the structure is assumed to be 2 kg. By using a simple 
vibration test, the ratio of successive amplitudes is found to be 1.2. Determine the 
structural damping coefficient and the equivalent viscous damping coefficient. 
Determine also the energy loss per cycle for an amplitude of 0.05 m. 

Solution. The logarithmic decrement 0 is given by 

o = ln~ = In 1.2 = 0.18232 
Xi+l 
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The structural damping coefficient Cs is given by 

215 2(0.18232) 
Cs = = = 0.058 

J(2n)2 + 152 J(2n)2 + (0.18232)2 

The equivalent viscous damping coefficient can then be determined using Eq. 93 as 

kcs rc:::. 
Ce = - = csykm = 3.1768 N's/m 

OJ 

Equation 88 can be used to determine the energy loss per cycle as 

AD = ncskX2 = n(0.058)(1500)(0.05)2 = 0.6833 N· m 

3.9 COULOMB DAMPING 

In this section, we examine the effect of Coulomb or dry-friction damping on the 
response of the single degree of freedom mass-spring system shown in Fig. 
23. In the case of Coulomb damping, the friction force always acts in a 
direction opposite to the direction of the motion of the mass. In this case, the 
friction force can be written as 

(3.94) 

where J1 is the coefficient of sliding friction and N is the normal reaction force. 
The values of the coefficient of sliding friction, which depends on the properties 
ofthe materials in contact, can be found experimentally. While Table 2 shows 
approximate values of this coefficient in several cases of dry surfaces, we 
should keep in mind that the effect of friction is significantly reduced in the 
case of lubricated surfaces. 

If the motion of the mass shown in Fig. 23(a) is to the right, that is, x > 0, 
the friction force Fe is negative, as shown in Fig. 23(b), while if the motion of 
the mass is to the left, that is, x < 0, the friction force Fe is positive, as shown 
in Fig. 23(c). Therefore, the vibration of the system is governed by two 
differential equations which depend on the direction of motion. From the free 
body diagram shown in Fig. 23(b), it is clear that if the mass moves to the 

---=4 ~ 
my my 

kx 

(a) (b) (e) 

FIG. 3.23. Coulomb damping. 
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TABLE 3.2. Approximate Values of 
the Coefficient of Sliding Friction 

Rubber on concrete 
Metal on stone 
Metal on wood 
Metal on metal 
Wood on wood 
Stone on stone 

right, the differential equation of motion is 

mx=-kx-Fr, 

0.45-0.68 
0.25-0.55 
0.15-0.45 
0.12-0.45 
0.19-0.38 
0.30-0.53 

x>o (3.95) 

Similarly, the free body diagram of Fig. 23(c) shows that the differential 
equation of motion, when the mass moves to the left, is 

mx = -kx + Fr , 

Equation 95 and 96 can be combined in one equation as 

mx+kx= =FFr 

(3.96) 

(3.97) 

where the negative sign is used when the mass moves to the right and the 
positive sign is used when the mass moves to the left. Equation 97 is a 
nonhomogeneous differential equation, and its solution consists of two parts, 
the homogeneous solution or the complementary function and the forced 
solution or the particular solution. Since the force Fr is constant, the particular 
solution xp is assumed as 

where C is a constant. Substituting this solution into Eq. 97 yields 

_ Fr 
xp= +/Z 

Therefore, the solution of Eq. 97 can be written as 

x(t) = Al sin rot + A2 cos rot - ~, 

() . Fr 
x t = Bl sm rot + B2 cos rot + /Z' 

where ro is the natural frequency defined as 

ro=ifn, 

(3.98) 

(3.99) 

and Al and A2 are constants that depend on the initial conditions of motion 
to the right, and Bl and B2 are constants that depend on the initial conditions 
of motion to the left. 
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Let us now consider the case in which the mass was given an initial 
displacement Xo to the right and zero initial veloctiy. Equation 99 can then 
be used to yield the following algebraic equations 

Fr 
Xo = B2 + k 

0= roBl 

which imply that 

that is, 

( Fr) Fr x(t) = Xo - k cos rot + k (3.100) 

and 

x(t) = -ro( Xo - ~ ) sin rot (3.101) 

The direction of motion will change when x = 0, and when this condition 
is substituted into the above equation, one obtains the time tl at which the 
velocity starts to be positive. The time tl then can be obtained from the 
equation . 

which defines t 1 as 

that is, 

At this time, the displacement is determined from Eq. 100 as 

( 11:) 2Fr 
x(td = x w = -Xo + T (3.102) 

which shows that the amplitude in the first half-cycle is reduced by the amount 
2Frlk, as the result of dry friction. 

In the second half-cycle, the mass moves to the right and the motion is 
governed by Eq. 98 with the initial conditions 

x(~) = -Xo + 2:r 
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Substituting these initial conditions into Eq. 98 yields 

Ai = 0 

and 
Fr 

A2 = xo - 37( 

The displacement x(t) in the second half-cycle can then be written as 

( Fr) Fr x(t)= x o -37( coswt-7( 

and the velocity is 

x(t) = - (xo - 3~)W sin wt 

(3.103) 

(3.104) 

The velocity is zero at time t2 when t2 = 2n/w = T, where T is the periodic 
time of the natural oscillations. At time t 2 , the end of the first cycle, the 
displacement is 

x(t2 ) = x ( ~ ) = Xo - ( 42 ) (3.105) 

which shows that the amplitude decreases in the second half-cycle by the 
amount 2Fr/k, as shown in Fig. 24. By continuing in this manner, one can 
verify that there is a constant decrease in the amplitude of 2Fr/k every half­
cycle of motion. Furthermore, unlike the case of viscous damping, the fre­
quency of oscillation is not affected by the Coulomb damping. It is also 
important to point out, in the case of Coulomb friction, that it is not necessary 
that the system comes to rest at the undeformed spring position. The final 
position will be at an amplitude Xr, at which the spring force Fs = kXr is less 
than or equal to the friction force. 

FIG. 3.24. Effect of the Coulomb damping. 
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Example 3.11 

The single degree of freedom mass-spring system shown in Fig. 23 has mass 
m = 5 kg, stiffness coefficient of the spring k = 5 X 103 N/m, coefficient of dry 
friction fl = 0.1, initial displacement Xo = 0.03 m, and initial veloctiy Xo = O. De­
termine the number of cycles of oscillation of the mass before it comes to rest. 

Solution. The friction force Fr is defined by Eq. 94 as 

Fr = flN 

where N is the normal reaction force given by 

N=mg 
Therefore, the force Fr is 

Fr = flmg = (0.1)(5)(9.81) == 4.905 N 

The motion will stop if the amplitude of the cycle is such that the spring force is 
less than or equal to the friction force, that is, 

kXr ~ 4.905 

or 
4.905 4.905 -3 

Xr ~ -k- = 5 x 103 = 0.981 x 10 m 

The amplitude loss per half-cycle is 

2(4.905) -3 
2Fr/k = ---3 = 1.962 x 10 m 

5 x 10 

The number of half-cycles n completed before the mass comes to rest can be 
obtained from the following equation 

( 2Fr) Xo - n k ~ 0.981 X 10-3 

where 
Xo = 0.03 

It follows that 

0.03 - n(1.962 x 10-3) ~ 0.981 x 10-3 

The smallest n that satisfies this inequality is n = 15 half-cycles, and the number of 
cycles completed before the mass comes to rest is 7.5. 

3.10 SELF-EXCITED VIBRATION 

In some applications, the force that produces the motion may be velocity­
or displacement-dependent, such that the force that sustains the motion is 
created by the motion itself, and when the motion of the system stops, the force 
no longer exists. The motions of such systems, which are said to be self-excited, 
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are encountered in many applications such as the chatter vibration of the tool 
in machine-tool systems, the shimmy of automobile wheels, and airplane wing 
flutter. In self-excited vibration, the motion tends to increase the system 
energy, and as a result, the amplitude of vibration may grow drastically and 
the system becomes unstable. In order to better understand the effect of 
self-excited vibration on the system stability, we consider a simple case in 
which the force is proportional to the velocity. In this case, the differential 
equation of motion of the damped mass-spring single degree of freedom 
system can be written as 

mx+d+kx=F (3.106) 

where m is the mass, c is the viscous damping coefficient, k is the spring 
constant, and the force F can be written as 

F= bi (3.107) 

in which b is a proportionality constant. Substituting Eq. 107 into Eq. 106 
yields 

mx + d + kx = bi 

or 
mx + (c - b)i + kx = 0 (3.108) 

The self-excited vibration can be considered as a free vibration with a negative 
damping. In this case, the damping force which is proportional to the velocity 
has the same direction as the velocity. 

If c = bin Eq. 108, the coefficient of i in the above equation is identically 
zero, and this equation reduces to the differential equation of motion of the 
undamped single degree of freedom system, which conserves energy. 

A solution of Eq. 108 can be assumed in the form 

x = AiePt 

which yields the following characteristic equation 

p 2m + p(c - b) + k = 0 

This equation has the following two roots 

c - b 1 ~--c,------
Pi = ---+-J(c-b)2-4mk 

2m 2m 

c - b 1 ~--c,------
P2 = - -- - -J(c - b)2 - 4mk 

2m 2m 

(3.109) 

(3.110) 

(3.111) 

If c > b, we have the case of positive damping discussed in the preceding 
sections, where it was shown that this case corresponds to stable systems in 
which the amplitude decreases with time. If, however, c < b, the velocity 
coefficient in Eq. 108 is negative and the system is said to exhibit negative 
damping. In the case of negative damping, if the roots Pi and P2 are real, at 
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least one of the roots will be positive. If the roots Pl and P2 are complex 
conjugates, the solution can be written as the product of an exponential 
function multiplied by a harmonic function. Since the exponential function in 
this case will be increasing with time, the amplitude of vibration will drastically 
increase, and the system is said to be dynamically unstable. In this case, the 
damping force does positive work, which is converted into additional kinetic 
energy, and, as a result, the effect of the damping force is to increase the 
displacement instead of diminishing it. 

In order to provide another explanation for the instability caused by the 
negative damping, we use the sum of the kinetic and strain energies of the 
single degree of freedom system defined as 

E = tmx2 + tkx2 

which, upon differentiation with respect to time, yields 

dE at = mxx + kxx = (mx + kx)x 

Since, from the differential equation, One has 

it follows that 

mx + kx = -(c - b)x 

dE .2 
-= -(c-b)x 
dt 

This expression for the time rate of change of energy shows that, in the case 
of positive damping coefficient (c - b), the energy continuously decreases and, 
as a result, the amplitude eventually becomes small as demonstrated in the 
preceding sections. On the other hand, in the case of negative damping, the 
rate of change of energy is positive and, as a result, the energy and the 
amplitude continuously increase causing the instability problem discussed in 
this section. 

Example 3.12 

The following data are given for a dampt:d single degree of freedom mass-spring 
system, mass m = 5 kg, damping coefficient c = 20 N . slm, and stiffness coefficient 
k = 5 X 103 N/m. The mass is subjected to a force which depends on the velocity 
and can be written as F = bi, where b is a constant. Determine the system response 
in the following two cases of the forcing functions 

(1) F = 50i N, (2) F = 400i N 

Solution. The equation of motion of the system is 

mx+ci+kx=hX 

mx + (c - b)i + kx = 0 
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Case 1. F = SOx 
In this case, the differential equation of motion is 

Sx + (20 - SO)x + (S)(103 )x = 0 

This is the case of negative damping in which the characteristic equation is given by 

Sp2 - 30p + S X 103 = 0 

The roots of the characteristic equation are 

30 1 
PI = 10 + 10 J(3W - 4(S)(S x 103 ) = 3.0 + 31.48i 

30 1 
P2 = 10 - 10 J(3W - 4(S)(S x 103 ) = 3.0 - 31.48i 

The roots are complex conjugates and the solution can then be written as 

x(t) = Xe 3.0t sin(31.48t + ¢J) 

where X and ¢J are constants that depend on the initial conditions. Because of the 
exponential growth in the solution, the system is unstable and the motion is 
oscillatory with amplitude that increases with time, as shown in Fig. 2S. 

Case 2. F = 400x 
In this case, the differential equation of motion is given by 

..:-
~ 

40.0 

30.0 

20.0 

10.0 

0.0 -
-10.0 
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-40.0 
0.0 

Sx + (20 - 400)x + S X 103x = 0 

,... 

1\ 
~ r\ L \ 

~ hJ \ / 
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V 
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FIG. 3.2S. Case 1, F = SOx. 
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FIG. 3.26. Case 2, F = 400x. 

5x - 380x + 5 x 103x = 0 

0.05 

The coefficient of x in this equation is also negative. The characteristic equation is 

5p2 - 380p + 5 x 103 = 0 

which has the roots 

Pi = 318~ + 1~ J(380)2 - 4(5)(5 x 103 ) = 59.0713 

P2 = 318~ - 1~ J(38W - 4(5)(5 x 103 ) = 16.9287 

Since the roots are real and distinct, the solution can be written as 

where Ai and A2 are constants that depend on the initial conditions. The solution 
in this case is nonoscillatory exponential growth, as shown in Fig. 26. 
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T 

FIG. 3.27. Motion control. 

3.11 MOTION CONTROL 

Another important application of the theory of vibration developed in this 
chapter is in the area of feedback control systems. In many industrial applica­
tions, a system is designed to perform, with high precision, a specified task 
or follow a desired motion. Due, however, to disturbances or the effect of 
unknown parameters such as friction, wear, clearances in the joints, etc., the 
desired motion of the system cannot be achieved. The actual motion may 
deviate significantly from the desired motion, and as the result of this devia­
tion, the performance, precision, and accuracy of the system may no longer 
be acceptable. It is, therefore, important to be able to deal with this problem 
by proper design of a control system that automatically reduces this deviation 
and if possible eliminates it. In order to demonstrate the use of the theory of 
such control systems, we consider the simple system shown in Fig. 27, which 
can be used to represent an industrial single robotic arm. Let T be the torque 
applied by a motor placed at the joint at O. The equation of motion of this 
system is given in terms of the angular orientation of the arm as 

.. I 
Io() + mg 2cos () = T (3.112) 

where 10 is the mass moment of inertia of the robotic arm defined with respect 
to point 0, m and I are, respectively, the mass and length of the arm, g is the 
gravitational constant, and () is the angular orientation of the arm, as shown in 
the figure. For any applied torque, Eq. 112 represents the actual motion of 
the robotic arm and if (). denotes this actual motion, Eq. 112 can be written as 

.. 1 
Io(). + mg 2cos (). = T (3.113) 

As pointed out earlier, as the result of disturbances, and the effect of unknown 
parameters whose effect is not accounted for in Eq. 113, the actual motion (). 
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may deviate from the desired motion (}d. In order to obtain the desired motion 
(}d, we may choose the motor torque T in the following form 

(3.114) 

where kv and kp are, respectively, velocity and position gains, which will be 
selected in such a manner that the deviation of the actual displacement from 
the desired displacement is eliminated. In Eq. 114, (}d, ed' and Od are assumed 
to be known since the desired motion is assumed to be specified. The inertia 
properties and dimensions of the robotic arm are also assumed to be known. 
The actual displacement (}a and its time derivatives can be obtained using 
proper sensors that measure the angular orientation, velocity, and accelera­
tion of the robotic arm during the actual motion. Therefore, at any given point 
in time, the torque of Eq. 114 can be calculated and a proper signal is given 
to the motor in order to produce this torque. Now, let us substitute the 
expression of the torque given by Eq. 114 into the differential equation given 
by Eq. 113. This leads to 

(3.115) 

We define the error as the result of the deviation of the actual motion from 
the desired one as 

e = (}a - (}d 

In terms of this error, Eq. 115 can be written compactly as 

Ioe + kve + kpe = 0 

(3.116) 

(3.117) 

This equation is in the same form as the equation obtained for the damped 
single degree offreedom system. The velocity and position gains kv and kp can 
be selected such that the error e, that represents the deviation of the actual 
motion from the desired motion, goes to zero the fastest. To this end, kv and 
kp are selected such that the system of Eq. 117 is critically damped. Note that 
the natural frequency of oscillation w of the error e of Eq. 117 is given by 

W= fk:, 
..J1o 

and the critical damping coefficient Cc is 

Cc = 2Iow = 2JIokp 

The damping factor e is given by 

e=kv = kv 
Cc 2JIokp 

(3.118) 

If the system is to be critically damped, e = 1, and Eq. 118 leads to the 
following relationship 
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ea 

System ea 

ed ----1---+1 

+ 

FIG. 3.28. Block diagram. 

or 

(3.119) 

Therefore, in order that the error e approaches zero in a relatively short time, 
the gains kv and kp are selected such that Eq. 119 is satisfied. This leads to a 
critically damped system for the error equation. 

The concept introduced in this section is often demonstrated using the block 
diagram shown in Fig. 28, and the torque T given by Eq. 114 is referred to as 
the control law. 

The type of control discussed in this section is called proportional-derivative 
(PD) feedback control. The natural frequency of the error equation that 
governs the speed of the amplitude decay is selected based on the performance 
objectives and also based on the natural frequency of the system. The fre­
quency of the error oscillations must not be close to the natural frequency of 
the system in order to avoid the resonance phenomenon, which will be 
discussed in the following chapter. Furthermore, the gain kp must not be 
selected very large in order to avoid exceeding the actuator capacity, a phe­
nomenon known in control system design as actuator saturation (Lewis et aI., 
1993). 

The PD control is very effective when all of the system parameters are 
known and when there are no disturbances. If some of the system parameters 
are not known in addition to the existence of constant disturbances, the PD 
control will result in a non-zero state error. Another type of feedback control 
system is the proportional-integral-derivative (PID) feedback control. This 
control system is more effective when the disturbance is not equal to zero. In 
this type of control, an additional term kjf, is added to the torque T, where f, 

is defined as 
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The resulting error equation for the PID control system is 

Joe + kve + kpe + kiG = 0 

The preceding two equations must be solved simultaneously in order to 
determine the error as a function of time. 

3.12 IMPACT DYNAMICS 

In the preceding two sections, the self-excited vibration and motion control 
of mechanical systems were examined using the techniques of the free vibra­
tion analysis. There are several other important applications that can be 
analyzed using the techniques presented in this chapter; some of these applica­
tions are in the area of impact dynamics. Collision between two bodies results 
in a force of relatively large magnitude that acts on the two bodies over a 
relatively short interval oftime. The common normal to the surfaces in contact 
during the collision between the two bodies is called the line of impact. If the 
centers of mass of the two colliding bodies are located on the line of impact, 
the impact is said to be central impact, otherwise, the impact is said to be 
eccentric. 

Impact can also be classified as a direct impact or oblique impact. In direct 
impact the velocity of the bodies are along the line of impact. If, on the other 
hand, the velocity of one or both bodies are not along the line of impact, the 
impact is said to be oblique. 

Conservation of Momentum Figure 29 shows two particles ml and mz. 
The velocities of the two particles before collision are assumed to be Xl and 
xz. Let the external force that acts on the mass ml be Fl (t) while the external 
force that acts on mz be Fz(t). If Xl is assumed to be greater than xz, the particle 
ml approaches mz and collision will eventually occur. During the period of 
impact an impulsive force Fi acts on the two particles, and in the case of direct 
central impact, the equations of motion ofthe two particles can be written as 

mlx! = Fl(t) - Fi(t) 

mzxz = Fz(t) + Fi(t) 

FIG. 3.29. Impact dynamics. 

(3.120) 

(3.121) 
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Since the accelerations Xl = dxddt and X2 = dx 2 /dt, Eqs. 120 and 121 can be 
written as 

ml dX 1 = [F1 (t) - Fi(t)] dt 

m2 dX 2 = [Fz(t) + Fi(t)] dt 

Integrating these two equations over the short period of impact I1t = t z - t 1 , 

one obtains 

(3.122) 

(3.123) 

where V 1 and Vz are the velocities of the two particles before collision, and v~ 
and v; are the velocities of the two particles after collision. 

During the short interval of impact, all the external forces are assumed to 
be small compared to the impact force F;(t). Using this assumption, Eqs. 122 
and 123 reduce to 

(3.124) 

(3.125) 

which upon adding leads to the equation of conservation of momentum 

(3.126) 

This equation implies that the linear momentum of the system before impact 
is equal to the linear momentum of the system after impact. 

Restitution Condition In order to be able to determine the velocities of 
the two masses m1 and mz after impact another relationship between v~ and 
v; must be obtained. In the impact analysis, the relationship between the 
relative velocities between the two bodies before and after collision is defined 
by the coefficient of restitution. The coefficient of restitution which can be 
determined experimentally accounts for the deformation and energy dissipa­
tion in the region of contact during the impact process. The coefficient of 
restitution e is defined using the kinematic relationship 

(3.127) 

Therefore, ifthe relative velocities between the two masses is measured before 
and after impact, the coefficient of restitution e can be determined for different 
materials using Eq. 127. 

Special Cases In solving impact problems, the coefficient of restitution is 
frequently assumed to be constant for given materials and contact surface 
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geometries. In reality, the coefficient of restitution depends on the properties 
of the materials as well as the velocities of the two colliding bodies. If the 
coefficient of restitution e is equal to one, the impact is said to be perfectly 
elastic, and in the case of perfectly elastic impact the total kinetic energy of 
the two masses as well as the total linear momentum is conserved. The 
conservation of the linear momentum is guaranteed by Eq. 126. In order to 
show the conservation of the total kinetic energy, Eq. 127 in the case of 
perfectly elastic impact (e = 1) can be written as 

Also Eq. 126 can be written as 

ml(v1 - v~) = -m2 (v 2 - v;) 

Multiplying Eq. 128 and 129 one obtains 

ml (VI - v~ )(VI + vD = - m2(v2 - V;)(V2 + v;) 

which leads to 

This equation can be written as 

(3.128) 

(3.129) 

which implies that the kinetic energy before impact is equal to the kinetic 
energy after the impact. 

Another special case is the case of perfectly plastic impact, in which the 
coefficient of restitution is equal to zero, that is e = O. In this case Eq. 127 yields 

V; - v~ = 0 

and hence the velocities of the two masses after impact are equal. In this case 
the condition of conservation of momentum reduces to 

ml VI + m2 v2 = (ml + m2 )v' 

in which v' = v~ = v;. 
In general, given the velocities of the masses before collision and the 

coefficient of restitution, the conservation of momentum equation and the 
restitution condition can be used to determine the jumps in the velocities of 
the two masses after impact. These jumps can be used to update the velocities 
of the two masses, and the updated velocities can be used as initial conditions 
that define the constants of integration that appear in the complementary 
function of the solution of the vibration equation. The use of this procedure 
is demonstrated by the following example. 

I Example 3.13 

Figure 30 shows two masses m 1 and mz where m 1 = 5 kg and mz = 1 kg. The mass 
m1 which is initially at rest is supported by a spring and a damper. The stiffness 
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FIG. 3.30. Impact response of single degree of freedom systems. 

coefficient of the spring k is assumed to be 1000 N/m, and the damping coefficient 
c is assumed to be 10 N· s/m. The mass m2 is assumed to move with a constant 
velocity V2 = - 5 m/s. Assuming the coefficient of restitution e = 0.9, determine the 
displacement equations of the two masses after impact. 

Solution. The conservation of momentum condition and the restitution condi­
tions are 

v; - v~ = e(vl - V2) 

where Vl = 0 and V2 = - 5 m/s. Therefore, the conservation of momentum and 
restitution equations can be written as 

which yield 

5v~ + v; = (5)(0) + (1)( - 5) 

v; - v~ = 0.9 (0 -( - 5)) 

5vl+v;=-5 

v~ - v; = -4.5 

By adding these two equations, one obtains 

6v1 = -9.5 

or 
v~ = -1.5833 m/s 

and 
v; = v~ + 4.5 = -1.5833 + 4.5 = 2.9167 m/s 

The equations of motion of the two masses after impact can be written as 

mlxl + eX l + kXl = 0 

m2 x2 = 0 

The solutions of these two equations can be determined as 

Xl = Xe-~wt sin(codt + 1jJ) 

x2=A l t+A2 . 
where X, 1jJ, A 1, and A2 are constants that can be determined using the initial 
conditions X10 = 0, X10 = v~ = -1.5833 m/s, X20 = 0, x20 = v; = 2.9167 m/s. The 
damping factor ~, natural frequency co, and the damped natural frequency COd are 



Problems 121 

0.6 

0.4 
:g 
E 
OJ 

8 0.2 
OJ 
u 
cO -a 
'" 6 

0.0 

-0.2 
0.0 0.5 1.0 1.5 2.0 

Time(s) 

FIG. 3.31. Displacements of the two masses. 

given by 

c c 10 
~ = - = -- = = 0.0707 

Cc 2Fm 2J(I000)(5) 

OJ = ~ = J1ar: = 14.142 rad/s 

OJd = OJ~ = 14.1066 rad/s 

By using the initial conditions one can show that the displacements of the two 
masses as functions of time can be written as 

Xl = _0.1122e-o.9998t sin(14.1066t) 

X 2 = 2.9167t 

The results presented in Fig. 31, which shows Xl and X2 as functions of time, clearly 
demonstrate that the two masses do not encounter a second impact. 

Problems 

3.1. A single degree of freedom mass-spring system consists of a 10 kgs mass sus­
pended by a linear spring which has a stiffness coefficient of 6 x 103 N/m. The 
mass is given an initial displacement of 0.04 m and it is released from rest. 
Determine the differential equation of motion, and the natural frequency of the 
system. Determine also the maximum velocity. 

3.2. The oscillatory motion of an undamped single degree of freedom system is such 
that the mass has maximum acceleration of 50 m/s2 and has natural frequency 
of 30 Hz. Determine the amplitude of vibration and the maximum velocity. 
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3.3. A single degree of freedom undamped mass-spring system is subjected to an 
impact loading which results in an initial velocity of 5 m/s. If the mass is equal 
to 10 kg and the spring stiffness is equal to 6 x 103 N/m, determine the system 
response as a function of time. 

3.4. The undamped single degree offreedom system of Problem 1 is subjected to the 
initial conditions Xo = 0.02 m and Xo = 3 m/s. Determine the system response 
as a function of time. Also determine the maximum velocity and the total energy 
of the system. 

3.5. A single degree of freedom system consists of a mass m which is suspended by a 
linear spring of stiffness k. The static equilibrium deflection of the spring was 
found to be 0.02 m. Determine the system natural frequency. Also determine the 
response of the system as a function of time if the initial displacement is 0.03 m 
and the initial velocity is zero. What is the total energy of the system if the mass 
m is equal to 5 kg? 

3.6. The system shown in Fig. Pi consists of a mass m and a massless rod of length 
t. The system is supported by two springs which have stiffness coefficients kl and 
k2 , as shown in the figure. Derive the system differential equation of motion 
assuming small oscillations. Determine the natural frequency of the system. 

---1 

FIG. P3.1 

3.7. If the two springs kl and k2 in Problem 6 are to be replaced by an equivalent 
spring which is connected at the middle of the rod, determine the stiffness 
coefficient ke of the new spring system. 

3.8. If the system in Problem 6 is given an initial angular displacement 00 counter­
clockwise, determine the system response as a function of time assuming that 
the initial angular velocity is zero. Determine also the maximum angular 
velocity. 

3.9. In the system shown in Fig. P2, m = 5 kg, kl = ks = k6 = 1000 N/m, k3 = k4 = 
1500 N/m, and k2 = 3000 N/m. The motion of the mass is assumed to be in the 
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vertical direction. If the mass is subjected to an impact such that the motion 
starts with an initial upward velocity of 5 mis, determine the displacement, 
velocity, and acceleration of the mass after 2 s. 

3.10. The system shown in Fig. P3 consists of a mass m and a massless rod of length 
I. The system is supported by a spring which has a stiffness coefficient k. Obtain 
the differential equation of motion and discuss the stability of the system. 
Determine the stiffness coefficient k at which the system becomes unstable. 

a 

FIG. P3.3 
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FIG. P3.4 

3.11. The system shown in Fig. P4 consists of a uniform rod which has length I, mass 
m, and mass moment of inertia about its mass center I. The rod is supported by 
two springs which have stiffness coefficients kl and k2' as shown in the figure. 
Determine the system differential equation of motion for small oscillations. 
Determine also the system natural frequency. 

3.12. In the inverted pendulum shown in Fig. P5, the uniform rod has length I, mass 
m, and mass moment of inertia I about its mass center. The rod is supported by 
a spring which has a stiffness coefficient k. Determine the critical value of the 
spring coefficient at which the system becomes unstable. 

m,I,1 

O~ 

FIG. P3.5 

3.13. The system shown in Fig. P6 consists of a mass m and a uniform circular rod of 
mass m" length I, and mass moment of inertia I about its mass center. The rod 
is connected to the ground by a spring which has a stiffness coefficient k. 
Assuming small oscillations, derive the system differential equation of motion 
and determine the natural frequency of the system. Determine the system re­
sponse as a function of time. 
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3.14. If the shafts shown in Fig. P7 have modulus of rigidity G1 and G2 , derive the 
differential equation of the system and determine the system natural frequency. 

FIG. P3.7 

3.15. Derive the differential equation of motion of the system shown in Fig. P8. 
Determine the natural frequency of the system. 

3.16. Determine the natural frequency of the system shown in Fig. P9. 

3.17. The uniform bar shown in Fig. PlO has mass m, length /, and mass moment of 
inertia I about its mass center. The bar is supported by two springs kl and k2 , 

as shown in the figure. Obtain the differential equation of motion and determine 
the natural frequency of the system for small oscillation. 

3.18. The system shown in Fig. Pll consists of a uniform bar oflength /, mass m, and 
mass moment of inertia I. The bar is supported by two linear springs which have 
stiffness coefficients kl and k2 . Derive the differential equation of this system 
assuming small oscillations. Determine also the natural frequency. 
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FIG. P3.11 

3.19. In Problem 18, let m = 1 kg, 1 = 0.5 m, a = 0.1 m, k, = 1000 N/m, and k2 = 
3000 N/m. Determine the system response as a function of time if the bar is 
given an initial angular displacement of 3° counterclockwise. 

3.20. The system shown in Fig. P12 consists of a uniform bar and a mass m, rigidly 
attached to one end of the bar. The bar is connected to the ground by a pin joint 
at O. The system is supported by two springs which have stiffness coefficients k, 
and k2 . The bar has length I, mass m, and mass moment of inertia I. Derive the 
system equation of motion and determine the natural frequency. 

3.21. In Problem 20, let m = 1 kg, 1 = 0.5 m, a = 0.2 m, b = 0.3 m, m, = 0.5 kg, k, = 
2000 N/m, and k2 = 5000 N/m. Determine the system response as a function of 
time if the bar is given an initial angular displacement of 2° in the clockwise 
direction. 

b 

a m,I,1 

FIG. P3.12 
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3.22. A damped single degree of freedom mass-spring system has m = 4 kg, k = 
3000 N/m, and c = 300 N· s/m. Determine the equation of motion of the system. 

3.23. A damped single degree of freedom mass-spring system has m = 0.5 kg, k = 
1000 N/m, and c = 10 N· s/m. The mass is set in motion with initial conditions 
Xo = 0.05 m and Xo = 0.5 m/s. Determine the displacement, velocity, and accel­
eration of the mass after 0.3 s. 

3.24. A viscously damped single degree of freedom mass-spring system has a mass m 
of 2 kg, a spring coefficient k of 2000 N/m, and a damping constant c of 5 N . s/m. 
Determine (a) the damping factor e, (b) the natural frequency ro, (c) the damped 
natural frequency rod, and (d) the spring coefficient needed to obtain critically 
damped system. 

3.25. An overdamped single degree of freedom mass-spring system has a damping 
factor e = 1.5 and a natural frequency ro = 20 rad/s. Determine the equation of 
motion of the displacement and plot the displacement and velocity versus time 
for the following initial conditions: (a) Xo = 0, Xo = 1 m/s; (b) Xo = 0.05 m, Xo = 
0; and (c) Xo = 0.05 m, Xo = 1 m/s. 

3.26. Repeat Problem 25 if the system is critically damped. 

3.27. A O.5-kg mass attached to a linear spring elongates it 0.008 m. Determine the 
system natural frequency. 

3.28. An unknown mass m is attached to the end of a linear spring with unknown 
stiffness coefficient k. The system has natural frequency of 30 rad/s. When a 
0.5-kg mass is added to the unknown mass m, the natural frequency is lowered 
to 20 rad/s. Determine the mass m and the stiffness coefficient k. 

3.29. Derive the differential equation of motion of the system shown in Fig. P13. 
Determine the natural frquency of the system. 

FIG. P3.13 
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3.30. In Problem 29, let m = 0.5 kg, kl = k2 = k3 = 1000 N/m, and c = 10 N· s/m. 
Determine the displacement and velocity of the mass after 0.2 s if the initial 
conditions are Xo = 0.05 m and Xo = 2 m/s. 

3.31. Derive the system differential equation of motion of the pendulum shown in Fig. 
PI4 for small oscillations. Assume that the rod is massless. 

3.32. For the system shown in Fig. P14, let m = 0.5 kg, 1 = 0.5 m, a = 0.2 m, k = 
1000 N/m, and c = 10 N· s/m. If the system is given an initial angular displace­
ment 80 = 4° in the clockwise direction, determine the angular displacement and 
angular velocity after 0.5 s. 

3.33. For the system shown in Fig. P14, let m = 0.5 kg, 1 = 0.5 m, a = 0.2 m, k = 
1000 N/m. Determine the damping coefficient c if the system is to be critically 
damped. If the system has an initial angular velocity of 5 radls countclockwise, 
determine the angular displacement and angular velocity after 0.3 s. Assume 
small oscillations. 

a 

FIG. P3.I4 

3.34. Derive the differential equation of motion of the inverted pendulum shown in 
Fig. PIS. 

3.35. For the system shown in Fig. PIS, let m = 0.5 kg, 1 = 0.5 m, a = 0.2 m, and 
k = 3000 N/m. Determine the damping coefficient c if: (a) the system is under­
damped with ~ = 0.09, (b) the system is critically damped; and (c) the system is 
overdamped with ~ = 1.2. 

3.36. In Problem 35, determine the angular displacement and velocity after 0.4 s if the 
system has zero initial velocity and initial displacement of 4° counterclockwise. 

3.37. The system shown in Fig. PI6 consists of a uniform bar of length 1, mass m, and 
mass moment of inertia I. The bar is supported by a spring and damper which 
have stiffness and damping coefficients k and c, respectively. Derive the differ­
ential equation of motion and determine the system natural frequency and the 
critical damping coefficient. 
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FIG. P3.l5 
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FIG. P3.i6 

3.3S. Let the beam in Problem 37 be a slender beam with mass 1 kg and length 0.5 m. 
Let a = 0.25 m, k = 3000 N/m, and c = 20 N· s/m. Determine the angular dis­
placement and the angular velocity of the beam after 2 s if the initial angular 
displacement is zero and the initial angular velocity is 3 rad/s. 

3.39. Derive the differential equation of motion of the system shown in Fig. P17. 
Determine the natural frequency and the critical damping coefficient. 

3.40. A uniform slender rod of mass m and length I is hinged at point O. The rod is 
attached to two springs at the top end and to a viscous damper at the other end, 
as shown in Fig. PiS. If kl = 1000 N/m, k2 = 3000 N/m, m = 10 kg, I = 5 m, 
and c = SO N· slm, find the complete solution provided that (Jo = 0 and 90 = 

3 rad/s. 
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3.41. A uniform slender rod of mass m and length I is hinged at point 0, as shown in 
Fig. P19. The rod is attached to a spring and damper which have, respectively, 
a stiffness coefficient k and a damping coefficient c. If m = 3 kg, I = 2 m, k = 
4000 N/m, and c = 40 N . s/m, determine the angular displacement and the veloc­
ity of the rod after 0.5 s, provided that the initial angular displacement is SO and 
the initial angular velocity is zero. 

3.42. A uniform slender rod of mass m and length I is hinged at point 0, as shown in 
Fig. P20. The rod is attached to a spring and a damper at one end and to a 
damper at the other end, as shown in the figure. IH = 4000 N/m, m = 10 kg, 
C1 = Cz = 20 N· s/m and I = 5 m, find the complete solution provided that the 
rod has zero initial anglar displacement and an initial angular velocity of 5 rad/s. 
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3.43. For the system shown in Fig. P21, derive the differential equation of motion for 
small oscillation. If m1 = m2 = 1 kg, kl = k2 = 1000 N/m, C 1 = C2 = 10 N . s/m, 
a = b = 0.5 m, and I = 1 m, find the solution after 1 s provided that the initial 
angular displacement is zero and the initial angular velocity is 5 rad/s. Assume 
that the rod is massless. 

3.44. In Problem 43, determine the relationship between the damping coefficients C1 

and C2 such that the system is critically damped. 

3.45. Determine the equivalent viscous damping coefficient for two viscous dampers 
which have damping coefficients C1 and C2 in the following two cases: (a) parallel 
connection; (b) series connection. 

3.46. A damped single degree of freedom mass-spring system has a spring constant 
k = 2000 N/m. It was observed that the periodic time offree oscillations is 1.95 s 
and the ratio between successive amplitudes is 5.1 to 1.5. Determine the mass 
and the damping coefficient of the system. 
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FIG. P3.21 

3.47. It was observed that the damped free oscillations of a single degree of freedom 
system is such that the amplitude of the twelfth cycle is 48% that of the sixth 
cycle. Determine the damping factor ~. 

3.48. In Problem 47, if the mass of the system is 5 kg and the spring constant is 
1000 N/m, determine the damping coefficient and the damped natural frequency. 

3.49. Show that, if the structural damping coefficient Cs is very small, the logarithmic 
decrement can be defined as 

3.50. A simple structure is found to vibrate as a single degree of freedom system. The 
spring constant determined using static testing is found to be 2500 N/m. The 
mass of the structure is 3 kg. By using a simple vibration test, the ratio of 
successive amplitudes is found to be 1.1. Determine the structural damping 
coefficient and the equivalent viscous damping coefficient. Determine also the 
energy loss per cycle for an amplitude of 0.08 m. 

3.51. A single degree offreedom mass-spring system is such that an amplitude loss of 
2% occurs in every three full cycles of oscillation. Obtain the damping factor of 
this system. 

3.52. Develop the differential equation of motion of a single degree of freedom mass­
spring system which contains both viscous damping and Coulomb damping. 

3.53. A single degree of freedom mass-spring system has a mass m = 9 kg, a spring 
stiffness coefficient k = 8 X 103 N/m, a coefficient of dry friction f1 = 0.15, an 
initial displacement Xo = 0.02 m, and an initial velocity Xo = O. Determine the 
number of cycles of oscillations of the mass before it comes to rest. 

3.54. The following data are given for a damped single degree offreedom mass-spring 
system: mass m = 6 kg, damping coefficient c = 25 N . s/m, and stiffness coef­
ficient k = 5.5 X 103 N/m. The mass is subjected to a velocity-dependent force. 
The mass has zero initial displacement and initial velocity of 1 m/s. Determine 
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the displacement and velocity ofthe mass after 0.1 s in the following two cases of 
the forcing function F 

(a) F = SOx N; (b) F = 400x N. 

3.55. A single degree of freedom mass-spring system has the following parameters, 
m = 0.5 kg, k = 2 X 103 N/m, coefficient of dry friction Jl = 0.15, initial displace­
ment Xo = 0.1 m, and initial velocity Xo = o. Determine: 
(1) the decrease in amplitude per cycle; 
(2) the number of half-cycles before the mass comes to rest; 
(3) the displacement ofthe mass at time t = 0.1 s; 
(4) the location of the mass when oscillation stops. 



4 
Forced Vibration 

In the preceding chapter, the free undamped and damped vibration of single 
degree of freedom systems was discussed, and it was shown that the motion of 
such systems is governed by homogeneous second-order ordinary differential 
equations. The roots of the characteristic equations, as well as the solutions 
of the differential equations, strongly depend on the magnitude of the 
damping, and oscillatory motions are observed only in underdamped systems. 
In this chapter, we study the undamped and damped motion of single degree 
of freedom systems subjected to forcing functions which are time-dependent. 
Our discussion in this chapter will be limited only to the case of harmonic 
forcing functions. The response of the single degree of freedom system to 
periodic forcing functions, as well as to general forcing functions, will be dis­
cussed in the following chapter. 

4.1 DIFFERENTIAL EQUATION OF MOTION 

Figure 1 depicts a viscously damped single degree of freedom mass-spring 
system subjected to a forcing function F(t). By applying Newton's second law, 
the differential equation of motion can be written as 

mx + eX + kx = F(t) (4.1) 

where m is the mass, c is the damping coefficient, k is the stiffness coefficient, 
and x is the displacement of the mass. Equation 1 is a nonhomogeneous 
second-order ordinary differential equation with constant coefficients. As 
discussed in Chapter 2, the solution of this equation consists of two parts; the 
complementary function Xh and the particular integral xP ' that is, 

(4.2) 

where the complementary function Xh is the solution of the homogeneous 
equation 

(4.3) 

135 
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FIG. 4.1. Forced vibration of single degree of freedom systems. 

The particular solution xp represents the response of the system to the forcing 
function. The complementary function X h is sometimes called the transient 
solution since in the presence of damping this solution dies out. Methods for 
obtaining the transient response were discussed in the preceding chapter. The 
particular integral xp is sometimes called the steady state solution, since this 
solution exists long after the transient vibration disappears. Methods for 
obtaining the steady state response for both undamped and damped systems 
are discussed in the following sections. The transient solution contains two 
arbitrary constants, while the steady state solution does not contain any 
arbitrary constants, and therefore, the solution ofEq. 2 contains two arbitrary 
constants which can be determined by using the initial conditions. 

4.2 FORCED UNDAMPED VIBRATION 

In this section, we consider the forced undamped vibration of single degree of 
freedom systems. For undamped systems, the damping coefficient is identi­
cally zero and Eq. 1 reduces to 

mx + kx = F(t) (4.4) 

In the analysis presented in this section, we consider harmonic excitation in 
which the forcing function F(t) is given by 

F(t) = Fo sin wet (4.5) 

where Fo is the amplitude of the forcing function and We is the force frequency. 
The harmonic forcing function F(t), shown in Fig. 2, has a periodic time 
denoted as Te and is defined as 

2n 
Te=­

We 
(4.6) 
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FIG. 4.2. Harmonic forcing function. 

Combining Eqs. 4 and 5 yields the differential equation of the undamped single 
degree of freedom system under harmonic excitation as 

mx + kx = Fo sin wft (4.7) 

It was shown in the preceding chapter that the complementary function X h of 
this undamped system is given by 

X h = X sin(wt + </1) (4.8) 

where W = ~ is the natural frequency and X and </1 are constants which 
can be determined using the complete solution and the initial conditions. 

Steady State Response As discussed in Chapter 2, the steady state 
solution of Eq. 7 can be obtained by assuming a particular integral xp in the 
form 

(4.9) 

The acceleration xp can be obtained by differentiating this equation twice with 
respect to time to yield 

(4.10) 

Substituting Eqs. 9 and 10 into Eq. 7 yields 

-mwt(Ai sin wft + A2 cos Wft) + k(Ai sin wft + A2 cos Wft) = Fo sin wft 

which can be written as 

(k - mwt) Ai sin wft + (k - mwt) A2 cos wft = Fo sin wet 

Equating the coefficients of the sine and cosine functions in both sides of this 
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equation yields 

A _ Fo 
1 - k-mwf 

provided that k =1= mwf. 
Therefore, the solution xp of Eq. 9 can be written as 

or 

Fo . 
xp = k 2 sm wft 

-mwf 

Xo . 
xp = -1--2 sm wft 

-r 

where Xo and r are defined as 
Fo 

Xo=-
k 

Wf 
r=­

W 

The steady state response xp of Eq. 11 can be written as 

xp = Xop sin wft 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

where p, which is called the magnification factor, depends on the frequency 
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FIG. 4.3. Resonance curve. 
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ratio r and is defined as 
1 

f3=-1~2 
-r 

(4.16) 

The magnification factor f3 approaches infinity when r approaches one, that 
is, when W f = w. This is the case of resonance in which the frequency of the 
forcing function coincides with the system natural frequency. Note also that, if 
r is equal to zero, f3 is equal to one and if r approaches infinity, f3 approaches 
zero. The absolute value of the magnification factor f3 as a function of the 
frequency ratio r is shown in Fig. 3. 

The steady state response xp of Eq. 15 is a harmonic function which has the 
same frequency Wc as the forcing function. Furthermore, there is no phase 
angle between the steady state response xp and the harmonic forcing function 
F(t). 

Complete Solution Using Eqs. 2, 8, and 12 or 15, the complete response 
of the undamped single degree of freedom system under harmonic excitation 
can be written as 

x(t) = X h + xp 

= X sin(wt + ¢J) + Xof3 sin wct (4.17) 

This equation has two arbitrary constants X and ¢J which can be determined 
using the initial conditions. 

Differentiating Eq. 17 with respect to time yields 

x = wX cos(wt + ¢J) + wcXof3 cos wct (4.18) 

Let Xo and Xo denote, respectively, the initial displacement and velocity. Using 
Eqs. 17 and 18, one obtains 

Xo = X sin ¢J (4.19) 

(4.20) 

These are two algebraic equations which can be solved for the constants X 
and ¢J. 

Equation 17 can also be written in an alternative form as 

x(t) = At cos wt + A2 sin wt + Xof3 sin wct (4.21) 

where At and A2 are constants which can be determined from the initial 
conditions. In terms of the initial displacement Xo and the initial velocity xo, 
one can show that the constants At and A2 are given by 

(4.22) 

(4.23) 

which, upon substitution into Eq. 21, yields 

x(t) = Xo cos wt + (-: - r Xof3 ) sin wt + Xof3 sin wct (4.24) 
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Example 4.1 

For the undamped single degree of freedom mass~spring system shown in Fig. 1, 
let m = 5 kg, k = 2500 N/m, Fo = 20 N, and the force frequency Wr = 18 rad/s. 
The mass has the initial conditions Xo = 0.01 m and Xo = 1 m/s. Determine the 
displacement of the mass at t = 1 s. 

Solution. The circular frequency of the system is 

W = if = ) 25500 = 22.361 rad/s 

The frequency ratio, is 
Wr 18 , = - = -- = 0.80499 
W 22.361 

The steady state solution is 

where 
Fo 20 

Xo = k = 2500 = 0.008 m 

1 1 
f3 = 1 _ ,2 = 1 _ (0.80499)2 = 2.841 

The complete solution, which is the sum of the complementary function and the 
particular integral, is 

x = X sin (wt + 1» + Xof3 sin wrt 

Using the initial conditions 

Xo = 0.Q1 = X sin 1> 

Xo = 1 = wX cos 1> + wrXof3 = 22.361X cos 1> + (18)(0.008)(2.841) 

or 
X sin 1> = 0.01 

X cos 1> = 0.0264 

from which 
tan 1> = 0.3784 or 1> = 20.728° 

and the amplitude X is 
X = 0.02825 

Therefore, the displacement x is 

x = 0.02825 sin(22.361t + 20.728°) + 0.022728 sin 18t 

The displacement at t = 1 s is 

x(t = 1) = 0.02825 sin(22.361 + 0.3617) + 0.022728 sin 18 

= -0.0359 m 
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M 

FIG. 4.4. Angular oscillations. 

Example 4.2 

The uniform slender bar shown in Fig. 4, which has length I and mass m, is pinned 
at point 0 and connected to a linear spring which has a stiffness coefficient k. If the 
bar is subjected to the moment M = Mo sin Wft, obtain the steady state response 
of this system. 

Solution. Assuming small oscillations, one can show that the linear differential 
equation of motion is 

100 + (kl + tmg) 16 = Mo sin wft (4.25) 

where 10 is the mass moment of inertia about point 0 and g is the gravitational 
constant. For a uniform slender bar, the mass moment of inertia 10 is defined as 

Equation 25 can be written in a form similar to Eq. 4 as 

where 

ke = (kl + tmg) I 

Fe = Mo 
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The circular frequency W is 

W= !k.= 
V~ 

(kl + tmg) I 

The steady state response is 

(J = 0 0 P sin wft 

where 
Fe Mo 

0 0 = - = ~-.,----,---: 
ke (kl + tmg) I 

1 
P=1-r2 

where the frequency ratio r is defined as 

Wf 
r=­

W 

4.3 RESONANCE AND BEATING 

In this section, the behavior of the undamped single degree of freedom system 
in the resonance region is examined. The resonance case in which the fre­
quency W f of the forcing function is equal to the system natural frequency 
(r = 1) is discussed first. If the frequency ratio r is near, but not equal to one, 
another interesting phenomenon, known as beating, occurs. The beating phe­
nomenon will be also discussed in this section. 

Resonance In the case of resonance, the forcing frequency W f is equal to 
the circular frequency w, and in this case r = 1. Even though Eq. 12 shows that 
in the resonance case the displacement goes to infinitity for any value of time 
t, such a behavior is not physically acceptable since the amplitude takes times 
to grow. Mathematically, the resonance case occurs when the forcing fre­
quency is equal to one of the imaginary parts of the roots of the characteristic 
equation, and in the theory of differential equations this case is treated as a 
special case. Equation 12, therefore, does not represent the steady state solu­
tion at resonance since an infinite displacement cannot be attained instan­
taneously. Since 

W f = rw, 

Eq. 12 can be written as 

( ) _ Xo sin rwt 
xp t - 2 

1-r 
(4.26) 
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FIG. 4.5. Resonance case. 

In order to obtain the correct form of the solution, we multiply the assumed 
particular solution by t and follow the procedure described in Chapter 2. This 
leads to 

wtXo 
xp(t) = - -2-cOS wt (4.27) 

which indicates that the steady state solution at resonance is the product of 
a harmonic function with a function that depends linearly on time, and as 
such the displacement is oscillatory with an amplitude that increases with 
time. Eventually, the system attains infinite displacement, but not instanta­
neously, as shown in Fig. 5. 

Whenever the forcing frequency coincides with the natural frequency of the 
system, excessive vibrations occur. An example of the devastating effect of the 
phenomenon of resonance is the Tacoma bridge which opened in July 1940 
and collapsed in November 1940 as the result of wind induced vibration. 
Because of such damages, which can be caused as the result of the phenome­
non of resonance, the determination of the natural frequency of the system 
through vibration testing has become an integral part in the design of most 
mechanical and structural systems. 

At resonance, one can write the complete solution as 

. wtXo 
x(t) = X sm(wt + rjJ) - -2-cOS wt (4.28) 
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or, alternatively, as 

. wtXo 
x(t) = At cos wt + A2 sm wt - -2-cOS wt (4.29) 

where the constants X and r/J or A t and A2 can be determined from the initial 
conditions. For an initial displacement Xo and an initial velocity xo, one can 
verify that 

X= 

and 

2 (xo XO)2 
xo + w +2 

( xo Xo) ~+-
w 2 

At = Xo 

Xo Xo 
A2 =(0+2 

(4.30) 

(4.31) 

(4.32) 

(4.33) 

Beating The phenomenon of beating occurs when the forcing frequency 
Wc is close, but not equal, to the system circular frequency w. In order to 
understand the beating phenomenon, we consider the complete solution of 
Eq.24 

x(t) = Xo cos wt + (: - rXo/3 ) sin wt + Xo/3 sin wct 

If the initial conditions Xo and Xo are zeros, the above equation yields 

x(t) = Xo/3(sin wct - r sin wt) (4.34) 

Using the definition of the magnification factor /3 given by Eq. 16, one has 

Let 
w-wc 

!X=---
2 

(4.35) 

(4.36) 

Clearly, !X is a very small number since Wc is near to w. It also follows that 

w + Wc ~ 2w (4.37) 

Using Eqs. 36 and 37, the magnification factor /3 can be written as 

w 
/3=-

4!X 
(4.38) 
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FIG. 4.6. Beating phenomenon. 

Therefore, Eq. 34 can be written as 

() Xow(. .) x t = ~ sm wft - sm rot (4.39) 

If wand W f are nearly equal, Eq. 39 leads to 

x(t) = - (~oexW cos Wft) sin ext (4.40) 

The harmonic function cos wft has a period 2n/wf' while the harmonic func­
tion sin ext has a period 2n/ex. Since ex is a very small number, the harmonic 
function in the parentheses varies more rapidly than the harmonic function 
sin ext. The result, in this case, is the function x(t) shown in Fig. 6, which has 
an amplitude that builds up and then diminishes in a certain regular pattern. 
The phenomenon of beating can be observed in many cases, such as in the 
cases of audio or sound vibration, and beats can also be heard in the case of 
electric power houses when a generator is started (Den Hartog, 1956). 

Work per Cycle It is clear from Eq. 12 that, for a given frequency ratio r, 
the amplitude of the forced vibration is constant, except in the resonance 
region. In order to understnad the physical reason for that, the energy input 
to the system, as the result of the application of the harmonic force, may be 
evaluated. To this end, we define the work of the force as 

Since dx = x dt, one has 
dlt;, = F(t) dx 

dlt;, = F(t) x dt 
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Therefore, the work of the harmonic factor F(t) per cycle can be written as 

f21</Wf 

W. = 0 F(t) x dt 

=0 

That is, the work done by the external harmonic force per cycle is equal to 
zero and, accordingly, the amplitude of the steady state vibration remains 
constant for all values of the frequency ratio r, except at resonance where the 
steady state solution is defined by Eq. 27. In the case of resonance, one can 
show, by using Eq. 27, that the work done by the harmonic force F(t) is not 
equal to zero, and as a consequence, the amplitude of the steady state vibration 
does not remain constant. 

Example 4.3 

For the single degree of freedom mass-spring system shown in Fig. 1, m = 10 kg, 
k = 4000 N/m, Fo = 40 N, and W f = 20 rad/s. The initial conditions are Xo = 0.02 m 
and Xo = O. Determine the displacement of the mass after t = 0.5 sand t = 1 s. 

Solution. The circular frequency of the system is 

Jfn )4000 
W = - = -- = 20 rad/s 

m 10 

In this case, W = W f and the system is at resonance. The complete solution is 
given by Eq. 28 as 

wtXo 
x(t) = X sin(wt + I/J) - -2-cOS wt 

where 
Fo 40 

Xo = k = 4000 = 0.01 m 

( X X)2 J (001)2 X = x6 + ~ + i = (0.02)2 + T = 0.0206 

( 
xo ) ( 0.02 ) I/J = tan-1 (. ) = tan- 1 = tan-14 = 1.3258 rad 

Xo Xo 0.01 
-+- 0+-
w 2 2 
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The displacement x(t) can then be written as 

at t = 0.5 s 

at t = 1 s 

x(t) = 0.0206 sin(20t + 1.3258) - 0.1t cos 20t 

x(t = 0.5) = 0.0206 sin(I1.3258) - 0.05 cos 10 
= -0.01949 - (-0.04195) = 0.02246 m 

x(t = 1) = 0.0206 sin(21.3258) - (0.1)(1) cos 20 
= 0.01272 - 0.04081 = -0.02809 m 

4.4 FORCED VIBRATION OF DAMPED SYSTEMS 

In this section, we study the effect of damping on the oscillatory motion of 
single degree of freedom systems. The differential equation of motion of such 
a system was shown to be (see Eq. 1) 

mx + eX + kx = F(t) (4.41) 

We consider the case of harmonic excitation in which the forcing function F(t) 
can be expressed in the form 

F(t) = Fo sin mrt 

Substituting this equation into Eq. 41 yields 

mx + eX + kx = Fo sin mrt 

The steady state solution xp can be assumed in the form 

xp = Al sin mrt + A2 cos mrt 

which yields the following expressions for the velocity and acceleration 

xp = mrAl cos met - meA2 sin met 

xp = -m1 Al sin met - m1 A2 cos met = -m1xp 

Substituting Eqs. 44-46 into Eq. 43 and rearranging terms yield 

(4.42) 

(4.43) 

(4.44) 

(4.45) 

(4.46) 

(k - m1m)(Al sin met + A2 cos mrt) + cme(Al cos met - A2 sin met) 

= Fo sin met 

or 
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This equation yields the following two algebraic equations in A1 and A2 

(k - wfm) A1 - CWrA2 = Fo 

CWrA1 + (k - wfm) A2 = 0 

Dividing these two equations by the stiffness coefficient k yields 

(1 - r2) A1 - 2r~A2 = Xo 

where 

2r~A1 + (1 - r2) A2 = 0 

wr 
r=­

w 

~ =~=_c_ 
Cc 2mw 

Fo 
XO=T 

(4.47) 

(4.48) 

(4.49) 

(4.50) 

(4.51) 

(4.52) 

(4.53) 

in which Cc = 2mw is the critical damping coefficient. The two algebraic 
equations of Eqs. 49 and 50 can be solved using Cramer's rule in order to 
obtain the constants A1 and A2 as 

IXo -2r~ I 
o 1 - r2 (1 - r2) Xo 

A1 = (1 _ r2)2 + (2r~)2 = (1 _ r2)2 + (2r~)2 (4.54) 

1
1 - r2 Xol 

A _ 2r~ 0 _ -(2r~) Xo 
2 - (1 _ r2)2 + (2r~)2 - (1 _ r2f + (2r~f (4.55) 

The steady state solution xp of Eq. 44 can then be written as 

_ Xo 2 . 
Xp - (1 _ r2f + (2r~)2 [(1 - r ) sm wrt - (2r~) cos wrt] (4.56) 

which can be written as 

Xo . ./, 
xp = j(1 _ r2)2 + (2r~)2 sm(wrt - '1') 

where t/I is the phase angle defined by 

-1 ( 2r~ ) t/I = tan --1 - r2 

Equation 57 can be written in a more compact form as 

xp = Xof3 sin(wrt - t/I) 

(4.57) 

(4.58) 

(4.59) 
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FIG. 4.7. Magnification factor. 

where P is the magnification factor defined in the case of damped systems 
as 

p= 1 J(1 - r2)2 + (2re)2 
(4.60) 

This magnification factor reduces to the magnification factor obtained for 
the undamped systems when the damping factor e = O. The magnification 
factor P for the damped systems and the phase angle'" are shown, respectively, 
in Figs. 7 and 8 as functions of the frequency ratio r for different damping 
factors e. It is clear from these figures, that for damped systems the system 
does not attain infinite displacement at resonance, since for Wc = w, which 
corresponds to the case in which the frequency ratio r = 1, the magnification 
factor reduces to 

1 
P=-2e (4.61) 

Furthermore, at resonance the magnification factor P does not have the 
maximum value, which can be obtained by differentiating P of Eq. 60 with 
respect to r and setting the result equal to zero. This leads to an algebraic 
equation which can be solved for the frequency ratio r at which the magnifica-
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FIG. 4.8. Phase angle. 

tion factor P is maximum. By so doing, one can show that the magnification 
factor P is maximum when 

(4.62) 

At this value of the frequency ratio, the maximum magnification factor is 
given by 

(4.63) 

Force Transmission From Eq. 57 and Fig. 7 it is clear that by increasing 
the spring stiffness k and the damping coefficient C the amplitude of vibration 
decreases. The increase in the stiffness and damping coefficients, however, may 
have an adverse effect on the force transmitted to the support. In order to 
reduce the force transmitted to the support, the stiffness and damping coeffi­
cients must be properly selected. Figure 9 shows a free body diagram for the 
mass and the support system. The force transmitted to the support in the 
steady state can be written as 

From Eq. 59, xp is 
Xp = wfXOP cos(wft - 1/1) 

Equation 64 can then be written as 

Ft = kXoP sin(wft - 1/1) + cwfXOP cos(wft - 1/1) 

(4.64) 

= X opJk2 + (CWf)2 sin(wft -If/) (4.65) 
where 

(4.66) 

and I/1t is a phase angle defined as 

I/1t = tan-1 (C;f) = tan-l(2r~) (4.67) 
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FIG. 4.9. Transmitted force. 

Equation 65 can also be written as 

Ft = X okpJ1 + (2re)2 sin(wrt -If!) 

Since Xo = Folk, the above equation can be written as 

Ft = FopJ1 + (2re)2 sin(wrt -If!) 

= FoPt sin(wrt -If!) 

where 
Pt = pJ 1 + (2re)2 

J1 + (2re)2 

J(1 - r2)2 + (2re)2 

(4.68) 

(4.69) 

(4.70) 

The coefficient Pt, which represents the ratio between the amplitude of the 
transmitted force and the amplitude of the applied force, is called the trans­
missibility and is plotted in Fig. 10 versus the frequency ratio r for different 
values of the damping factor e. It is clear form Fig. 10 that Pt > 1 for r < fl, 
and in this region the amplitude of the transmitted force is greater than the 
amplitude of the applied force. Furthermore, for r < fl, the transmitted force 
to the support can be reduced by increasing the damping factor e. For r > fl, 
Pt < 1, and as a consequence the amplitude ofthe transmitted force is less than 
the amplitude of the applied force, and the amplitude of the transmitted force 
increases by increasing the damping factor e. 

Work per Cycle Equation 59 defines the steady state response, to a 
harmonic excitation, of the single degree of freedom system in the presence of 
damping. This equation implies that, for a given frequency ratio r and a given 
damping factor e, the amplitude of vibration remains constant. This can be 
achieved only if the energy input to the system, as the result of the work 
done by the external harmonic force, is equal to the energy dissipated as the 
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FIG. 4.10. Transmissibility. 

result of the presence of damping. In order to see this, we first evaluate the 
work of the harmonic force. To this end, we write 

d~ = F(t) dx = F(t)x dt 

where ~ is the work done by the external force per cycle. It follows that 

f2ft
'

WC 
~ = 0 F(t)x dt 

f2ft
'

WC 

= 0 (Fo sin wrt)XoPwr cos(wrt - r/J) dt 

which upon integration yields 

~ = nFoXoP sin r/J 

Similarly, one can evaluate the energy dissipated per cycle, as the result of the 
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damping force, as f21tlwr 

Wd = 0 cXx dt 

= cXt, f3 2Wf f: 1t 
COS2(Wft - IjI) d(wft) 

which upon integration yields 

Wd = ncXt, f3 2Wf 

Note that the input energy to the system is a linear function of the amplitude 
of the steady state vibration Xof3, while the energy dissipated as the result of 
the damping force is a quadratic function of the amplitude. Since at the steady 
state they must be equal, one has 

or 
nFoXof3 sin IjI = ncXt, f32wf 

which defines the magnification factor 13 as 

13 = Fo/Xo sin IjI 
CWf 

Using the definition of Xo and the phase angle IjI given, respectively, by Eqs. 
53 and 58, the magnification factor 13 can be written as 

13 = Fo/Xo sin IjI = ~ 2r~ 
CWf cWf j(1 - r2f + (2r~)2 

Since cwr/k = 2r~, the above equation reduces to 

1 
13 = ---;===;;==;;===;0 j(l - r2 y + (2r~)2 

which is the same definition of the magnification factor obtained by solving 
the differential equation. It is obtained here from equating the input energy, 
resulting from the work done by the harmonic force, to the energy dissipated 
as the result of the damping force. In fact, this must be the case, since the 
change in the strain energy in a complete cycle must be equal to zero, owing 
to the fact that the spring takes the same elongation after a complete cycle. 
This can also be demonstrated mathematically by using the definition of the 
work done by the spring force as 

f21tIW r 

W. = 0 kxx dt 

f21t 
= kXt, 132 0 sin(wft - IjI) cos(wft - IjI) d(Wft) 
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which upon integration yields 

Example 4.4 

A damped single degree offreedom mass-spring system has mass m = 10 kg, spring 
coefficient k = 4000 N/m, and damping coefficient c = 40 N . s/m. The amplitude 
of the forcing function Fo = 60 N, and the forcing frequency Wf = 40 rad/s. De­
termine the displacement of the mass as a function of time, and determine also the 
transmissibility and the amplitude of the force transmitted to the support. 

Solution. The circular frequency of the system is 

W = fE = )4000 = 20 rad/s y; 10 

The frequency ratio r is given by 

W f 40 
r=-=-=2 

W 20 

The critical damping coefficient Cc is defined as 

Cc = 2mw = 2(10)(20) = 400 N· s/m 

The damping factor ~ is then given by 

c 40 
~=-=-=0.1 

Cc 400 

which is the case of an underdamped system, and the complete solution can be 
written in the following form 

x(t) = X h + xp 

= Xe-~rot sin(wdt + ¢) + XoP sin(wft - 1/1) 

where Wd is the damped circular frequency 

Wd = w~ = 20J1 - (0.1)2 = 19.8997 rad/s 

The constants X O, P, and 1/1 are 

Fo 60 
Xo = k = 4000 = 0.015 m 

1 1 1 

P = J(1 - r2)2 + (2r~f = J(l - (2)2)2 + (2 x 2 x 0.1)2 = -Jc9=+=0=.1==6 

= 0.3304 

( 2r~ ) 2(2)(0.1) 1/1 = tan- i --2 = tan-i 2 = tan-i( -0.13333) = -0.13255 rad 
1 - r 1 - (2) 

The displacement can then be written as a function of time as 

x(t) = Xe- 2t sin(19.8997t + ¢) + 0.004956 sin(40t + 0.13255) 
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The constants X and t/J can be determined using the initial conditions. The trans­
missibility Pt is defined by Eq. 70 as 

Pt = j1 + (2re)2 

j(1 - r2)2 + (2re)2 
j1 + (2 x 2 x 0.1)2 = 0.35585 

j[1 - (2)2]2 + (2 x 2 x 0.1)2 

The amplitude of the force transmitted is given by 

1Ft I = FoP, = (60)(0.35585) = 21.351 N 

4.5 ROTATING UNBALANCE 

In many rotating mechanical systems, gears, wheels, shafts, and disks, which 
are not perfectly uniform, produce unbalance forces which cause excessive 
vibrations which may lead to failure of the system components. Rotating 
unbalance may occur in systems such as rotors, flywheels, blowers, and fans. 
Figure 11 depicts a damped single degree of freedom machine which is 
supported elastically by a spring and damper which have, respectively, stiffness 
coefficient k and damping constant c. The machine, which has total mass M, 
has a rotor which is mounted on a bearing whose center is defined by point O. 
The rotor, which rotates counterclockwise with an angular velocity W f rad/s, 

r 
M 

(M-m)x 

FIG. 4.11. Rotating unbalance. 
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does not have a uniform mass distribution, resulting in a rotor unbalance 
which is equivalent to an eccentric mass m located at a distance e from 
the center of the rotor as shown in Fig. 11. One can show from the static 
equilibrium analysis that the weight of the machine cancels with the static 
deflection of the spring. If the displacement of the machine in the vertical 
direction is denoted as x, the component of the displacement of the eccentric 
mass m in the vertical direction, denoted as Xm , is given by 

Xm = X + e sin wft (4.71) 

and the acceleration xm is 

(4.72) 

Since M is assumed to be the total mass of the machine including the eccentric 
mass, the mass of the machine which has acceleration x is (M - m); therefore, 
the total inertia forces of the machine can be written as 

inertia force = (M - m) x + mXm 

According to Newton's second law, this inertia force must be equal to the 
applied forces. Hence, 

(M - m)x + mXm = -eX - kx 

Using Eq. 72 and rearranging the terms in the above equation yields 

M x + eX + k~ = mew; sin Wf t 

which is similar to Eq. 43 with Fo defined as 

Fo = mew; 

(4.73) 

(4.74) 

This case, however, is different from the case discussed in the preceding section 
since Fo depends on the frequency of the rotor. The circular frequency of the 
system is 

W=~ (4.75) 

and the steady state solution is defined as 

(4.76) 

where", is the phase angle defined by Eq. 58 and the constant Xo, in this case, 
is defined as 

Xo = Fo = mew; = mew; = (~e) r2 
k k w2M M 

where r is the frequency ratio 
Wf 

r=­
W 

(4.77) 
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FIG. 4.12. Magnification factor in the case of rotating unbalance. 

Substituting Eq. 77 into Eq. 76 yields 

(n1e/lk1)r2 • 
x (t) = sm(wft - ,I,) 

p J(1 - r2)2 + (2r~)2 'I' 

which can be written in a more compact form as 

xp(t) = (';) Pr sin(wft - t/J) 

where Pr is a magnification factor defined in this case as 

r2 
f3. = ----,======== 

r J(l _ r2)2 + (2r~)2 

(4.78) 

(4.79) 

(4.80) 

The magnification factor Pr is plotted in Fig. 12 versus the frequency ratio r 
for different values of the damping factor ~. 

Force Transmission It is clear from the free body diagram shown in Fig. 
11 that the force transmitted to the support in the steady state, in the case of 
rotating unbalance, is 

(4.81) 
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where x can be obtained by differentiating Eq. 79 with respect to time as 
p 

xp = Wr(:)Pr cos(wrt - tjI) (4.82) 

Substituting Eqs. 79 and 82 into Eq. 81 leads to 

Ft = (:) Pr[k sin(wrt - tjI) + eWr cos(wrt - tjI)] 

which can be written as 

Ft = (:)PrJk2 + (ewr)2 sin(wrt -Iii) 

where 

and tjlt is a phase angle defined as 

tjlt = tan-1 (e;r) = tan-l(2r~) 

Equation 83 can also be expressed as 

Since kiM = w 2 , the above equation can be written as 

where Pt is defined as 

,------:-:-~2 r2 J 1 + (2r~)2 
Pt = PrJ1 + (2r~) - J(l _ r2) + (2r~)2 

Example 4.5 

(4.83) 

(4.84) 

(4.85) 

(4.86) 

(4.87) 

(4.88) 

It was observed that a machine with a mass M = 600 kg has an amplitude of 
vibration of 0.01 m when the operating speed is 10 Hz. If the machine is critically 
damped with an equivalent stiffness coefficient k of 10 x 103 N/m, determine the 
amount of unbalance me. 

Solution. The forcing frequency W f is 

W f = 2nf = 2n(1O) = 20n = 62.832 rad/s 

The circular frequency W of the machine is 

[k )10 X 103 

W = V M = 600= 4.082 radjs 
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The frequency ratio r is then given by 

W f 62.832 
r=-=--= 15.392 

W 4.082 

Since the machine is critically damped, .; = 1. The magnification factor fJ. can be 
determined by using Eq. 80 as 

~ = r2 = (15.392)2 

• J(1 - r2)2 + (2r.;)2 J[1 - (15.392)2J2 + [2(15.392)(1)]2 

= 0.9958 

Thus, the amplitude is 

which implies that 

0.01 = (:)fJ. = (:}0.9958) 

me 
- = 0.01004 
M 

That is, the amount of unbalance me is 

me = 0.01004(M) = 0.01004 x 600 = 6.0253 kg·m 

Balancing The case of rotating unbalance is an example where the inertia 
forces can vary significantly during one cycle of operation. In order to reduce 
or eliminate these unwanted inertia forces, balancing techniques are often used 
in order to correct or eliminate inertia forces and moments which are the result 
of manufacturing errors or production tolerances. 

In order to demonstrate the use of balancing techniques, consider the rigid 
body shown in Fig. 13. The motion of this rigid body is assumed to be a 
noncentroidal rotation, that is, the rigid body is rotating about an axis passing 
through point 0 which is not the center of mass of the body. The location of 

F = mwld 

FIG. 4.13. Noncentroidal rotation. 
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the center of mass C with respect to the fixed point 0 can be defined as 

x = d cos e 
y = d sin e 

The velocity of the center of mass can be obtained by differentiating the 
preceding two equations with respect to time. This yields 

x = -dO sin e 
y = dO cos e 

which upon differentiation yield the accelerations as 

x = - de sin e - d02 cos e 
ji = de cos e - d0 2 sin e 

If the angular velocity of the body is assumed to be constant, such that 0 = Wf' 

the expressions for the accelerations of the center of mass reduce to 

x = -d02 cos e = -dwl cos e 
ji = -d02 sin e = -dwl sin e 

which can also be written as 

x = -wlx 

ji = -wly 

Since the angular velocity is assumed to be constant, the inertia or effective 
moment Ie is equal to zero, while the inertia forces reduce to the centrifugal 
force components defined as 

Fx = -mx = mwlx = mwld cos e 
Fy = -mji = mwly = mwld sin e 

The magnitude and direction of the centrifugal force can then be given by 

F = J F; + Fy2 = mwl d 

F mwld sin e 
rP = tan-I ~ = tan-I = tan-Ie = e 

Fx mwld cos e 
Note that in this case, the centrifugal force resulting from the rotation of the 
body is equivalent to the centrifugal force produced by a single mass rotor 
as the one shown in Fig. 14(a). The mass in this rotor system is equal to the 
total mass of the rigid body and it is located at a distance d from the center 
of the rotation. 

The centrifugal forces resulting from the noncentroidal rotation of bodies 
in mechanical systems can be main sources of excessive vibrations. If the 
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FIG. 4.14. Balancing. 

rotation is centroidal, the body rotates about an axis passing through its center 
of mass; d = 0, and consequently the centrifugal forces are equal to zero. 
Obviously, one method for achieving this is to use the balancing techniques 
by adding a counterweight of mass m' located at radius d' such that m'd' = md 
as shown in Fig. 14(b). The centrifugal force resulting from the rotation of the 
counterweight is equal in magnitude and opposite in direction to the centrifu­
gal force produced as the result of the body rotation, and as a consequence, 
the resulting net inertia force of the balanced system is equal to zero, and the 
vibration produced by the rotating unbalance is eliminated. 

In the analysis presented in this section, the unbalance force has two 
components, and this force can produce vibrations in two different directions. 
In this chapter, however, only the special case in which the motion is in one 
direction is considered, since we are mainly concerned with the vibration of 
one degree of freedom systems, where an assumption is made that vibrations 
occur only in one direction. This assumption, which is made in order to 
simplify the mathematical model, may not be a valid assumption in some 
applications. If the system has more than one degree of freedom, the inertia 
forces resulting from the rotating unbalance can be a source of excessive 
vibration in more than one direction. 

4.6 BASE MOTION 

The forced vibration of mechanical systems can be caused by the support 
motion, as in the case of vehicles, aircraft, and ships. Figure 15 shows a damped 
single degree of freedom mass-spring system with a moving support. The 
support motion is assumed to be harmonic and expressed in the form 

y = Yo sin wft (4.89) 
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m x>y 

FIG. 4.15. Support motion. 

From the free body diagram shown in Fig. 15, it is clear that if we assume that 
x is greater than y, the equation of motion of the mass m is 

mx = - k(x - y) - c(x - y) 

which can be written as 

mx + eX + kx = ky + cy 
By using Eq. 89, the above equation can be written as 

(4.90) 

mx + eX + kx = kYo sin wrt + CWf Yo cos wft (4.91) 

The right-hand side of this equation can be written as 

kYo sin wft + CWf Yo cos wft = Yo Jp + (CWf)2 sin(wrt + t/lb) (4.92) 

where the phase angle t/lb is 

t/lb = tan-1 (C;f) = tan-l(2r~) (4.93) 

Substituting Eq. 92 into Eq. 91 yields 

mx + eX + kx = YoJk2 + (CWf)2 sin(wft + t/lb) 
or 

mx + eX + kx = YokJ1 + (2r~)2 sin(wft + t/lb) (4.94) 

This equation is in a similar form to Eq. 43, therefore the steady state solution 

YoJ1 + (2r~)2 . 
x (t) = sln(wft - .1, + .I'b) 

p J(1 - r2)2 + (2r~f 'I' 'I' 

where the phase angle t/I is 

t/I=tan-l(~) 1 - r2 

Equation 95 can be written in a compact form as 

xp(t) = YOPb sin(wft - t/I + t/lb) 

(4.95) 

(4.96) 

(4.97) 
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where f3b is called the magnification factor defined, in this case, as 

f3b = J 1 + (2re)2 
J(1 - r2)2 + (2re)2 

(4.98) 

Transmitted Force In the case of the support motion, the force carried 
by the support can be obtained, by using the free body diagram shown in 
Fig. 15, as 

FI = k(x - y) + c(x - Y) (4.99) 

which by using Eq. 90 can be written as 

(4.100) 

In the case of steady state oscillations, the acceleration x can be obtained by 
differentiating Eq. 97. This leads to the following expression for the trans­
mitted force 

FI = m Yof3b wl sin(wrt - l/l + l/lb) 

= (;2) Yof3bwl sin(wrt - l/l + l/lb) 

= YOkf3b r2 sin(wr t - l/l + l/lb) (4.101) 

where r = wr/w is the frequency ratio. Using Eq. 98, the force transmitted to 
the support can be written in an explicit form as 

(4.102) 

Relative Motion Sometimes, the interest is focused on studying the 
motion of the mass relative to the support. This relative displacement denoted 
as z can be expressed as 

z=x-y 

which, upon differentiation, leads to 

i=x-y and 

Equation 90 can be written in terms of z as 

z=x-y 

m(z + y) = -kz - c:i 

which can be written as 

mz + c:i + kz = -my 

= m Yowl sin wrt 

(4.103) 

(4.104) 

(4.105) 

(4.106) 
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The particular solution of this differential equation is 

m Yow1!k . ( ./,) z = sm wft - 'I' 
J(1 - r2)2 + (2r~)2 

y; r2 
o sin(wft - t/I) J(1 - r2)2 + (2r~)2 

(4.107) 

where the phase angle t/I is defined by Eq. 96. 

Example 4.6 

The damped single degree of freedom mass-spring system shown in Fig. 15 has a 
mass m = 25 kg, and a spring stiffness coefficient k = 2500 N/m. Determine the 
damping coefficient of the system knowing that the mass exhibits an amplitude of 
0.01 m when the support oscillates at the natural frequency of the system with 
amplitude Yo = 0.005 m. Determine also the amplitude of dynamic force carried by 
the support and the displacement of the mass relative to the support. 

Solution. From Eq. 97, the amplitude of the oscillation of the mass is given by 

Xp = YOPb 
j(l + (2r~)2 

= YO ---r====;;~=:===:::=::;, 
j(l - r2)2 + (2r~)2 

Since in this example, Wr = w, that is, r = 1, the above equation reduces to 

j(l + (202 

X = y;o--'---------=---,-----
p 2~ 

From which the damping factor ~ is 

-----;=;;=:====c=;;=== = 0.28868 
2 (0.01)2 _ 1 

0.005 

The critical damping coefficient Cc of the system is 

Cc = 2mw = 2 Fm = 2 j(2500)(25) = 500 N· slm 

The damping coefficient c is 

c = ~Cc = 0.28868(500) = 144.34 N· slm 

From Eq. 101, the amplitude ofthe force transmitted is 

2 r2 jl + (2r~f 
(Ft)max = Yokr Pb = Yok---r====;;~==:,:===:::=::;, j(l - r2)2 + (2r~)2 

At resonance r = 1, therefore, 

(F) = y; k jl + (202 = (0.005)(25oo)jl + (2 x 0.28868)2 
t max 0 2~ 2(0.28868) 

= 24.9997 N 
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The amplitude of the displacement of the mass relative to the support can be 
obtained using Eq. 107 as 

At resonance 
Yo 0.005 -3 

Z = 2e = 2(0.28868) = 8.66 x 10 m 

Observe that Z *- Xp - Yo because ofthe phase shift angles t/I and t/lb· 

Example 4.7 

Figure 16 depicts a simple pendulum with a support that has a specified motion 
y = Yo sin wrt. Assuming small oscillations, determine the differential equation of 
motion and the steady state solution. 

Solution. Assuming small angular oscillations, the displacement of the mass m in 
the horizontal direction is given by 

x = y + /(} = Yo sin wrt + 18 

The velocity and acceleration of the mass are then 

x = y + liJ = Wr Yo cos wrt + liJ 

i = ji + 18 = -w;Yo sin wrt + 18 
Let R" and Ry denote the reaction forces, as shown in the figure. By taking the mo­
ments of the applied and inertia forces about 0, one can obtain the dynamic equation 

-mgl sin 8 - eXl cos 8 = mil cos 8 

For small angular oscillations sin 8 ~ 8 and cos 8 ~ 1, thus 

y = Yo sin wft • 

(a) 

mil + eXl + mgl(} = 0 

FIG. 4.16. Support oscillations. 

o 

(b) 

mx 
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Using the expressions for x, X, and X, one obtains 

m( - wf Yo sin wrt + 10) I + e(wr Yo cos wrt + 10) I + mgl(} = 0 

which can be written as 

ml20 + c/20 + mgl8 = mwf Yol sin wrt - eWr Yol cos wrt 

= Wr Yol[mwr sin wrt - e cos wrt] 

= Wr Yol J(mwr)2 + e2 sin(wrt -I/Ib) 

This equation can be written in a simple form as 

meO + ceO + ke8 = Fe sin(wrt - I/Ib) 

where 

ke = mgl 

Fe = Wr Yol J(mwrf + e2 

-1 ( e ) I/Ib = tan -
mWr 

(4.108) 

Equation 108 is in a form similar to Eq. 43, therefore its steady state solution can 
be expressed as 

where 
Wr 

r=­
W 

-1 ( 2r~ ) 1/1 = tan --
1 - r2 

4.7 MEASURING INSTRUMENTS 

The analysis of the motion of damped single degree of freedom systems 
subject to base excitation shows that the differential equation of such systems 
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can be expressed in terms of the relative displacement between the mass and 
the oscillating base. The solution of the vibration equation showed that the 
relative displacement z can be expressed in terms of the frequency ratio rand 
the damping factor ~ as (Eq. 107) 

y; r2 
z = J(l _ r2;2 + (2r~)2 sin(wrt - 1jI) (4.109) 

where Yo is the amplitude of vibration of the base, Wr is the frequency of 
oscillation of the base, and IjI is the phase angle defined as 

-1 ( 2r~ ) IjI = tan 1 _ r2 

Equation 109 can be written as 

z = YOPr sin(wrt - 1jI) 

or 
z = Yor2 P sin(wrt - 1jI) 

where the magnification factors Pr and P are defined as 

r2 
~ = --,==~=====, 

r J(l _ r2)2 + (2r~)2 

P= 1 
J(l - r2)2 + (2r~)2 

(4.110) 

(4.111) 

(4.112) 

(4.113) 

(4.114) 

The magnification factor Pr and P are plotted in Figs. 12 and 7 versus the 
frequency ratio r for different values for the damping factor ~. 

Equation 109, or its equivalent forms of Eqs. 111 and 112, represent the 
basic equation in designing vibration instruments for measuring the displace­
ments, velocities, and accelerations. 

Vibrometer The vibrometer is used to measure the displacement of sys­
tems which exhibit oscillatory motion. Figure 17 shows the basic elements 
used in many vibration measuring instruments. The relative displacement of 
the mass m with respect to the moving base is described by Eq. 109. In this 
equation, if 

r2 
p = ~ 1 

r J(l - r2f + (2r~)2 
(4.115) 

the relative displacement z can be expressed as 

z ~ Yo sin(wrt - 1jI) (4.116) 

That is, the amplitude of the relative displacement is approximately the same 
as the amplitude of the base Yo. It can be seen from Fig. 12 that the condition 
of Eq. 115 is satisfied for a frequency ratio r > 3, that is, when Wr > 3w. This 
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FIG. 4.17. Vibration measurements. 

is the case in which the natural frequency of the measuring instrument W is 
lower than the excitation frequency W f • The natural frequency of the vibro­
meter can be made lower by increasing its mass or decreasing the stiffness of 
its spring, and therefore, the large size of the vibrometer is one of its main 
disadvantages. Furthermore, Eq. 116 indicates that the amplitude of the 
relative displacement is of the same order as the amplitude Yo of the base, 
and as a consequence, if the oscillation of the base has large amplitude, the 
amplitude of the gauge is also large. It is also clear from Fig. 12 that damping 
does improve the range of application of the vibrometer. A viscous damping 
coefficient e = 0.7 is recommended. 

Accelerometer The same basic elements shown in Fig. 17 can be used to 
measure the acceleration of the vibrating systems. Equation 112, which can 
be used in the design of such measuring instruments, can be rewritten as 

(4.117) 

where wl Yo is the amplitude of the acceleration of the vibrating system. 
Therefore, if the measuring instrument is designed such that 

(4.118) 

Eq. 117 can be written as 

-w2z ~ -wl Yo sin(wft - t/I) (4.119) 

That is, except for the phase lag t/I, the left-hand side of Eq. 119, w 2 z is a 
measure of the acceleration y of the vibrating system. Since the natural 
frequency W = Jkj; is a constant, the gauge can be calibrated to read directly 
the acceleration y. It is clear from Eq. 119 that the time lag between the gauge 
and the motion of the vibrating system can be determined from the equation 

(4.120) 

or 

(4.121) 
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FIG. 4.18. Effect of the damping factor ~. 

Note that Eq. 118 is satisfied ifr is small (Fig. 7), that is, if the natural frequency 
W of the measuring instrument is much higher than the excitation frequency 
W f • Furthermore, as shown in Fig. 18, the damping factor e affects the fre­
quency range in which the instrument must be used. 

Vibrometers and accelerometers are designed such that the output of the 
measuring instrument is the relative displacement. This displacement in most 
commerical pickups is converted into an electrical signal using a conversion 
device known as transducer. There are different arrangements for the trans­
ducers; in one of them, a permanent magnet is attached to the base of the 
instrument and a coil is wound around the mass such that when the mass 
moves with respect to the base an electric voltage proportional to the velocity 
of the mass with respect to the base is generated in the coil as the result of the 
cut of the flux lines. Another type of transducer uses strain gauges that can be 
calibrated so as to produce a strain proportional to the relative displacement 
of the mass. A third type of transducer uses piezoelectric material, such as 
quartz, which produces electric voltage when it deforms. 

The accelerometer, which is one of the most important pickups for shock 
and vibration measurements, is commerically available in different types to 
meet diverse application requirements. While accelerometers can be designed 
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to measure accelerations in wide frequency ranges, the displacement and 
velocity can be obtained easily by electrical integration of the acceleration 
signal using electrical integrators such as operational amplifiers. At present, 
piezoelectric accelerometers, because of their small size, reliability, and stable 
characteristics, are the most widely used transducers in vibration and shock 
measurements. The mass of the accelerometer can be selected small such 
that the natural frequency of the instrument is more than 100,000 HZ, thus 
allowing its use in lightweight applications and over a wide frequency range. 

For a given vibration pickup, the error in the measurement can be obtained 
by calculating the magnification factor for the given value of the frequency 
ratio r, as demonstrated by the following example. 

Example 4.8 

A vibrometer is used to measure the amplitude of a vibrating machine. It was 
observed that the machine is vibrating at a frequency of 16 Hz. The natural 
frequency and damping ratio of the vibrometer are, respectively, 8 Hz and 0.7. 
The reading of the vibrometer indicates that the amplitude of vibration is 1.5 cm. 
Determine the correct value for the amplitude of vibration of the machine. 

Solution. The magnification factor fl, is 

where ~ = 0.7 and 

It follows that 

Wf 16 
r=-=-=2 

W 8 

fl, = (2)2 = 0.97474 
J[1 - (2)2]2 + (2 x 2 x 0.7)2 

Since 

the amplitude of oscillation of the machine is 

1.5 1.5 
Yo = - = -- = 1.538872 

fl, 0.97474 

The percentage error is 2.5915%. The error in measurement can be reduced by using 
another vibrometer with lower natural frequency. 

4.8 EXPERIMENTAL METHODS FOR 
DAMPING EVALUATION 

The analysis presented in this chapter and the preceding chapter shows that 
damping has a significant effect on the dynamic behavior and the force 
transmission in mechanical systems, and it also has an effect on the design of 
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the measuring instruments, as demonstrated in the preceding section. In the 
analysis presented thus far, we assumed that all the physical properties of the 
system such as mass, stiffness, and damping are known. While in most applica­
tions, the mass and stiffness of the system can easily be determined, relatively 
more elaborate experiments usually are required for evaluating the damping 
coefficients. Because of the significant effect of the damping, we devote this 
section to discussing some of the techniques which can be used to determine 
experimentally the damping coefficients. 

Logarithmic Decrement The use of the logarithmic decrement in the 
experimental determination of the viscous damping coefficient of under­
damped single degree of freedom systems was discussed in the preceding 
chapter. This is probably the simplest and most frequently used technique, 
since equipment and instrumentation requirements are minimal. In this tech­
nique, the free vibration of the system can be initiated and the ratio between 
successive or nonsuccessive displacement amplitudes can be measured, and 
used to define the logarithmic decrement b as 

(4.122) 

where Xi and X i+n are two displacement amplitudes n cycles apart. Once b has 
been determined, the damping factor ~ can be determined according to 

~= b 
J(2rc)2 + b2 

(4.123) 

The equivalent viscous damping coefficient c can then be determined as 

(4.124) 

where Cc is the critical damping coefficient, m is the mass, and w is the natural 
frequency of the system. 

Frequency Response The method of the logarithmic decrement, dis­
cussed in this section for the experimental determination of the damping 
coefficient, requires only the free vibration of the system, which can be initiated 
using an impact hammer, and there is no need in this case to use force generator 
equipment. In the remainder ofthis section, we discuss some techniques which 
require a means of applying a harmonic forcing function to the system in order 
to obtain the frequency response curve, from which some information can be 
obtained and used in evaluating the damping coefficient. 

Figure 19 shows a frequency response curve for a moderately damped single 
degree of freedom system. The magnification factor p, as the result of applica­
tion of a harmonic forcing function, is given by Eq. 60. At resonance, when 
Wc = w, the case in which the frequency ratio r = 1, the magnification factor 
p is given by 

1 
Pr=l = 2~ (4.125) 
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FIG. 4.19. Frequency response curve. 

At resonance, one can use the frequency response curve to measure f3r=l, 
and use Eq. 125 to determine the damping factor ~ as 

~=_1_ 
2f3r=1 

(4.126) 

The equivalent viscous damping coefficient c can then be determined by using 
Eq.124. 

In practice, it may be difficult to determine the exact resonance frequency, 
and in many cases, it is much easier to measure the maximum magnifi­
cation factor f3max. It was shown in Section 4 that the maximum magnification 
factor f3max is given by (Eq. 63) 

1 
f3max= 2~~ (4.127) 

If we assume that the damping is small, such that ~ ~ 1, Eq. 127 yields 
an approximation for the damping factor ~ as 

1 
~~-

2f3max 
(4.128) 

By comparing Eqs. 126 and 128, it is clear that the use of Eq. 128 implies the 
assumption that the maximum magnification factor is equal to the resonance 
magnification factor, that is, 

f3max ~ Pr=l 

This approximation is acceptable when the system is lightly damped. The 
advantage of using Eq. 126 or Eq. 128 to evaluate the damping factor ~ is that 
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only simple instrumentations are required for measuring the steady state 
amplitudes. The disadvantage, however, is that one must be able to evaluate 
the static deflection X 0 = Folk, in order to be able to plot the dimensionless 
magnification factor P versus the frequency ratio r. This may be a source of 
problems since many exciters cannot be operated at zero frequency. In the 
following, a method which alleviates this problem is discussed. 

Bandwidth Method This method also utilizes the frequency response 
curve, but it does not require the use of the dimensionless magnification 
factor p. Note that the curve X = PXo has the same shape as the frequency 
response curve in which P and r are the coordinates, and this shape very much 
depends on the amount of damping in the system. In order to understand the 
bandwidth method, Eq. 60 is reproduced here for convenience 

P = 1 (4.129) 
)(1 - r2f + (2r~)2 

The bandwidth method, which is sometimes referred to as the half-power 
method, is one of the most convenient techniques for determining the amount 
of damping in the system. In this technique, the damping factor is determined 
from the frequencies at which the displacement amplitudes are equal to 
(1/fi)Pr=l. In order to determine these frequencies, we use Eqs. 125 and 129, 
which lead to 

1 I 1 

fi 2~ - )(1 - r2)2 + (2r~)2 

Squaring both sides of this equation yields 

1 1 
8~2 - (1 - r2)2 + (2r~)2 

which yields the following quadratic equation in r2 

r4 + 2(2~2 - l)r2 + (1 - 8~2) = 0 

This equation has two roots rt and r; which are given by 

rt = 1 - 2~2 - 2~(1 + ~2)1/2 
r; = 1 - 2~2 + 2~(1 + ~2)1/2 

(4.130) 

(4.131a) 

(4. 131b) 

By using the binomial theorem, Eqs. 131a and 13Ib can be written as 

rt = 1 - 2~2 - 2~(l + t~2 + ... ) 
r; = 1 - 2~2 + 2~(1 + t~2 + ... ) 

Assuming that the damping is small, higher-order terms of ~ can be neglected, 
and 

(4.132a) 

(4.132b) 
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FIG. 4.20. Bandwidth method. 

which upon using the binomial theorem and neglecting higher-order terms 
lead to 

r 1 = 1 _ ( - (2 

r2 = 1 + ( _ (2 

(4. 133a) 

(4. 133b) 

Subtracting the first equation from the second, one obtains the following 
simple expression for the damping factor ( 

( = !(r2 - r1 ) (4.134) 

Figure 20 shows the use of this method in evaluating the damping factor (. 
Using the frequency response curve, one can draw a horizontal line at a 
distance {3 = (1/.j2){3r=1 from the r-axis. This horizontal line intersects the 
frequency response curve at two points which define the frequencies r1 and r2 , 

which can be used in Eq. 134 to determine the damping factor (. 

Energy Dissipated In Section 4, it was shown that the steady state 
response of the system, as the result of harmonic excitation, is given by 
Eq. 59 as 

(4. 135a) 

where Xo = Folk, {3 is the magnification factor, and t/I is the phase angle defined 
as 

-1 2r( t/I = tan -1--2 -r 
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At resonance, '" = nl2 and Wf = w, and Eq. 135a can be written as 

xp = -XO({3r=l) cos wt 

It follows that 

Xp = Xo(Pr=dw sin wt 

xp = X O(Pr=1)W2 cos wt 

(4. 135b) 

Substituting these equations into the differential equation of motion of Eq. 
43, one obtains 

Equating the coefficients of the cosine function on both sides and equating 
the coefficients of the sine function on both sides of this equation, one obtains 

(4. 136a) 

and 

(4. 136b) 

Equation 136a implies that at resonance, the inertia force is equal to the elastic 
force, while Eq. 136b implies that at resonance the external force is balanced 
by the damping force. Observe that the coefficient of c in Eq. 136b is the 
maximum velocity xpm defined as 

xpm = XO({3r=l)W, (4.137) 

and therefore, Eq. 136b can be used to determine the damping coefficient c as 

Fo Fo 
c = - = -=::--:-::------:--

xpm X O(Pr=l)W 
(4.138) 

This equation shows that the damping coefficient is the ratio of the maximum 
force to the maximum velocity, and as a result, the damping coefficient c can 
be evaluated from a test run only at the resonance frequency, thus eliminating 
the need to construct the entire frequency response curve. One may experi­
mentally obtain the case of resonance by adjusting the input frequency until 
the response is nl2 out of phase with the applied force. 

In Section 4, we have also shown that the energy dissipated per cycle is 
given by 

(4.139) 

If one constructs the force-displacement relationship curve at resonance for 
one cycle, the energy loss T¥.t can be determined as the area under this curve, 
since at resonance the damping force is equal to the applied force. In this case, 
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an equivalent viscous damping coefficient can be determined as 

l¥.J 
c = ---0-=-:;'-" nX5p2W2 

(4.140) 

Problems 

4.1. A spring-mass undamped single degree of freedom system is subjected to a 
harmonic forcing function which has an amplitude of 40 N and frequency 30 
rad/s. The mass ofthe system is 2 kg and the spring coefficient is 1000 N/m. Find 
the amplitude of the forced vibration. 

4.2. In Problem 1 find the complete solution in the following cases: 

(a) Xo = 0, Xo = o. 
(b) Xo = 0.Q1 m, Xo = o. 
(c) Xo = 0, Xo = 2 m/s. 
(d) Xo = 0.01 m, Xo = 2 m/s. 

4.3. In a single degree offreedom undamped spring-mass system, the mass m = 3 kg, 
and the stiffness coefficient k = 2 X 103 N/m. The system is subjected to a 
harmonic forcing function which has an amplitude 60 N and frequency 30 rad/s. 
The initial conditions are such that Xo = 0.0 m and Xo = 1 m/s. Determine the 
displacement, velocity, and acceleration of the mass after t = 1 s. 

4.4. A spring-mass system is subjected to a harmonic force which has an amplitude 
30 N and frequency 20 rad/s. The system has mass m = 5 kg, and stiffness 
coefficient k = 2 X 103 N/m. The initial conditions are such that Xo = 0, Xo = 2 
m/s. Determine the displacement, velocity, and acceleration of the mass after 0.5, 
1, 1.5 s. 

4.5. Determine the steady state response of a single degree of freedom system sub­
jected to a harmonic forcing function F(t) = Fo cos wrt. 

4.6. Determine the steady state response of a single degree of freedom system sub­
jected to the forcing function Fl sin W 1 t + F2 sin W 2 t. 

4.7. The system shown in Fig. PI consists of a uniform slender rod of mass m and 
length 1. The rod is connected at its center of mass to a linear spring which has 
a stiffness coefficient k. The system is subjected to a harmonic forcing function 
F(t) = Fo sin wrt, as shown in the figure. Determine the differential equation of 
motion and the complete solution in terms of the initial conditions(}o and eo. 
Assume small angular oscillations. 

4.8. Find the differential equation of motion of the torsional system shown in Fig. 
P2. If the torque is given by T= To sin wrt, determine the complete solution for 
zero initial conditions. 

4.9. Assuming small oscillations, derive the differential equation of motion of the 
system shown in Fig. P3. Determine the complete solution in terms of the initial 
conditions (}o and eo. 
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T+---+F(t) 

FIG. P4.1 

I 

FIG. P4.2 

T= To sin wft 

m,I,1 

FIG. P4.3 
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4.10. The mass of an undamped single degree of freedom mass-spring system is 
subjected to a harmonic forcing function having an amplitude of 40 Nand 
frequency 30 rad/s. The mass m is 4 kg and exhibits a forced displacement 
amplitude of 5 mm. Determine the stiffness coefficient of the spring. 

4.11. A damped single degree offreedom mass-spring system has a mass m = 3 kg, a 
spring stiffness k = 2700 N/m, and a damping coefficient c = 18 N· s/m. The 
mass is subjected to a harmonic force which has an amplitude Fo = 20 Nand 
a frequency Wf = 15 rad/s. The initial conditions are Xo = 4 cm, and xo = O. 
Determine the displacement, velocity, and acceleration of the mass after time 
t = 0.5 s. 

4.12. Repeat Problem 11 for zero initial conditions, that is, Xo = 0 and xo = O. 

4.13. Repeat Problem 11 for the following two cases of the damping coefficient c: 

(a) c = 180N's/m; (b) c = 360 N . s/m. 

4.14. Repeat Problem 11 if the frequency of the harmonic force W f is equal to the system 
natural frequency. 

4.15. A damped single degree offreedom mass-spring system is excited at resonance 
by a harmonic forcing function which has an amplitude of 40 N. The system has 
mass m of 3 kg, a stiffness coefficient k of 2700 N/m, and a damping coefficient 
c of 20 N· s/m. If the initial conditions are such that Xo = 5 cm, and xo = 0, 
determine the displacement, velocity, and acceleration ofthe mass after t = 0.2 s. 

4.16. A damped single degree of freedom mass-spring system is excited at resonance 
by a harmonic forcing function which has an amplitude of 80 N. It was observed 
that the steady state amplitude of the forced vibration is 6 mm. It was also 
observed that when the frequency of excitation is three times the natural fre­
quency ofthe system, the amplitude of the steady state vibration becomes 1 mm. 
Determine the stiffness coefficient k and the damping factor ~. 

4.17. Determine the differential equation of motion and the steady state response of 
the system shown in Fig. P4, where Fl and F2 are harmonic forcing functions 
given, respectively, by Fl = FlO sin Wl t and F2 = F20 sin w2t. 

FIG. P4.4 

4.18. Assuming small oscillations, derive the differential equation of motion of the 
system shown in Fig. P5. Determine also the steady state response of this system. 



Problems 179 

I-+-t>-+---~ F = Fo sin W2t 

FIG. P4.5 

4.19. The data of Problem 18 are such that m = 0.5 kg, 1= 0.5 m, k = 1000 N/m, 
c = 20 N . slm, and the beam is a uniform slender beam; the forcing functions 
are F = 40 sin 20t Nand T = 10 sin 40t N . m; and the initial conditions are such 
that 80 = 0 and eo = 3 rad/s. Determine the displacement, velocity and accelera­
tion of the center of mass of the rod after time t = 0.3 s. 

4.20. Repeat Problem 19 for zero initial conditions, that is, 80 = eo = o. 
4.21. Derive the differential equation of motion ofthe system shown in Fig. P6. Obtain 

the steady state solution of the absolute motion of the mass. Also obtain the 
displacement of the mass with respect to the moving base. 

y = Yc. sin wft 
x • • • 

kl 

k2 
m 

c 

FIG. P4.6 

4.22. For the system shown in Fig. P6, let m = 3 kg, kl = k2 = 1350 N/m, c = 40 
N· slm, and y = 0.04 sin 15t. The initial conditions are such that Xo = 5 mm and 
Xo = O. Determine the displacement, velocity, and acceleration of the mass after 
time t = 1 s. 

4.23. Repeat Problem 22 for the following two cases: 

(a) y = 0.04 sin 30t; (b) y = 0.04 sin 60t. 
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4.24. In Problem 22 determine the steady state amplitude of the displacement of the 
mass with respect to the moving base. 

4.25. In Problem 22, determine the steady state amplitude of the force transmitted to 
the moving base. 

4.26. Derive the differential equation of motion ofthe damped single degree offreedom 
mass-spring system shown in Fig. P7. Obtain the steady state solution and the 
amplitude of the force transmitted to the base. 

x 

y = Yo sin wft 

FIG. P4.7 

4.27. For the system shown in Fig. P7, let m = 3 kg, kl = k2 = 1350 N/m, c = 40 
N· slm, and y = 0.04 sin 15t. The initial conditions are Xo = 5 mm and Xo = o. 
Determine the displacement, velocity, and acceleration of the mass after time 
t = 1 s. 

4.28. In Problem 27, determine the steady state amplitude ofthe force transmitted to 
the base. 

4.29. Repeat Problem 27 for the two case: 

(a) kl = 0; (b) c = o. 
4.30. Derive the differential equation of motion of the system shown in Fig. P8, 

assuming small angular oscillations. Determine also the steady state response of 
this system. 

m,l,l . \ 

FIG. P4.8 
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4.31. In Problem 30, let the rod be uniform and slender with mass m = 0.5 kg and 
I = 0.5 m. Let k = 2000 N/m, c = 20 N· s/m, and F = 10 sin lOt N. The initial 
conditions are eo = 0 and 80 = 3 rad/s. Determine the displacement equation of 
the beam as a function of time. 

4.32. Assuming small angular oscillations, derive the differential equation of motion 
of the uniform slender beam shown in Fig. P9. Obtain an expression for the 
steady state solution as a function of time. 

m,I,1 

c k 

FIG. P4.9 

4.33. In Problem 32, let m = 1 kg, ml = 0.3 kg, I = 0.5 m, k = 2000 N/m, c = 30 N . s/m, 
and T = 10 sin lOt N· m. The initial conditions are eo = 0 and 80 = 5 rad/s. 
Determine the angular velocity of the beam after time t = 1 s. 

4.34. Assuming small angular oscillations, derive the differential equation of motion 
of the system shown in Fig. PlO. If m l = m2 = 0.5 kg, II = 12 = 0.5 m, k = 104 

N/m, c = 50 N· s/m, and T= 5 sin 5t N· m, determine the complete solution as 
a function of time for the initial conditions eo = 0 and 80 = o. 

FIG. P4.1O 
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FIG. P4.l1 

4.35. Assuming small angular oscillations, derive the differential equation of motion 
ofthe vibratory system shown in Fig. Pll. Ifrn1 = rn 2 = 0.5 kg, 11 = 12 = 0.5 m, 
k = 104 N/m, c = 50 N . s/m, and F = 10 sin 5t N, determine the complete solu­
tion as a function of time for the initial conditions 80 = 0 and eo = 2 rad/s. 

4.36. The system shown in Fig. P12 consists of a uniform slender rod of mass rn and 
length I. The rod is connected to the ground by a pin joint at 0 and is supported 
by a spring and damper at one end, as shown in the figure. The rod is subjected 
to a harmonic force F that applies at the other end of the rod. Derive the 
differential equation of motion ofthis system assuming small angular oscillation. 
Obtain the steady state solution. 

CE{ 

F 

FIG. P4.l2 

1/3 

21/3 

4.37. In Problem 36, let rn = 0.5 kg, I = 0.9 m, k = 3 X 103 N/m, c = 10 N· s/m, and 
F = 5 sin lOt N. Determine the complete solution as a function of time for the 
following initial conditions 80 = 0 and eo = 3 rad/s. 

4.38. Assuming small angular oscillations, derive the differential equation of motion 
of the vibratory system shown in Fig. P13. 



y = Yo sin wft 
~ . 

FIG. P4.13 
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4.39. Assuming small angular oscillations, derive the differential equation of motion 
of the system shown in Fig. P14 where the rod is assumed to be uniform and 
slender. The mass and length of the rod are assumed to be m and I, respectively. 

y = Yo sin wft 
~ . 

FIG. P4.14 

4.40. Derive the differential equation of motion of the simple vehicle model shown in 
Fig. P15. The vehicle is assumed to travel over the rough surface with a constant 
vehicle speed v. Obtain also the steady state response of the vehicle. 

4.41. For the system shown in Fig. P15, let m = 10 kg, k = 4 X 103 N/m, c = 150 
N . slm, A = 2m, and the amplitude Yo = 0.1 m. Determine the maximum vertical 
displacement of the mass and the corresponding vehicle speed. Determine also 
the maximum dynamic force transmitted to the mass at the resonant speed. 
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y 

FIG. P4.15 

. 21t'1 
y = YOslllT 

4.42. A vibrometer has a natural frequency of 5.5 Hz and a damping factor e of 0.6. 
This instrument is used to measure the displacement of a machine vibrating at 
4 Hz. It was assumed that the amplitude measured by the vibrometer is 0.085 m. 
Determine the exact value of the amplitude of the machine. 

4.43. Design an accelerometer which can be used to measure vibrations in the range 
0-30 Hz with a maximum error at 0.8%. Select the mass, stiffness, and damping 
coefficients for the accelerometer. 



5 
Response to Nonharmonic Forces 

The response of damped and undamped single degree of freedom systems to 
harmonic forcing functions was discussed in the preceding chapter. It was 
shown that the steady state response of the system to such excitations is also 
harmonic, with a phase difference between the force and the displacement 
which depends on the amount of damping. The analysis presented and the 
concepts introduced in the preceding chapter are fundamental to the study of 
the theory of vibration, and the use of these concepts and methods of vibration 
analysis was demonstrated by several applications. 

In this chapter, the response ofthe single degree offreedom system to more 
general forcing functions will be discussed. First, we consider the vibration of 
the single degree of freedom system under a periodic forcing function, which 
has the property of repeating itself in all details after a certain time interval, 
called the period. In later sections, the vibration ofthe single degree offreedom 
system under general forcing functions will be considered. 

5.1 PERIODIC FORCING FUNCTIONS 

A forcing function F(t) is said to be periodic if there exists a positive real 
number If such that 

F(t + If) = F(t) (5.1) 

for any given time t. The real number If is called the period of F. Clearly, if If 
is a period of F(t), then nIf is also a period, where n is any given positive integer. 
This can be easily verified, since if we define tl = t + If, then we have 

Equation 1 then yields 

F(td = F(tl + If) = F(t + 2If) = F(t) 

That is, 2If is also a period. In like manner, one can also verify that nIf is also 
a period for any positive integer n. If Tr is the smallest period of F, Tr is called 

185 
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(a) 

F(t) 

(b) 

FIG. 5.1. Typical periodic functions. 

the fundamental period or simply the period. Henceforth, the forcing function 
F will be said to be periodic of period 'If if and only if 'If is the fundamental 
period. 

Any harmonic function such as the sine and cosine function is periodic. The 
converse, however, is not true, that is, any periodic function is not necessarily 
a harmonic function, as demonstrated by the examples of the periodic func­
tions shown in Fig. 1. Periodic functions can be written as the sum of harmonic 
functions using Fourier series. 

Fourier Series Let us define the fundamental frequency Wf to be 

2n 
Wf =-

'If 
(5.2) 

For a given periodic forcing function F(t) with a period 'If, the Fourier 
expansion of this function can be expressed in terms of harmonic functions as 

(5.3) 

where Wf is given by Eq. 2, and ao, an, and bn are constants to be determined 
in the following section. 
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Observe that F(t) can also be written in the following form 

where 

and 

OCJ 

F(t) = Fo + L Fn sin(wnt + tPn) 
n=l 

ao 
Fo=-

2 

tPn = tan-1 G:) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

(5.8) 

The amplitudes Fo and Fn and the phase angle tPn can be determined once the 
coefficients ao, an, and bn in the Fourier series are determined. 

5.2 DETERMINATION OF THE FOURIER COEFFICIENTS 

In this section, methods for the analytical and numerical evaluation of the 
Fourier coefficients ao, an, and bn that appear in Eq. 3 are discussed. The 
numerical technique can be used in the cases in which the function is not 
described by a simple curve or in which the function is provided in a tabulated 
form. 

Coefficient ao By integrating Eq. 3 over the period (0, If) or, equivalently, 
over the period (-If/2, If/2), one obtains 

I 
Tr/Z I Tf/Z a OCJ I Tr/Z 

F(t) dt = ~dt + L (an cos nWrt + bn sin nwrt)dt (5.9) 
- Tr/Z - TelZ 2 n=l - TelZ 

For any integer n, it can be verified that 

I 
Tf/Z 

cos nWrt dt = 0 
-TelZ 

ITriZ 

sin nWrt dt = 0 
-TelZ 

Substituting Eqs. 10 and 11 into Eq. 9 yields 

that is, 
2 ITf/Z 

ao = - F(t) dt 
If - TelZ 

(5.10) 

(5.11) 

(5.12) 
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The integral in Eq. 12 represents the area under the curve F(t) in one period, 
and therefore, the constant ao is this area multiplied by the constant 21Ti. 

Coefficients an' n = 1, 2, . .. In order to determine the coefficient am, 
for a fixed integer m, in the Fourier series of Eq. 3, we multiply Eq. 3 by 
cos mWrt and integrate over the interval (- Ti12, Ti12) to obtain 

F(t) cos mWrt dt = ~ cos mWrt dt f Tr/2 f Tr/2 a 

_~~ _~~ 2 

00 f Tr/2 
+ L an cos nWrt cos mWrt dt 

n=l - Tr/2 

00 fTf/2 
+ L bn sin nWrt cos mWrt dt (5.13) 

n=l - Tr/2 

One can verify the following identities 

f Tf/2 cos nWrt cos mWrt dt = {o 
-~2 TiP 

fTrl2 

sin nWrt cos mWrt dt = ° 
-Trl2 

if m -# n 

if m = n 

Using these identities and Eq. 10, Eq. 13 can be written as 

that is, 

f
Tf/2 

F(t) cos mWrt dt = am Til2 
-Tr/2 

2 fTr/ 2 
am = T. F(t) cos mWrt dt 

r - Tr/2 

(5.14) 

(5.15) 

(5.16) 

Coefficients b n' n = 1, 2, . .. In order to determine the coefficient bm in 
the Fourier expansion of Eq. 3, we multiply Eq. 3 by sin mWrt and integrate 
over the interval (0, If) or, equivalently, over the interval (- Ti12, TiI2). This 
leads to 

f Tr/2 f Tf/2 a 
F(t) sin mWrt dt = ~ sin mWrt dt 

-~2 _~22 

00 fTf/2 
+ L an cos nWrt sin mWrt dt 

n=l - Tr/2 

00 fTf/2 
+ L bn sin nWrt sin mWrt dt (5.17) 

n=l - Tr/2 

The following identity can be verified for any positive integers nand m 

if m -# n 
if m = n 

(5.18) 
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Using this identity and the identities of Eqs. 11 and 15, Eq. 17 yields 

that is, 

JT f / 2 

F(t) sin mwft dt = bm If/2 
-Tr/2 

2 JTf /2 bm = - F(t) sin mwft dt 
If - Tr/2 

(5.19) 

Equations 12, 16, and 19 are the basic equations that can be used to determine 
the coefficients that appear in the Fourier expansion of the periodic function 
F(t). The use of these equations is demonstrated by the following example. 

Example 5.1 

Find the Fourier series of the periodic function F(t) shown in Fig. 2. 

Solution. The function F(t) shown in the figure is defined over the interval 
(- Ti/2, Ti/2) by 

F(t) = {O 
Fo 

for - Ti/2 < t < 0 
for 0:::; t:::; Ti/2 

Therefore, the coefficients ao, am, and bm in the Fourier series of Eq. 3 are obtained 
as follows 

2 fTf/2 2 [fO iTf/2 ] 
ao = - F(t) dt = - (0) dt + Fo dt 

Ti - Tr/2 Ti - T,/2 0 

2Fo Ti 
=~-=Fo 

Ti 2 

2 fT'/2 am = - F(t) cos mwft dt 
Ti - T,/2 

= ~[fO (0) cos mwft dt + fTr/2 Fo cos mwft dtJ 
Ti -Tr/2 Jo 

= ~o cos mwft dt = __ 0_ sin mwft 
2F. i T,/2 2F. I T,/2 

Ti 0 m~Ti 0 

2Fo . 
= -- sm(mwf Ti/2) 

mWfTi 

F(t) 

FIG. 5.2. Periodic function F(t). 
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Using Eq. 2, the coefficient am can be written as 

Fo . 
am = -sm mn = 0 

nm 

bm =~ fTrl2 F(t) sin mWrt dt = ~[fO (0) sin mWrt dt + (T,/2 Fo sin mWrt dtJ 
Tr -T,/2 Tr -Trl2 Jo 

= _0 sin mWrt dt = --_o-cos mWrt = -~[cos mn - 1] 
2F. f T,/2 2F. I T,/2 F. 

Tr 0 mwr Tr 0 nm 

{
2FO 

= nm 
o 

if misodd 

if miseven 

or, equivalently, 
b = 2Fo 

m , m = 1,3,5, ... 
mn 

Therefore, the Fourier series ofthe periodic forcing function shown in Fig. 2 is given 
by 

Fo 2Fo . 2Fo . 2Fo . 
F(t) = - + -sm wrt + -sm 3wrt + -sm 5wrt + ... 

2 n 3n 5n 

Fo ~ 2Fo . [1 ~ 2. ] = - + L... - sm nWrt = Fo - + L... - sm nWrt 
2 n=l, 3, 5, nn 2 n=l,3,5, nn 

where Wr = 2n/7;-. 

Numerical Solution for Fourier Coefficients In many applications 
the periodic functions cannot be described by simple curves. These functions 
may be obtained through experimental measurements and, consequently, 
their values at different points in time are given in a tabulated form. In such 
cases, the direct integration of the periodic functions in a closed analytical 
form may be impossible. One must then resort to numerical calculations in 
evaluating the Fourier coefficients. 

If the period of the function is If, one may divide this period into np equal 
intervals. The length of each interval is then given by 

If At=-
np 

Replacing the integrals in Eqs. 12, 16, and 19 by the finite sums, one obtains 

2 lip 

ao = - L F(t) At 
If j=l 

2 lip 

am = - L {F(t) cos mwftj}At 
If j=l 

2 lip 

bm = - L {F(tj) sin mwftj}At 
If j=l 
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where 
2n 2n 

Wf=-=--
'If npLlt 

Substituting in the preceding equations for 'If = npLlt, one obtains 

2 np 

ao = - L F(tj) 
np j=l 

2 np 

am = - L F(tj ) cos mWftj 
np j=l 

2 np 

bm = - L F(tj ) sin mWftj 
np j=l 

These three equations are the equivalent counterparts of the integrals given 
by Eqs. 12, 16, and 19 for the evaluation of the Fourier coefficients. The 
accuracy of the numerical evaluation of Fourier coefficients by using these 
equations depends on the number of intervals np ' and this accuracy increases 
by increasing np and decreases by decreasing np. 

Illustrative Example In order to demonstrate the use of the techniques 
developed in this section for the evaluation of the coefficients of the Fourier 
series, we consider the periodic function shown in Fig. l(b). This function is 
defined as 

F(t) = 12FO -t 
T. ' f 

2Fo -rct + 2Fo, 

T. o ~ t < ; 

'If 
2~t<'If 

The use of Eqs. 12, 16, and 19 show that the coefficient ao, am' and bm are 

ao = Fo 

a. ~ (::l' [cos mn - 1] ~ { f:~: ifm is odd 

ifm is even 

bm = 0 

The coefficient ao in this example can be evaluated numerically using the 
equation 

= Fo 
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Similarly, the coefficients am and bm can be evaluated numerically as 

Table 1 shows the coefficients am and bm obtained numerically for different 
harmonics using different numbers of intervals. It is clear from the results 
presented in this table that the coefficients obtained numerically using a 
sufficiently large number of intervals are in good agreement with the coeffi­
cient obtained by using the analytical methods. 

Example 1 shows that the periodic function need not be continuous in order 
to have a valid Fourier expansion with coefficients determined by the integral 
of Eqs. 12, 16, and 19. One can show, however, at the points of discontinuity, 

TABLE 5.1. Fourier Coefficients (Fo = 1) 

Numerical Results 

Harmonics np = 10 np = 50 np = 100 Analytical Results 

m am bm am bm am bm am bm 

1 -0.419 0.000 -0.406 0.000 -0.405 0.000 -0.405 0.000 
2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
3 -0.061 0.000 -0.046 0.000 -0.045 0.000 -0.045 0.000 
4 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
5 -0.040 0.000 -0.017 0.000 -0.016 0.000 -0.016 0.000 
6 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
7 -0.061 0.000 -0.009 0.000 -0.008 0.000 -0.008 0.000 
8 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
9 -0.419 0.000 -0.006 0.000 -0.005 0.000 -0.005 0.000 

10 1.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
11 -0.419 0.000 -0.004 0.000 -0.003 0.000 -0.003 . 0.000 
12 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
13 -0.061 0.000 -0.003 0.000 -0.003 0.000 -0.003 0.000 
14 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
15 -0.040 0.000 -0.002 0.000 -0.002 0.000 -0.002 0.000 
16 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
17 -0.061 0.000 -0.002 0.000 -0.002 0.000 -0.001 0.000 
18 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
19 -0.419 0.000 -0.002 0.000 -0.001 0.000 -0.001 0.000 
20 1.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
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the Fourier expansion of the function F(t) converges to the average of the 
right- and left-hand limits of the function. The questions concerning the 
convergence of Fourier series are answered by the theorem of Dirichlet which 
states that if F(t) is a bounded periodic function which has a finite number of 
maximum and minimum points and a finite number of points of discontinuity, 
then the Fourier expansion of F(t) converges to F(t) at all points where F(t) 
is continuous and converges to the average of the right- and left-hand limits of 
F(t) at the points of discontinuity. 

In order to illustrate the application of Dirichlet conditions when the Fourier 
coefficients are determined numerically we consider the periodic function 
given in Example 1. If we assume that np is given, and keeping in mind that 
F(t) = 0 half the period and equal Fo the other half, the coefficient ao can be 
determined as 

which is the same result obtained in the preceding example using the integral 
of Eq. 12. The coefficient am can also be determined as 

= ~ [~f (0) cos mw[tj +. I Fo cos mwrtj] 
np J=l J=(np/2+1) 

where Sl is 

Using the fact that 

2Fo np 2Fo L cos mWrtj = - Sl 
np j=(np/2+1) np 

np 

Sl = L cos mWrtj 
j=(np/2+1) 

the series Sl can be written as 

np (2nj m) Sl = L cos--
j=(np/2+1) np 

Similarly, one can show that the constant bm can also be written as 
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TABLE 5.2. Numerical Evaluation ofthe Fourier Coefficients 

Harmonics S1 S2 

m np = 10 np = 20 np = 50 np = 100 np = 10 np = 20 np = 50 np = 100 

1.000 1.000 1.000 1.000 -3.078 -6.314 -15.895 -31.820 
2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
3 1.000 1.000 1.000 1.000 -0.727 -1.963 -5.242 -10.579 
4 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
5 1.000 1.000 1.000 1.000 0.000 -1.000 -3.078 -6.314 
6 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
7 1.000 1.000 1.000 1.000 0.727 -0.510 -2.125 -4.474 
8 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
9 1.000 1.000 1.000 1.000 3.078 -0.158 -1.576 -3.442 

10 5.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
11 1.000 1.000 1.000 1.000 -3.078 0.158 -1.209 -2.778 
12 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
13 1.000 1.000 1.000 1.000 -0.727 0.510 -0.939 -2.311 
14 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
15 1.000 1.000 1.000 1.000 0.000 1.000 -0.727 -1.963 
16 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
17 1.000 1.000 1.000 1.000 0.727 1.963 -0.550 -1.691 
18 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
19 1.000 1.000 1.000 1.000 3.078 6.~14 -0.396 -1.471 
20 5.000 10.000 0.000 0.000 0.000 0.000 0.000 0.000 

np 2nkm 
S1 = I cos--

k=np/2+1 np 
np 2nkm 

S2 = I sin--
k=np/2+1 np 

where Sz is given by 

np . (2nj m) 
Sz = L sm--

j=(np/Z+1) np 

The convergence of S1 and Sz for different harmonics is shown in Table 2. It 
is clear from the values of S1 and Sz presented in this table that the Fourier 
coefficients which are determined numerically will not converge to the Fourier 
coefficients obtained analytically in Example 1. This is mainly due to the fact 
that the average of the right- and left-hand limits of the function at the points 
of discontinuity was not used. In order to solve this problem and demonstrate 
the application of the Dirichlet conditions, the problem is solved again by 
using the average of the right- and left-hand limits at the points of discon­
tinuity. The numerical results presented in Table 3 show that the Fourier 
coefficients obtained numerically are in good agreement with the Fourier 
coefficients obtained analytically using the integrals of Eqs. 12, 16, and 19. 
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TABLE 5.3. Dirichlet's Condition (Fo = 1) 

Numerical Results 

Harmonics np = 10 np = 50 np = 100 Analytical Results 

m am bm am bm am bm am bm 

1 0.000 0.616 0.000 0.636 0.000 0.636 0.000 0.637 
2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
3 0.000 0.145 0.000 0.210 0.000 0.212 0.000 0.212 
4 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
5 0.000 0.000 0.000 0.123 0.000 0.126 0.000 0.127 
6 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
7 0.000 0.145 0.000 0.085 0.000 0.089 0.000 0.091 
8 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
9 0.000 0.616 0.000 0.063 0.000 0.069 0.000 0.071 

10 1.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
11 0.000 0.616 0.000 0.048 0.000 0.056 0.000 0.058 
12 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
13 0.000 0.145 0.000 0.038 0.000 0.046 0.000 0.049 
14 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
15 0.000 0.000 0.000 0.029 0.000 0.039 0.000 0.042 
16 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
17 0.000 0.145 0.000 0.022 0.000 0.034 0.000 0.037 
18 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
19 0.000 0.616 0.000 0.016 0.000 0.029 0.000 0.034 
20 1.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

5.3 SPECIAL CASES 

In some special cases of the periodic forcing functions, some of the coefficients 
that appear in the Fourier expansion ofthe functions are zeros. By considering 
these special cases, the effort and time spent to obtain the Fourier expansion 
of many of the periodic functions can be significantly reduced. 

Harmonic Functions Harmonic functions are periodic functions in 
which all the Fourier coefficients are zeros except one coefficient. For example, 
consider the function F(t) = Fo sin WI t shown in Fig. 3. The period of this 
function is given by 

and, accordingly, 
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Time 

FIG. 5.3. Harmonic function. 

By using the identities of Eqs. 11 and 15, one has 

2 fT
rl

2 2 fT
rl

2 
• ao = - F(t) dt = - Fo sm W 1 t dt = 0 

Tr - Trl2 Tr -Tr/2 

2 f Tr/2 2 f Tr/2 
am = - F(t) cos mwft dt = - Fo sin W 1 t cos mwft dt = 0 

Tr -Tr/2 Tr -Tr/2 

By using the identity of Eq. 18, the coefficient bm is obtained as 

2 fTrl2 2 fTrl2 
bm = - F(t) sin mwft dt = - Fo sin W 1 t sin mwft dt 

Tr -Tr/2 Tr - Trl2 

that is, 

if m = 1 
if m # 1 

F(t) = Fo sin W 1 t = b1 sin wft 

Similar comments apply to the cosine functions. 

Even Functions A periodic function F(t) is said to be even if 

F(t) = F( -t) (5.20) 

It can be shown that ifthe function F(t) is an even function, then the coefficients 
bm are all zeros, that is, 

for m = 1,2, ... 
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In this special case, the Fourier series of the function F(t) is given by 
a 00 

F(t) = 20 + n~l an cos nWrt (5.21) 

where the coefficients a o and an are defined by Eqs. 12 and 16. Clearly, the 
cosine function is an even function, since 

cos(O) = cos( -0) 

Odd Functions A periodic function F(t) is said to be odd if 

F(t) = -F( -t) (5.22) 

It can be shown that if the function F(t) is an odd function, then the coefficients 
ao and am in the Fourier series are identically zero, that is, 

ao = 0, m = 1,2, ... 

In this special case, the Fourier series of the function F(t) is given by 
00 

F(t) = L bn sin nWrt (5.23) 
n=l 

where the coefficients bn , n = 1, 2, ... , are given by Eq. 19. Observe that the 
sine function is an odd function, since 

sin(-O) = -sin(O) 

Example 5.2 

Find the Fourier expansion of the function F(t) shown in Fig. 4. 

Solution. The function in the figure is defined as follows 

F(t) = {~" 
-Tf/2 < t < -Tf/4 
- Tf/4 ::;; t ::;; Tf/4 
Tf/4 < t ::;; Tf/2 

This function is periodic since 

F(t) = F(t + Tf) 

Furthermore, the function is an even function since 

F(t) = F( -t) 
Therefore, 

for m = 1,2, ... 

The coefficient ao can be obtained using Eq. 12 as follows 

2 ITf/2 
ao = - F(t) dt = Fo 

Tf - Tr/2 
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'II' F(t) 

Fo 

Joo 

- T;/2 - T;/4 0 T;/4 T;/2 
.. 

FIG. 5.4. The periodic function F(t). 

The coefficient am, m = 1,2, ... , can be obtained by using Eq. 16 as follows 

2 fTr/2 am = - F(t) cos mWrt dt 
'If -Tr/2 

= ~ [f- Tr/4 (0) cos mWrt dt + fTr/4 
Fo cos mWrt dt + IT

r/
2 (0) cos mWrt dtJ 

'If - Tr/2 - Tr/4 Tr/4 

2Fo 1. I Tr/4 Fo [ . mnJ 2Fo . mn 
=--smmwrt =- 2sm- =-sm-

'If mWr - Tr/4 mn 2 mn 2 

that is, 
ifmiseven 

ifmisodd 

5.4 VIBRATION UNDER PERIODIC FORCING FUNCTIONS 

The methods for the analytical and numerical evaluation of the Fourier 
coefficients of periodic functions presented in the preceding sections are used 
in this section to examine the vibration ofthe single degree offreedom systems 
under periodic excitation. Figure 5 shows a single degree of freedom system 
under the influence of the periodic forcing function F(t). The equation of 
motion of this system can be written as 

mx + eX + kx = F(t) (5.24) 

where m is the mass, c is the damping coefficient, and k is the spring coefficient. 
The periodic force F(t) can be expressed in terms of harmonic functions by 
using Fourier series as follows 

F(t) = ~ + ntl (an cos nwft + bn sin nwft) (5.25) 
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T 
F(t) 

FIG. 5.5. Single degree of freedom system. 

where Wr is the fundamental frequency. Equation 25 can also be written in an 
alternative form as 

00 

F(t) = Fo + I Fn sin(nwrt + (A) (5.26) 
n=l 

where 

~n = tan-1 (~:) 
By using Eq. 26, Eq. 24 can be written as 

00 

mx + eX + kx = Fo + I Fn sin(wnt + ~n) (5.27) 
n=l 

where 

The solution of Eq. 27 consists of two parts, the homogeneous function X h 

and the particular solution xP ' that is, 

(5.28a) 

Methods for obtaining the homogeneous function Xh are discussed in Chapter 
3 for the undamped and damped single degree of freedom vibratory systems. 
Since Eq. 27 is a linear, second-order ordinary differential equation with 
constant coefficients, the principle of superposition can be applied in order to 
obtain the particular solution xp. First, we obtain the particular solution due 
to the constant term Fo only. The solution, in this case, is denoted as xpo. 
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Second, we determine the response of the system due to each of the terms 
Fn sin(wnt + rPn) in the infinite series in the right-hand side of Eq. 27. The 
solution in each of these cases wll be denoted as xpn • Applying the principle 
of superposition, the system response to the forcing function represented by 
the infinite series in the right-hand side of Eq. 27 will be given by the infinite 

00 

series L xpn • Therefore, the complete solution of Eq. 28a can be written as 
n=1 

00 

x = X h + xpo + L xpn 
n=1 

(5.28b) 

Response of the System to the Constant Force Po Since Fo is 
constant, it is clear that xpo is also a constant. Following the procedure 
discussed in Chapter 2, we assume xpo to be a combination of Fo and its 
independent derivatives. In this case, we assume xpo to be 

xpo = C 

where C is a constant. It follows that 

xpo = xpo = 0 

Substituting into the differential equation, 

mxpo + expo + kxpo = Fo 

one obtains 
kC = Fo 

that is, 

(5.29) 

Response of the System to the Force Fnsin(wnt+ q,n) The term 
Fn sin(wnt + rPn) represents a harmonic forcing function. The response of the 
single degree of freedom system to this type of force was discussed in the 
preceding chapter, and it was shown therein, that because of the damping of 
the system, there is a phase angle between the force and the system response. 
The solution x pn ' in this case, can be written as 

where 
Wn nWf 

rn =-=-= nr1 
W W 

W=~ 

(5.31) 

(5.32) 
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(5.33) 

and e is the damping factor. It follows that 

00 00 Fn/k . 
~ x = ~ sm(m t + A. - ./, ) (5.34) 
f; pn f; J(l 2)2 (2 J!)2 n 'f'n 'f'n 
n-l n-l - rn + rn" 

Particular Solution By using Eqs. 29 and 34, the particular solution xp 

of Eq. 28 can be written as 

00 

xp = xpo + L xpn 
n=l 

The use of the procedure described in this section, to obtain the particular 
solution ofthe vibration equation of the single degree offreedom system under 
the influence of periodic excitation, is demonstrated by the following examples. 

Example 5.3 

Determine the steady state response of the single degree of freedom system shown 
in Fig. 6 to the forcing function F(t), where F(t) is the periodic function given in 
Example 1. 

F(t) 
m -----if--..... 

F(t) 

o Tr/2 Tr 

FIG. 5.6. Single degree of freedom mass-spring system. 
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Solution. The equation of motion of the damped single degree of freedom system 
due to the periodic excitation is given by 

mx + eX + kx = F(t) 

It was shown in Example 1 that F(t) can be expressed in terms of the harmonic 
functions as 

where w. = nWf = 2nn/Tr 

ifnisodd 
ifn is even 

The equation of motion can then be written as 

Fo 2Fo . 2Fo . 
= 2" + --;-sm wft + 3"1tsm 3wf t + ... 

Clearly, xpo is given by 

Since, in this case, a. = 0, n = 1, 2, ... , it is clear that the phase angle t/J. of Eq. 34 
is zero, and as such, xp• IS defined as 

It follows that 
<Xl 

xp = xpo + L Xp • 
• =1,3;5 

n = 1,3,5, ... 
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Example 5.4 

Determine the steady state response of the single degree of freedom system shown 
in Fig. 7, due to the periodic forcing function F(t) given in Example 2. Neglect the 
gravity effect. 

Solution. The equation of motion of this system is given by 

mee + cJ) + ke{} = F(t) I 
where 

ke = ka2 

where c and k are, respectively, the damping and spring coefficients. It was shown 
in Example 2 that the periodic forcing function F(t) can be written as 

where 

a 00 

F(t) = ~ + L an cos nwft 
2 n~l 

ao = Fo 

an = {~-1)(n-l)/2(2Fo/nn) ifn is even 

ifn is odd 

\+---.F(t) 

F(t) 

Fo - - - r-- r--

o 7f 

FIG. 5.7. Single degree offreedom pendulum. 

-'00 
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Since 

cos nWrt = sin (nwrt +~) 
the periodic force function F(t) can be written as 

ao ~ '( n) F(t) = - + L... a. sm nWrt + -
2 .=1 2 

Fo 2Fo , ( n) 2Fo , ( n) = 2 + ---;-sm wrt + 2 - h sm 3wrt + 2 + ,', 

where the angle ¢., n = 1, 2, " " of Eq, 26 is given by 

n 
¢. = 2' n = 1,2, '" 

The equation of motion of this single degree of freedom system can be written as 

.., Fol 2Fol ( n) 2Fol, ( n) 
mee + cee + kee = 2 + ~sin wrt + 2 - ~sm 3wrt + 2 + '" 

Consequently, 

ifn is even 

ifn is odd 

Therefore, 

xp = Fol + f (_1)(.-1)/2 2Fol/nnke sin (nwrt +~ - !/I.) 
2ke .=1,3,5 J(l - r;)2 + (2r.e)2 2 

= Fol + f (_1)(.-1)/2 2Fol/nnke cos(nwrt - !/I.) 
2k .=1,3,5 J(l - r;)2 + (2r.e)2 

where the damping factor e is given by 

Ce ca2 3ca2 
e=-=-=--

Cc 2mew 2ml2w 

and W is the system natural frequency defined by 

w=~=J3~~2 

5.5 IMPULSIVE MOTION 

An impulsive force is defined as a force which has a large magnitude, and acts 
during a very short time duration such that the time integral of this force is 
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F(t)~ 

Fa -----r---, 

.. 
FIG. 5.8. Impulsive force. 

finite. Let the impulsive force F(t) shown in Fig. 8 act on the single degree of 
freedom system shown in Fig. 9. The differential equation of motion of this 
system can be written as 

mx + eX + kx = F(t) 

Integrating this equation over the very short interval (t 1 • t 2 ), one obtains 

i t2 it2 it2 it2 mx dt + eX dt + kx dt = F(t) dt t, t, t, t, (5.36) 

Since the time interval (t1' t2) is assumed to be very small, we assume that x 
does not change appreciably, and we also assume that the change in the 
velocity x is finite. One, therefore, has 

FIG. 5.9. Damped single degree of 
freedom system under the effect of 
impulsive force F(t). 

F(t) 
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Therefore, if tl approaches t z, Eq. 36 yields 

I t2 It2 
mx dt = F(t) dt 

t 1 t 1 

(5.37) 

Since x = dXfdt, Eq. 37 can be written as 

IX2 It2 
. m dx = F(t) dt 

Xl t1 

(5.38) 

where Xl and Xz are, respectively, the velocities at tl and tz. Equation 38 yields 

It2 
m(xz - xd = F(t) dt 

t, 

from which 
1 It2 Llx = Xz - Xl = - F(t) dt 
m t, 

(5.39) 

where Llx is the jump discontinuity in the velocity of the mass due to the 
impulsive force. The time integral in Eq. 39 is called the linear impulse I and 
is defined by 

It2 
1= F(t) dt 

t, 

(5.40) 

In the particular case in which the linear impulse is equal to one, I is called 
the unit impulse. 

Equation 39 can be written as 

. . . I 
Llx = Xz - Xl = -

m 
(5.41) 

This result indicates that the effect of the impulsive force, which acts over a 
very short time duration on a system which is initially at rest, can be accounted 
for by considering the motion of the system with initial velocity 11m and zero 
initial displacement. That is, in the case of impulsive motion, we consider the 
system vibrating freely as the result of the initial velocity given by Eq. 41. The 
free vibration of the underdamped single degree of freedom system shown in 
Fig. 9 is governed by the equations 

x(t) = Xe-~wt sin(OJdt + ¢;) (5.42) 

(5.43) 

where X and ¢; are constants to be determined from the initial conditions, OJ 

is the natural frequency, ~ is the damping factor, and OJd is the damped natural 
frequency 

As the result of applying an impulsive force with a linear impulse I at t = 0, 



5.5. Impulsive Motion 207 

the initial conditions are 

x(t = 0) = 0, x(t = 0) = ~ 
m 

Since the initial displacement is zero, Eq. 42 yields 

Using Eq. 43 and the initial velocity, it is an easy matter to verify that 

(5.44) 

which can be written as 

x(t) = IH(t) (5.45) 

where H(t) is called the impulse response function and is defined as 

(5.46) 

Example 5.5 

Find the response of the single degree of freedom system shown in Fig. 9 to the 
rectangular impulsive force shown in Fig. 8, where m = 10 kg, k = 9,000 N/m, 
c = 18 N . s/m, and Fo = 10,000 N. The force is assumed to act at time t = 0 and 
the impact interval is assumed to be 0.005 s. 

Solution. The linear impulse I is given by 

il2 1°·005 1= F(t) dt = 10,000 dt = 10,000(0.005) = 50 N· S 

11 ° 
The natural frequency of the system OJ is given by 

OJ = !E = J9000 = 30 rad/s vm 10 

The critical damping coefficient Cc is 

The damping factor ~ is 

Cc = 2mOJ = 2(10)(30) = 600 

c 18 
~ =-=-=0.03 

Cc 600 

The damped natural frequency OJd is 

OJd = OJ~ = 30J1- (O.oW = 29.986 rad/s 
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The system response to the impulsive force is then given by 

x(t) = _I_e-~wt sin Wd t 
mWd 

50 e-(O.03)(30)t sin 29.986t 
(10)(29.986) 

= 0.1667e-o.9t sin 29.986t 

5.6 RESPONSE TO AN ARBITRARY FORCING FUNCTION 

In this section, we consider the response of a damped single degree of freedom 
system to an arbitrary forcing fucntion F(t), shown in Fig. 10. The procedure 
described in the preceding section for obtaining the impulse response can be 
used as a 'basis for developing a general expression for the response of the 
system to an arbitrary forcing function. The arbitrary forcing function F(t) 
can be regarded as a series of impulsive forces F(r) acting over a very short­
lived interval dr. The force F(r) then produces the short duration impulse 
F(r) dr, and the response of the system to this impulse for all t > r is given by 

dx = F(r) dr H(t - r) 

where H(t) is the impulse response function defined by Eq. 46. That is, 

1 
dx = F(r) dr' -- e-~w(t-t) sin wd(t - r) 

mWd 

F(t) 

F(r) 

FIG. 5.10. Arbitrary forcing function F(t). 

(5.47) 

(5.48) 
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In this equation, dx represents the incremental response of the damped single 
degree offreedom system to the incremental impulse F(,) d, for t > ,. In order 
to determine the total response, we integrate Eq. 48 over the entire interval 

x(t) = t F(,)H(t - ,) d, (5.49) 

or 

(5.50) 

Equation 49 or Eq. 50 is called the Duhamel integral or the convolution integral. 
It is important to emphasize, however, that in obtaining the convolution 
integral we made use of the principle of superposition which is valid only for 
linear systems. Furthermore, in deriving the convolution integral, no mention 
was given to the initial conditions and, accordingly, the integral of Eq. 49, or 
Eq. 50, provides only the forced response. If the initial conditions are not equal 
to zero, that is, 

Xo = x(t = 0) #- 0 and/or Xo = x(t = 0) #- 0 

then Eq. 50 must be modified to include the effect of the initial conditions. To 
this end, we first define the homogeneous solution and determine the arbitrary 
constants in the case of free vibration as the result of these initial conditions, 
and then use the principle of superposition to add the homogeneous function 
to the forced response. 

Special Case A special case of the preceding development is the case of an 
undamped single degree of freedom system. In this case, Wd = W and ~ = 0 and 
the impulse response function of Eq. 46 reduces to 

1 . 
H(t) = -smwt 

mw 

The forced response, in this special case, is given by 

1 it x(t) = - F(,) sin w(t - ,) d, 
mw 0 

(5.51) 

(5.52a) 

If the effect ofthe initial conditions is considered, the general solution is given 
by 

. 1 it x(t) = Xo sin wt + Xo cos wt + - F(,) sin w(t - ,) d, 
w mw 0 

(5.52b) 

I Example 5.6 

Find the forced response of the damped single degree of freedom system to the step 
function shown in Fig. 11. 
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F(t) 

Fo~--------------------------------------------

FIG. 5.11. Step function. 

Solution. The forced response of the damped single degree of freedom system to 
an arbitrary forcing function is 

In the case of a step function, the forcing function F(t) is defined as 

F(t) = Fo; t > 0 

x(t) 

FIG. 5.12. Response of the damped single degree offreedom system to the step forcing 
function. 
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that is, 

= Fo [1 -;; COS(Wd t - t/I)] 
k 1-e 

where the angle t/I is defined as 

t/I=tan-1 ( ~ ) 

J1=12 
The response of this system is shown in Fig. 12. 

Example 5.7 

Find the forced response of the undamped single degree of freedom system to the 
forcing function shown in Fig. 13. 

Solution. The forced response of the undamped single degree of freedom system 
to an arbitrary forcing function is given by 

1 it x(t) = - F(-r) sin w(t - -r) d-r 
mw 0 

The forcing function F(t) shown in Fig. 13 is defined as 

F(t) 

Fo-----------~----------------------------

FIG. 5.13. Forcing function F(t). 
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Therefore, the forced response is given by 

x(t)= - _0_ sin w(t - ,) d, + Fo sin w(t - ,) d, 1 [f'l F. , f' ] 
mw 0 tl '1 

Using integration by parts, the response x(t) is given by 

Fo [, cos w(t - ,) 1'1 f'l cos w(t - ,) cos w(t - ,) I' ] x(t)=- - d,+------'--~ 
mw wt! 0 0 wtl W '1 

= ~{cos w(t - t 1 ) + sin w~t - ')1'1 + ~ _ cos w(t - t1 )} 

mw w w tl 0 W W 

= ~(~ + sin w(t - td _ sin wt) 
mw w w2t! W2t1 

Numerical Evaluation of the Duhamel Integral In the preceding 
examples, where the external forces are given by simple, integrable functions, 
we were able to determine the dynamic response in a closed form by the 
use of the Duhamel integral. In many practical applications, however, the 
forcing function may be obtained from experimental data, or may be given in 
a complex form such that the analytical evaluation of the Duhamel integral is 
difficult. In these cases, one must then resort to numerical methods in order 
to determine the response of the system by using incremental summation 
instead of the integration of Eq. 49 or Eq. 52a. Observe that Eq. 52a can be 
obtained as a special case of Eq. 49 in which the damping factor ~ is equal to 
zero. Therefore, in the following discussion, we will consider only the numerical 
evaluation of the Duhamel integral of Eq. 49. For convenience, we write the 
exponential and harmonic functions in Eq. 49 in the following forms 

(5.53a) 

(5.53b) 

Substituting these two equations into Eq. 50, one obtains 

x(t) = e-~())' [I' F(,)e~())t sin Wdt cos Wd' d, 
mWd 0 

-I F(,)e~())t cos Wd t sin Wd' d, ] 

Since the integration is with respect to " the terms which are functions of t 
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can be factored out of the integral. This leads to 

x(t) = e-~cot[sin Wd t It F(r)e~CO< cos Wd. d. 
mWd 0 

-cos Wd t I F(.)e~CO< sin Wd. d.] (5.54) 

This equation can be written compactly as 

where 

-~cot 

x(t) = _e - [II sin Wdt - 12 cos WdtJ 
mWd 

I 1(t) = I F(.)e~CO< cos Wd. d. 

I 2(t) = I F(.)e~CO< sin Wd. d. 

(5.55) 

(5.56a) 

(5.56b) 

The integrals II and 12 are the ones which will be evaluated numerically. We, 
therefore, rewrite them in the following simple form 

I 1(t) = IYl(.)d. (5.57a) 

I 2(t) = I Y2(·) d. (5.57b) 

where 
Yl(.) = F(.)e~co< cos Wd. (5.58a) 

Y2(.) = F(.)ei;co< sin Wd. (5.58b) 

Figure 14 shows an arbitrary forcing function F(.). The time domain of the 
function up to point t is divided into n equal intervals with length A •. Note that 

t = nA., 

·A j 
•. =JI..l.. =-t 

J n 

t 
A. =­

n 
(5.59) 

(5.60) 

Using simple summations, one can then write the integrals of Eqs. 57a and 
57b as 

n 

II (t) = L Yl (.)A. 
j=o 

n 

I2(t) = L Y2(·j)A. 
j=o 
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FIG. 5.14. Numerical evaluation of the Duhamel integral. 

which, upon using Eqs. 59 and 60, leads to 

n (j)t t n (j) 11(t) = L Yl -t -=- L Yl -t 
j=O n n n j=O n 

n (j)t t n (j) l z(t) = L Yz -t -=- L Yz -t 
j=O n n n j=O n 

Substituting Eqs. 61 and 62 into Eq. 55, one obtains x(t) as 

where 

te-~Q)t 

x(t) = --[Dl sin Wdt - Dz cos Wdt] 
nmwd 

n 

Dl = L Yl(t) 
j=O 

n 

Dz = L yz(rj ) 
j=O 

in which the functions Yt and Yz are defined by Eqs. 58a and 58b. 

(5.61) 

(5.62) 

(5.63) 

(5.64a) 

(5.64b) 

In the numerical evaluation of the integrals of Eqs. 61 and 62, a simple 
summation is used. More accurate methods for the numerical evaluation of 
the integrals such as the trapezoidal rule and Simpson's rule can also be used 
(Carnahan et al., 1969). By increasing the number of intervals, however, the 
convergence of the simple summation procedure used in this section is accept­
able in most practical applications. 

In the special case of undamped vibration, Eq. 63 reduces to 

x(t) = _t_[Dl sin wt - Dz cos wt] 
nmw 

(5.65) 
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and the functions Yl and Y2 of Eq. 58 reduce to 

Yl = F(r) cos on 

Y2 = F(r) sin wr 

(5.66a) 

(5.66b) 

The numerical procedure described in this section is demonstrated by the 
following example. 

ExampleS.8 

Use the method of the numerical evaluation of the Duhamel integral discussed in 
this section to obtain the dynamic response of the single degree of freedom system 
of Example 6. Assume that m = 1 kg, k = 2500 N/m, c = lO N· s/m, Fo = lO N. 

Solution. The natural frequency of the system OJ 

OJ = if;; = )25100 = 50 rad/s 

The damping factor ~ is given by 

c c lO 
~ = Cc = 2mOJ = 2(1)(50) = 0.1 

and 

OJd = OJJ1=12 = 50)1 - (0.1f = 49.749 rad/s 

Therefore, 
e-(O.1)(50)t 

. = 0.0201e- 5t 

(1)(49.749) 

Equation 63 can be written for this example as 

o 0201te- 5t . 

x(t) = . [Dl sin OJdt - D2 cos OJdt] 
n 

(5.67) 

where Dl and D2 are defined by Eqs. 64a and 64b. Since the external force is given 
in this example by the simple step function, one has 

Yl = Foe~rot cos OJdr = lOe5t cos 49.749r 

Y2 = Foe~rot sin OJdr = lOe5t sin 49.749r 

That is, 
Yl (rj) = 10e5tj cos 49.749rj 

Y2(rj) = lOe5tj sin 49.749rj 

where rj is defined by Eq. 60. Hence 

n n 

Dl = L Y1 (rj) = L lOe5tj cos 49.749rj 
j=O j=O 

n n 

D2 = L Y2(r) = L lOe5tj sin 49.749rj 
j=O j=O 
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TABLE 5.4. Coefficients D, and D2 

D, D2 

n=5 n = 50 n=l00 n=200 n=5 n = 50 n = 100 n=200 

0.1 -7.98 -156.88 -321.09 -649.43 -4.48 32.99 74.01 156.03 
0.2 -13.49 -91.14 -175.76 -344.90 2.96 152.57 312.81 632.86 
0.3 -12.80 79.19 170.60 352.75 19.78 163.89 313.41 611.71 
0.4 12.91 187.47 354.67 687.38 45.26 -17.40 -68.50 -169.88 
0.5 113.55 25.28 -15.95 -97.10 35.06 -231.91 -454.81 -897.33 
0.6 125.19 -319.18 -658.81 -1330.51 -379.51 -120.22 -137.78 -174.Q2 

0.01 

0.3 

FIG. 5.15. Comparison between the exact and numerical solutions. 

Table 4 shows the values of D, and D2 for different numbers of intervals. The numeri­
cal values of D, and D2 can be substituted into Eq. 67 in order to obtain x(t). In 
Example 6 it was shown that the closed form solution of this problem is given by 

x(t) = Fo [1 -~ COS(Wd t -I/I)J 
k 1-e 

= 4 x 10-3 [1 - l.005e- 51 cos(49.749t - 5.7392°)] 

A comparison between this exact solution and the numerical solution obtained by 
using Eq. 67 is presented in Fig. 15 for different values of n. Observe that a better 
accuracy is obtained by inceasing n. 

5.7 FREQUENCY CONTENTS IN ARBITRARY 
FORCING FUNCTIONS 

The frequency content of a periodic forcing function as determined by Fourier 
series expansion includes frequencies that are multiples of the fundamental 
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frequency W f • Therefore, the frequency spectrum of a periodic forcing function 
is defined at only discrete points in the frequency domain, and the magnitudes 
of the coefficients Fn in the Fourier series expansions determine which fre­
quencies are significant. A similar procedure, which is based on the Fourier 
transform method, also can be used to determine the frequency contents of an 
arbitrary forcing function that is not periodic. In this procedure, the arbitrary 
forcing function is assumed to be a periodic function that has a fundamental 
periodic time If = 00. In this case, we can define the Fourier transform F(wd 
of the function F(t) as 

F(wf ) = Loo F(t)e-iw,t dt 

where i is the complex operator. The preceding equation can be written, using 
Euler's formula, as 

F(wf) = Loo F(t) cos wft dt - i Loo F(t) sin wft dt 

This equation also can be written as 

F(Wf) = a - ib 

where a and b are coefficients that resemble the Fourier coefficients and are 
defined as 

a = Loo F(t) cos wft dt 

b = Loo F(t) sin wft dt 

These equations define the amplitude and phase of the Fourier transform as 

I F(wf ) I = J a2 + b2 

-b 
¢J = tan-1 -

a 

Note that the definition of the phase is slightly different from the phase angles 
defined using the Fourier coefficients since it represents here the phase angle 
associated with a vector whose components are defined by the real and 
imaginary parts of the Fourier transform. It is also important to point out 
that, in the case of complex functions or functions defined in tabulated forms, 
the integrals in the Fourier transform can be evaluated numerically by using 
a procedure similar to the one used in the numerical evaluation of the Fourier 
coefficients and the Duhamel integral. 

In order to demonstrate the use of the Fourier transform method to examine 
the frequency contents in an arbitrary forcing function, we use as an example 
the function F(t) shown in Fig. 16. The coefficients a and b of the Fourier 
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Fa f------------, 

T 

FIG. 5.16. Nonperiodic functions. 

transform of this function are defined as 

foo fT Fo sin Wc T 
a = F(t) cos wct dt = Fo cos wct dt = ----

o 0 ~ 

foo. fT. Fo(l- cos Wc T ) 
b = F(t) sm Wct dt = Fo sm Wct dt = ~'--------=----

o 0 ~ 

It follows that 

rjJ = tan-1 (cos Wc T - 1) 
sin wcT 

Figure 17 shows the amplitude of the Fourier transform of the function shown 
in Fig. 16. The results presented in this figure show the frequency contents in 
the transient nonperiodic function F(t), just as the Fourier coefficients show 
the frequency contents of the periodic functions. Using similar plots, it can be 
shown that as T decreases, F(w) has large amplitude at higher frequencies. 
For this reason, rapidly varying forces are known to have higher frequency 
contents as compared to slowly varying forces. Note also that for transient 
non periodic functions, the frequency spectrum is a continuous function of 
the frequency Wr, whereas in the case of a periodic function, the frequency 
spectrum is defined at discrete points in the frequency domain. 



5.8. Computer Methods in Nonlinear Vibration 219 

FIG. 5.17. Fourier transform. 

5.8 COMPUTER METHODS IN NONLINEAR VIBRATION 

Thus far, we have considered only the solutions of the vibration equations of 
systems in which the differential equations of motion are linear. As pointed 
out in Chapter 2, a differential equation is said to be linear if the equation 
contains only the first power ofthe dependent variable or its derivatives. When 
the equations are linear the principle of superposition can be applied, and 
consequently, the response of the system to a set of forces can be determined 
by adding the responses obtained as the result of application of each force 
separately. In fact, this is the principle which enabled us to derive the Duhamel 
integral, and therefore, the Duhamel integral can be used only when the system 
is linear. 

In many applications, the differential equation of motion contains quadra­
tic, cubic, or even trigonometric functions of the dependent variable. In these 
cases, the equation is said to be nonlinear. Unlike linear equations, where a 
closed-form solution can always be obtained, the solution of most nonlinear 
equations can only be obtained numerically. It is a common practice to try to 
linearize nonlinear equations so that the techniques for solving linear sys­
tems can be used. This approach can be used only when the nonlinear effect 
can be neglected. For example, the free oscillations of the pendulum in Fig. 
18 are governed by the nonlinear equation 

(5.68) 
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FIG. 5.18. Nonlinear free oscillations. 

If the oscillations are small «() ~ 10°), linearization techniques may be used, 
and one can write 

sin () ~ () (5.69) 

Using this approximation, Eq. 68 can be linearized, leading to 

mI2 •• I 
T(} + mg 2(} = 0 (5.70) 

This is a linear equation which can be solved using the techniques described 
in this chapter and the preceding chapters. If the assumption of small oscilla­
tions cannot be made, the nonlinear equation given by Eq. 68 must be solved 
using computer and numerical methods. 

The nonlinearity that appears in Eq. 68 results mainly from the large 
rotation of the pendulum. Another type of nonlinearity may arise, when the 
elastic or damping forces are nonlinear functions of the displacement and its 
time derivatives. If the spring force is quadratic function in the displacement, 
one has 

(5.71) 

The equation of motion of a single degree of freedom mass-spring system is 
given, in this case, by 

mx + eX + kx2 = F(t) (5.72) 

This is again a nonlinear equation. While elastically linear systems have one 
equilibrium position only, elastically nonlinear systems may have more than 
one equilibrium configuration. For example, consider the following nonlinear 
differential equation of motion of the single degree of freedom system: 

mx + eX + k (X3 - ~) = 0 
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At equilibrium, x = x = 0, which, upon substitution into the nonlinear differ­
ential equation, yields 

This equation has the following three roots: 

1 
X 2 = J6' 

which define three different static equilibrium configurations. 

State Space Representation Unlike linear systems, there is no stan­
dard simple form which all nonlinear equations can be assumed to take, since 
any power of the dependent variable and its derivatives may appear. Further­
more, a closed-form solution for many of the nonlinear equations cannot be 
obtained. One, in these cases, must resort to computer and numerical methods, 
by which the solutions of the nonlinear equations are obtained by direct 
numerical integration. 

The application of Newton's second law leads to a linear equation in the 
acceleration. This equation, for linear and nonlinear systems, can be written 
in the following general form 

x = G(x, x, t) (5.73) 

where G(x, X, t) can be a nonlinear function in its arguments x, x, and t. For 
example, Eq. 68, which describes the nonlinear vibration ofthe pendulum, can 
be written in the form of Eq. 73 as 

ij = _ 3g sin () 
21 

where the function G of Eq. 73 is recognized, in this case, as 

3g . () 
G= --sm 

21 

Similarly, Eq. 72, which describes the nonlinear vibration of the damped single 
degree offreedom mass-spring system, can be written in the form ofEq. 73 as 

1 x = -[F(t) - eX - kx2 ] 
m 

where the function G of Eq. 73 is recognized, in this case, as 

1 . 
G = -[F(t) - ex - kx2 ] 

m 
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Equation 73 is a second-order ordinary differential equation which is equi­
valent to two first-order ordinary differential equations. In order to determine 
these two differential equations, let us define the following state variables 

Yl = X 

Y2 = Yl = X 

It is clear that 
Y2 = X = G(Yl, Y2, t) 

Equations 74b and 75 can then be written as 

Yl = Y2 
Y2 = G(Yl, Y2, t) 

which can be written in a vector form as 

y = f(y, t) 

where 

y = [~J, f(y, t) = [ Y2 ] 
G(Yl' Y2, t) 

(5.74a) 

(5.74b) 

(5.75) 

(5.76a) 

(5.76b) 

(5.77) 

(5.78) 

Equation 77 is the vector of state equations of the system which can be 
integrated numerically to determine Y land Y2. Once Y land Y2 are determined, 
Eq. 74 can be used to determine x and x. 

Numericallntegration There are several numerical integration methods 
for solving Eq. 77. The simplest method is called Euler's method. In order to 
understand Euler's method, Eq. 77 can be written as 

. dy 
y = dt = f(y, t) 

or 

dy = f(y, t) dt 

which leads to 

fYI ltl dy = f(y, t) dt 
Yo to 

(5.79) 

Define 

(5.80) 

Clearly 

fYI dY=Yl-YO 
Yo 

(5.81) 
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If we assume that t 1 is selected such that t 1 - to = I1t is very small, the integral 
on the right-hand side of Eq. 79 can be approximated as 

Itl 

f(y, t) dt ~ f(yo, to)At 
to 

Substituting Eqs. 81 and 82 into Eq. 79, one obtains 

Yl = Yo + f(yo, t o)11t 

(5.82) 

(5.83) 

Observe that if the initial conditions xo and xo are given, the vector Yo can be 
evaluated, using Eqs. 74 and 80, as 

(5.84a) 

This vector can also be substituted into Eq. 78 in order to determine the 
function f(yo, to) as 

f( t) - [ yz(to) ] - [ xo ] Yo 0 - -
, G(Yl(tO)' yz(to), to) G(xo, xo, to) 

(5.84b) 

By substituting Eqs. 84a and 84b into Eq. 83, the state vector Y 1 can be defined. 
One can then use this vector to advance the numerical integration one step. 
To this end, we write 

(5.85) 

In general, one has the following recursive formula based on Euler's method 

(5.86) 

The use of Euler's method is demonstrated by the following simple example. 

Example 5.9 

In order to examine the accuracy of Euler's method, we apply the numerical 
procedure discussed in this section to a linear system whose solution is known in 
a closed form. The results obtained from the numerical solution are then compared 
with the exact solution. We consider, for this purpose, the free undamped vibration 
of the system given in Example 8. If the initial displacement is assumed to be 
0.01 m and the initial velocity is assumed to be zero, the exact solution for the 
equation of free vibration is 

x(t) = Xo cos rot = 0.01 cos 50t 

x(t) = -0.5 sin 50t 
(5.87) 

In order to demonstrate the use of the numerical procedure discussed in this section, 
we write the equation of free vibration as 

mx+kx=O 
or 
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This equation is in the same form as Eq. 73. Using Eq. 74, one can then define the 
state vector of Eq. 78 as 

and the state equation of Eq. 77 as 

One may select the step size ~t to be 0.01 which is less than one-tenth ofthe period of 
oscillation. Equation 83 can be used to predict the state vector Y 1, at time t 1 = to + 
M = 0 + 0.Q1 = 0.01, as 

[ 0.01J [ 0 J [0.01 J 
= 0 + 0.01 -(5W(0.01) = -0.25 

The exact solution obtained from using Eq. 87 is 

Yl(tl) = x(td = 0.0087758 m 

Yl(td = x(td = -0.23971 mls 

Similarly, at time t2 = tl + ~t = 0.020 

Y2 = Yl + f(Yl' tl)~t 

=[Yl(tdJ+[ y~(td JM 
Y2(td -0) Yl(td 

=[ 0.01 J 001[ -0.25 J=[0.0075J=[Yl(t2)J 
-0.25 +. -(5W(0.01) -0.5 Y2(t2) 

The exact solution obtained from using Eq. 87 is 

and Y2(t 2) = -0.420735 

Table 5 shows the approximate results obtained by using Euler's method. These 
results are compared with the exact solutions obtained by using Eq. 87. 

Remarks It is clear from the results presented in the preceding example, 
and the comparison between the exact solution and the approximate solution 
obtained by using Euler's method, that Euler's method is not a very accurate 
method. One, however, can show that better results can be obtained using this 
method by reducing the step size At. Nonetheless, the results obtained using 
this method will continue to diverge, especially in the cases of highly nonlinear 
systems. In order to understand the approximation used in Euler's method, 
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we use Taylor's series to write the solution, at time t + 11t, as 

. (11t)2 .. 
y(t + 11t) = y(t) + y(t) I1t + -2- y(t) + ... (5.88) 

Euler's method can be obtained from Taylor's series by truncating terms 
higher than the first order, that is, 

y(t + At) = y(t) + Y(t) At (5.89) 

In this case, the error of integration can be evaluated as 

(At)2 (11t)3 
E = -- y(t) + -"y(t) + ... 

2 3! 
(5.90) 

Observe that in the preceding example y(t) = -w2y(t), and if the fre­
quency w is very high, the error E given by Eq. 90 can be very large. In fact, 
the higher the frequency content of the function is, the less accurate Euler's 
method is going to be. Therefore, with rapidly varying functions the use 
of Euler's method is not recommended. In fact, Euler's method is rarely used 
in practical applications because of its low order of integration. Higher­
order methods such as the Runge-Kutta and Adams methods (Atkinson, 1978) 
are often used. 

The Runge-Kutta method is closely related to Taylor's series expansion, 
but no differentiation of y is required. In the Runge-Kutta method, higher­
order terms in Taylor's series are ignored and the first derivative is replaced 
by an average slope. In this case, the method can be written as 

y(t + 11t) = y(t) + I1tfa (5.91) 

where fa is the average slope which can be obtained using Simpson's rule 
(Carnahan et al., 1969; and Atkinson, 1978) as 

fa = ~[y(t) + 4y(t + ~t) + y(t + 11t)] 

In the Runge-Kutta method, the central term in this equation is split into 
two terms, that is, 

(5.92) 

where 

f1 = y(t, y(t)) 

(5.93) 

( I1t 11t) f3 = Y t + 2' y(t) + 2f2 

f4 = Y(t + At, y(t) + I1tf3) 
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Substituting Eq. 92 into Eq. 91, one obtains 

At 
y(t + At) = y(t) + ""6 [f1 + 2f2 + 2f3 + f4] 

which leads to the following recursive relations 

At 
Yn+1 = Yn + ""6 [f1 + 2f2 + 2f3 + f4]n 

where 

(5.94) 

(5.95) 

(5.96) 

In order to.see the improved accuracy obtained using the Runge-Kutta 
method, we will use the data of the system of the preceding example, and we 
will compare the results with the results obtained using the first-order Euler 
method. To this end, we first summarize the main steps of the numerical 
algorithm. For the purpose of illustration, we carry out the calculations for 
one fixed time step based on the data of the preceding example. 

The Runge-Kutta Algorithm Based on the Runge-Kutta numerical 
technique presented in this section, a computer algorithm can be developed. 
The main steps of this numerical algorithm are as follows: 

(1) The initial velocity and displacement of the system must be specified. 
(2) By using the equation of motion, one can define the state equations of 

Eq. 77 and the function f(y, t) of Eq. 78. 
(3) A relatively small time step At is selected. Set t = to as the initial time. 
(4) Evaluate the function f1 = y(t, y(t)) of Eq. 93 at this point in time. 
(5) Use the function f1 evaluted in the preceding step to calculate Y 1 = y(t) + 

(AtI2) fl. The vector Y1 can be used to evaluate the vector function f2. 
(6) Use the vector function f2 evaluated in the preceding step to calculate 

Y 2 = y(t) + (AtI2) f2. The vector Y 2 can be used to evaluate f3 of Eq. 93. 
(7) The function f3 can be used to calculate the vector Y3 = y(t) + Atf3. This 

vector can be used to evaluate numerically the vector function f4 ofEq. 93. 
(8) Having evaluated f1' f2' f3' and f4' Eq. 94 or, equivalently, Eq. 95 can be 

used to evaluate y(t + At). 
(9) If t < te where te is the final time, set t = t + Ilt and repeat steps (4)-(8), 

otherwise stop. 

In the following, the use of the Runge-Kutta algorithm is demonstrated for 
one step starting with t = O. We use the data of the preceding example and 
proceed as follows: 

(1) The initial conditions of the system are Xo = 0.01 m and Xo = O. 
(2) The function y = f(y, t) of Eq. 78 is defined for this example as 

y = f(y, t) = [ Y; ] = [ \ ] 
-w Y1 -w X 

(3) We select the step size to be Ilt = 0.01. 
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(4) We first evaluate the function f1 as 

[ Y2 J [0.000 J 
f1 = -W2Y1 = -25.000 

(5) Using f1 we can evaluate Y 1 as 

At [0.010J 0.01 [ 0.000 J [0.010 J 
Y1 = y(O) + 2f1 = 0.000 + 2 -25.00 = -0.125 

Therefore, 

[ -0.125 J [-0.125J 
f2 = -(50)2(0.01) = -25.0 

(6) The vector f2 can then be used to evaluate Y2 as 

_ _ At _ [O.01OJ 0.01 [-0.125J _ [9.375 x 1O-3J 
Y2 - y(O) + 2f2 - 0.000 + 2 -25.0 - -0.125 

Therefore, 

[ -0.125 J [-0.125 J 
f3 = -(50)2(9.375 x 10-3) = -23.4375 

(7) The vector function f3 can then be used to evaluate Y3 as 

- - f - [O.OIJ 1 [ -0.125 J _ [8.75 x 1O-3J 
Y3 - y(O) + At 3 - 0.00 + 0.0 -23.4375 - -0.234375 

Therefore, f4 of Eq. 93 can be evaluated as 

[ -0.234375 J [-0.234375J 
f4 = -(50)2(8.75 x 10-3) = -21.875 

(8) Finally, the response of the system at time t + At, which at this step 
(0 + At) = I1t = 0.01, is given by direct susbtitution off1, f2' f3' and f4 into 
Eq. 94 or, equivalently, Eq. 95. This yields 

y(O.Ol) = y(O) + ~t [f1 + 2f2 + 2f3 + f4 J 

= [O.o1J + 0.01 [0.000 - 2 x 0.125 - 2 x 0.125 - 0.234375J 
0.00 6 - 25.00 - 2 x 25 - 2 x 23.4375 - 21.875 

= [O.o1J [-1.224 x 10-3J 
0.00 + -0.239583 

= [8.77604 x 1O-3J = [Y1(0.01)J 
-0.239583 Y2(0.01) 

Clearly these results are in a very good agreement with the exact solution 
presented in Table 3 and they are much more accurate than the results 
obtained by using Euler's method. 
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Based on the Runge-Kutta algorithm presented in this section, a simple 
Fortran computer program can be developed to numerically solve nonlinear 
differential equations. An example of such a program is shown below: 

DIMENSION Y (20), YP(20), YOUT(20), YT(20), YP2(20), YP3(20) 
READ(5,800)NEQN,NSTP,XI,XE 
READ(5,900)(Y(I),1 = 1,NEQN) 
X=XI 
H = (XE-XI)/NSTP 
DO 60 1= 1,NSTP 
CALL RUNGKO(Y,YP,NEQN,X,H,YOUT,YT,YP2,YP3) 
DO 20 1= 1,NEQN 
Y(I) = YOUT(I) 

20 WRITE(6,1000)X,I,YOUT(I) 
60X=X+H 
800 FORMAT(215,2FI0.0) 
900 FORMAT(6FI0.0) 
1000 FORMAT(, X',3X,E12.5,5X,'Y(',15,')',3X,E12.5) 

STOP 

C 
C 

END 

SUBROUTINE RUNGKO(Y,YP,NEQN,X,H,YOUT,YT,YP2,YP3) 
DIMENSION Y(1),YP(1),YOUT(1),YT(1),YP2(1),YP3(1) 
H5 = 0.5*H 
H6 = Hj6.0 
XU = X+H5 
XPH = X+H 
CALL F(X,Y,YP) 
DO 100 1= 1,NEQN 
YT(I) = Y(I)+H5*YP(I) 

100 CONTINUE 
CALL F(XU,YT,YP2) 
DO 200 1= 1,NEQN 
YT(I) = Y(I)+H5*YP2(1) 

200 CONTINUE 
CALL F(XU,YT,YP3) 
DO 300 1= 1,NEQN 
YT(I) = Y(I)+H*YP3(1) 
YP2(1) = YP2(1) + YP3(1) 

300 CONTINUE 
CALL F(XPH,YT,YP3) 
DO 400 1= 1,NEQN 
YOUT(I) = Y(I) +H6*(YP(I) + 2.*YP2(1) + YP3(1)) 
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400 CONTINUE 
RETURN 
END 

C 
C 

SUBROUTINE F(X,Y,YP) 
DIMENSION Y(l),YP(l) 

C 
C Insert the first order ordinary differential equations here. 
C 

RETURN 
END 

This computer program for solving first-order differential equations consists 
of three parts. The first part is the main program. The second part is Sub­
routine RUNGKO, which is a numerical integrator that uses the Runge-Kutta 
method to solve a system of first-order differential equations. The user of this 
program must define the ordinary differential equations to be integrated in 
the third part, Subroutine F. The arguments that appear in this program are 
as follows: 

x 
Y 
YP 
YOUT 
NEQN 
NSTP 
XI 
XE 
H 

Independent variable that represents time. 
State vector in which the user must store the initial conditions. 
Function F(y, t) in the differential equation. 
The integrated state vector at the current X. 
Number of state equations. 
Number of integration steps. 
Initial time of the simulation. 
End time of the simulation. 
Step size. 

All other vectors are working arrays used in the numerical integration. The 
maximum number of equations that can be solved by this program is 20. If 
the user has more than 20 equations, the dimensions of the arrays must be 
increased. 

Problems 

5.1. Determine analytically the Fourier series expansion for the periodic forcing 
function F(t) shown in Fig. PI. Also determine numerically the Fourier coeffi­
cients assuming that Fo = 10 N. Compare the results obtained numerically with 
the analytical results. 

5.2. Find the forced response of the undamped single degree of freedom system to 
the periodic forcing function shown in Fig. PI. 

5.3. Find the forced response of the single degree of freedom system with viscous 
damping to the periodic forcing function shown in Fig. PI. 
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F(t) 

Fo ---

FIG. PS.l 

S.4. Determine the forced response of the single degree of freedom system shown in 
Fig. P2 to the periodic forcing function shown in Fig. PI. 

F(t) 

FIG. PS.2 

S.S. Obtain the forced response of the damped single degree offreedom system shown 
in Fig. P3 to the periodic forcing function shown in Fig. PI. 

,-• 

m, I 

k 
F(t) 

c 

FIG. PS.3 

S.6. Find the Fourier series expansion of the function F(t) shown in Fig. P4. 
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o n 2n 3n 4n 

FIG. P5.4 

5.7. Find the response of the undamped single degree of freedom system to the 
periodic forcing function shown in Fig. P4. 

5.8. Determine the response of the damped single degree of freedom system to the 
periodic forcing function shown in Fig. P4. 

5.9. Find the response of the single degree offreedom system shown in Fig. P2 to the 
periodic forcing function F(t) shown in Fig. P4. 

5.10. Find the response of the single degree offreedom system shown in Fig. P3 to the 
periodic forcing function F(t) shown in Fig. P4. 

5.11. Determine the response of the single degree offreedom system shown in Fig. P5 
to the periodic forcing function F(t) shown in Fig. PI. 

FIG. P5.5 

5.12. Find the forced response of the single degree of freedom system shown in Fig. 
P5 to the periodic forcing function F(t) shown in Fig. P4. 

5.13. Obtain the Fourier series expansion of the periodic function F(t) shown in Fig. 
P6. 

5.14. Determine the Fourier series expansion of the periodic function F(t) shown in 
Fig. P6, assuming that T = 7t. 

5.15. Determine the forced response of the single degree of freedom system shown in 
Fig. P3 to the periodic forcing function F(t) shown in Fig. P6. 
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F(t\ 

2 

FIG. PS.6 

S.16. Determine the forced response of the single degree offreedom system shown in 
Fig. PS to the periodic forcing function F(t) shown in Fig. P6. 

S.17. Using analytical methods, find the Fourier expansion of the periodic function 
shown in Fig. P7. Also determine numerically the Fourier coefficients assuming 
that Mo = 10 N· m and T = 4 s. Compare the results obtained numerically with 
the analytical solution. 

M(t) 

FIG. PS.7 

c 

FIG. PS.8 
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5.1S. Determine the forced response of the single degree offreedom system shown in 
Fig. PS to the periodic function M(t) shown in Fig. P7. 

5.19. Determine the response of the single degree offreedom system shown in Fig. P9 
to the periodic function M(t) shown in Fig. P7. 

M(t) 
m, I 

k 
c 

FIG. P5.9 

5.20. Determine the response of the single degree offreedom system shown in Fig. PlO, 
where F(t) is the periodic forcing function given in Fig. P6 and M(t) is the periodic 
function shown in Fig. P7. 

F(t) 
~-€f};H 

FIG. P5.10 

c 

5.21. Show that the time tm corresponding to the peak response of a damped single 
degree of freedom system due to an impulsive force is given by the equation 

where Wd is the damped natural frequency and ~ is the damping factor. 

5.22. Determine the maximum displacement of a damped spring-mass system due to 
the excitation of an impulsive force whose linear impulse is I. 
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5.23. If an arbitrary force F(t) is applied to an undamped single degree of freedom 
mass-spring system with nonzero initial conditions, show that the response of 
the system must be written in the form 

x(t) = Xo cos wt + Xo sin wt + - F(-r) sin w(t - ,) d, . I it 
w mw 0 

where Xo is the initial displacement and xo is the initial velocity. 

5.24. Determine the forced response ofthe undamped single degree offreedom spring­
mass system to the forcing function shown in Fig. PI!. 

F(t) ~ 

o 

FIG. P5.11 

5.25. Determine the forced response of the damped single degree of freedom mass­
spring system to the forcing function shown in Fig. PI!. 

5.26. Find the response of the single degree of freedom system shown in Fig. P3 to the 
forcing function shown in Fig. PI!. 

5.27. Determine the response of the damped single degree of freedom mass-spring 
system to the forcing function shown in Fig. P12. 

F(t) 

o 

FIG. P5.12 
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F(t) 

o 

FIG. P5.13 

5.28. Obtain the response of the damped mass-spring system to the forcing function 
shown in Fig. P13. 

5.29. Determine the forced response of the damped single degree of freedom system 
shown in Fig. P3 to the forcing function shown in Fig. P12. 

5.30. A single degree of freedom mass-spring system is subjected to the force shown 
in Fig. Pll. Let m = 1 kg, k = 2 X 103 N/m, Fo = 10 N, tl = 1 s, and t2 = 3 s. 
Use the numerical evaluation of the Duhamel integral to obtain the solution 
assuming zero initial conditions. 

5.31. Repeat Problem 30 assuming that the system is damped with c = 10 N· s/m. 

5.32. Repeat Probelm 30 assuming that the forcing function is replaced by the force 
given in Fig. P12, with Fo = 10 N, and tl = 2 s. 

5.33. Repeat Problem 30 assuming that the forcing function is replaced by the force 
given in Fig. P13, with Fo = 10 N, tl = 1 s, and t2 = 3 s. 

5.34. The equation of motion of a single degree of freedom system is given by 

mx+d:+kx2 =0 

where m = 1 kg, c = 10 N· slm, k = 2500 N/m, Xo = 0, and Xo = 1 m/s. Use 
Euler's method to find the solution of the vibration equation for one cycle 
assuming a step size /1t = 0.01. 

5.35. Repeat Probelm 34 assuming that !:it = 0.001. 



6 
Systems with More Than One 
Degree of Freedom 

Thus far, the theory of vibration of damped and undamped single degree of 
freedom systems was considered. Both free and forced motions of such systems 
were discussed and the governing differential equations and their solutions 
were obtained. Basic concepts and definitions, which are fundamental in 
understanding the vibration of single degree of freedom systems, were in­
troduced. It is the purpose of this chapter to generalize the analytical develop­
ment presented in the preceding chapters to the case in which the systems have 
more than one degree of freedom. We will start with the free and forced 
vibrations of both damped and undamped two degree of freedom systems. 

A system is said to be a two degree of freedom system if only two in­
dependent coordinates are required in order to define completely the system 
configuration. It is important, however, to emphasize that the set of system 
degrees offreedom is not unique, since any two coordinates can be considered 
as degrees offreedom as long as they are independent. Examples of two degree 
offreedom systems are shown in Fig. 1. In Fig. l(a), the displacements Xl and 
X 2 are the system degrees of freedom. For the two degree of freedom system 
shown in Fig. l(b), one may select 81 and 82 to be the system degrees of 
freedom since these two angular displacements are sufficient to determine the 
displacements ofthe two masses. The relationships between the displacements 
of the masses and the independent coordinates 81 and 82 are 

Xl = 11 sin 81 

x2 = 11 sin 81 + 12 sin 82 

The coordinates Xl and X 2 can also be used as the system degrees of freedom. 
Similarly, in Fig. l(c), if we assume that the horizontal motion of the beam is 
not allowed, the system configuration can be identified by using the co­
ordinates y and 8, since the location of an arbitrary point p at a distance a 
from the center of mass of the beam can be written as 

Yp = Y + a sin 8 

237 
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(a) (b) (c) 

FIG. 6.1. Examples of two degree offreedom systems. 

In the following sections we will study the linear theory of vibration of the 
two degree of freedom systems, and develop that theory to approximately the 
same level as was reached with single degree of freedom systems. The last 
section of this chapter will be devoted to a brief introduction to the analysis 
of multi-degree of freedom systems. 

6.1 FREE UNDAMPED VIBRATION 

In this section the differential equations of the free vibration of undamped two 
degree of freedom systems are developed. 

Differential Equations of Motion Figure 2(a) shows an example of a 
two degree of freedom system. The masses m1 and m2 have only the freedom 

X 2 

(a) 

(b) 

FIG. 6.2. Two degree of freedom system. 
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to translate in the horizontal direction, and therefore, one coordinate is 
required to define the position of each mass. The mass ml is connected to the 
ground by a linear spring which has a stiffness coefficient kl' while the two 
masses are connected elastically through the linear spring k 2 • Figure 2(b) 
shows a free body diagram for each mass. Using this free body diagram one 
can easily verify that the equations of motion of the mass ml is given by 

mlj\ = -kIXI + k2 (X 2 - Xl) 

Similarly, the equation of motion of the mass m2 is given by 

m2x2 = -k2(X 2 - Xl) 

(6.1) 

(6.2) 

where Xl and X2 are the coordinates of the masses ml and m2 measured from 
the static equilibrium position. Equations 1 and 2 can be written as 

mlX I + (k l + k2) Xl - k2X2 = 0 

m2x2 + k2x 2 - k2x I = 0 

(6.3) 

(6.4) 

These equations, which represent the differential equations of motion of the 
two degree of freedom system shown in Fig. 2(a), are coupled homogeneous 
second-order differential equations with constant coefficients. Equations 3 
and 4 must be solved simultaneously in order to define the displacement co­
ordinates Xl and X2 of the two masses ml and m2 • 

Solution of the Equations of Motion In order to obtain a solution 
for Eqs. 3 and 4, we follow a procedure similar to the one used for a system 
with one degree of freedom, and assume a solution in the form 

Xl = Xl sin(wt + ¢J) 

X 2 = X 2 sin(wt + ¢J) 

(6.5) 

(6.6) 

where Xl and X 2 are the amplitudes of vibration, w is the circular frequency, 
and ¢J is the phase angle. Differentiating Eqs. 5 and 6 twice with respect to 
time yields 

Xl = -W2X I sin(wt + ¢J) 

x2 = -W2X 2 sin(wt + ¢J) 

Substituting Eqs. 5-8 into Eqs. 3 and 4 yields 

(k l + k2 - w2ml) Xl sin(wt + ¢J) - k2X 2 sin(wt + ¢J) = 0 

(k2 - w2m2) X 2 sin(wt + ¢J) - k2X I sin(wt + ¢J) = 0 

These two equations yield 

(k l + k2 - w2md Xl - k2X 2 = 0 

(k2 - w2m2) X 2 - k2X I = 0 

(6.7) 

(6.8) 

(6.9) 

(6.10) 

One possible solution of these two algebraic equations is the trivial solution 
X I = X 2 = O. Equations 9 and 10 have nontrivial solutions if and only if the 
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determinant of the coefficients of Xl and X2 in these equations is equal to 
zero, that is, 

which yields 

or 

This equation, which is called the characteristic equation, 
function in w 2 , and has the following two roots 

where 

wi= -b+Jb2 -4ac 
2a 

W~= -b-Jb2 -4ac 
2a 

(6.11 ) 

(6.12) 

is a quadratic 

(6.13) 

(6.14) 

Thus, in the case of two degree offreedom systems, the characteristic equation 
yields two natural frequencies, WI and W 2 , that depend on the masses and 
spring constants in the system. Therefore, there are two solutions, one asso­
ciated with the first natural frequency WI and the second associated with the 
second natural frequency W 2 . For WI' Eqs. 9 and 10 yield 

(k l + k2 - wiml ) Xl - k2X2 = 0 

(k2 - Wim2) X2 - k2X l = 0 

Since WI is obtained from Eq. 11, the above two equations provide the same 
ratio between Xl and X 2, that is, 

(6.15) 

where X11 and X21 are, respectively, the amplitudes of the masses ml and m2 , 

if the system vibrates at its first natural frequency WI' Therefore, the solutions 
corresponding to WI can be written as 

Using Eq. 15, one obtains 

X 11 = X 11 sin(wl t + ¢Jd 

X 21 = X21 sin(wlt + ¢Jd 

X 11 = 131 X21 sin(wlt + ¢Jl) 

X 21 = X21 sin(wlt + ¢Jl) 

(6.16) 

(6.17) 
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Similarly, for w2 , Eqs. 9 and 10 yield 

that is, 

P2 = (Xl) = _X_12 = -,,--_-,,--k-=-2_..----_ 
X 2 W=W2 X 22 k1 + k2 - w~m1 

X12 = P2 X 22 sin(w2t + r/12) 

X22 = X 22 sin(w2t + r/12) 

(6.18) 

(6.19) 

(6.20) 

The amplitude ratios P1 and P2 are called the mode shapes or the principal 
modes of vibration. 

The complete solution, Xl and X2' can then be obtained by summing the 
two solutions given by Eqs. 16 and 17 and Eqs. 19 and 20, that is, 

x 1(t) = Xu + X12 = P1 X 21 sin(w1t + r/11) + P2 X 22 sin(w2t + r/12) (6.21) 

x2(t) = x 21 + X22 = X 21 sin(w1t + r/1d + X 22 sin(w2t + r/12) (6.22) 

In these two equations, there are four constants X 21 , X 22 , r/11' and r/12 which 
can be determined using the initial conditions. 

Initial Conditions Differentiating Eqs. 21 and 22 with respect to time, one 
obtains 

x1(t) = W1P1 X 21 COS(W1t + r/11) + W2P2 X 22 COS(W2t + r/12) (6.23) 

X2(t) = W1 X 21 COS(W1t + r/1d + W2X 22 COS(W2t + r/12) (6.24) 

We consider the case in which the initial conditions are given by the initial 
displacements and velocities of the two masses. These initial conditions are 
given by 

X 1(t = 0) = XlO' 

x 2(t = 0) = X20' 

X1(t = 0) = X10 

X2(t = 0) = X20 

(6.25) 

(6.26) 

Substituting these equations into Eqs. 21-24, the following four algebraic 
equations can be obtained 

XlO = P1 X 21 sin r/11 + P2 X 22 sin r/12 (6.27) 

X20 = X 21 sin r/11 + X 22 sin r/12 

X10 = W1P1 X 21 cos r/11 + W2P2 X 22 cos r/12 

X20 = W1X 21 cos r/11 + W2X 22 cos r/12 

(6.28) 

(6.29) 

(6.30) 

These four algebraic equations can be solved for the four unknowns X 21, X 22, 

r/11' and r/12· I Example 6.1 

For the two degree of freedom system sho.wn in Fig. 2,. let m1 = m2 = 5 kg ~nd 
kl = k2 = 2000 N/m and let X10 = X20 = XlO = 0 and X20 = 0.3 m/s. Determme 
the system response as a function of time. 
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Solution. The natural frequencies W 1 and W 2 can be calculated by using Eqs. 13 
and 14, where the constants in these equations are given by 

Thus 

that is, 

a = m1 m2 = (5)(5) = 25 

b = - [m1 k2 + m2(k 1 + k2)] = - [5(2000) + 5(2000 + 2000)] 

= -30,000 

c = k1 k2 = (2000)(2000) = 4 x 106 

2 = 30,000 + J(30,000)2 - 4(25)(4 X 106) = 1047.21 
W 1 2~~ 

w2 = 30,000 - J(30,00W - 4(25)(4 x 106 ) = 152.786 
2 2(25) 

w 1 = 32.361 rad/s, w2 = 12.361 rad/s 

The amplitude ratios /31 and /32 can be determined from Eqs. 15 and 18 as follows 

2000 = -1.6181 
4000 - (1047.21) 5 

2000 = 0.618 
4000 - (152.786) 5 

Applying the initial conditions, Eqs. 27-30 yield 

0= /31 X 21 sin ¢1 + /32 X 22 sin ¢2 

0= X 21 sin ¢1 + X22 sin ¢2 

0= W1/31X21 cos ¢1 + W2/32X22 cos ¢2 

0.3 = W1X 21 cos ¢1 + W2X 22 cos ¢2 

Given the values of w1 , W 2 , /31, and /32' these four equations can be written as 

-1.6181X21 sin ¢1 + 0.618X22 sin ¢2 = 0 

X 21 sin ¢1 + X 22 sin ¢2 = 0 

-52.363X21 COS¢l + 7.639 X 22 cos ¢2 = 0 

32.361X21 cos ¢1 + 12.361X22 cos ¢2 = 0.3 

These algebraic equations can be solved for the four unknowns X 21 , X 22 , ¢1' and 
¢2' It is clear from the first two equations that X 21 sin ¢1 = X 22 sin ¢2 = O. The 
third and fourth equations can be written in the following matrix form 

[ -52.363 7.639] [X21 cos ¢1] [ 0] 
32.361 12.361 X 22 cos ¢2 = 0.3 

The solution of this matrix equation can be obtained by using Cramer's rule or 
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[
X21 cos 4>lJ = [2.562 x 1O-3J 
X22 cos 4>2 1.756 X 10-2 l matrix methods as 

One, therefore, has X 21 = 2.562 X 10-3, X 22 = 1.756 X 10-2, and 4>1 = 4>2 = O. 

6.2 MATRIX EQUATIONS 

It is more convenient to use matrix notations to write the differential equations 
of motion of systems which have more than one degree of freedom. In this 
section, the general matrix equations of the two degree offreedom systems are 
presented and the solution procedure is outlined using vector and matrix 
notations. 

Differential Equations The differential equations of motion given by 
Eqs. 3 and 4, that govern the vibration of the system shown in Fig. 2, can be 
written in a matrix form as 

[ml ° J [~lJ + [kl_+ k2 -k2J [X1J = [OJ ° m2 X 2 k2 k2 X 2 ° (6.31) 

which can be written in a compact matrix form as 

Mx + Kx = 0 (6.32) 

where x and x are, respectively, the vectors of displacements and accelerations 
defined as 

(6.33) 

and M and K are, respectively, the symmetric mass and the stiffness matrices 
of the two degree of freedom system shown in Fig. 2 and are given by 

M = [mol ° J K = [kl + k2 -k2J (6.34) 
m2 ' -k2 k2 

In general, the equations of motion of the free undamped vibration of any two 
degree of freedom system can be written in the matrix form of Eq. 32. These 
equations can be written more explicitly as 

k12J [X1J = [OJ 
k22 X2 ° (6.35) 
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where the mass matrix M and the stiffness matrix K ofEq. 32 are recognized as 

(6.36) 

and the vector x is the vector of coordinates which describes any type of 
translational or rotational motion. The coefficients mij (i, j = 1, 2) in the 
mass matrix are called the mass coefficients or the inertia coefficients. If 
m12 = m2l = 0, there is no inertia coupling between the system coordinates, 
and the two coordinates Xl and X 2 are said to be dynamically decoupled.lfthe 
coefficients m12 and m2l are not equal to zero, the coordinates Xl and X2 are 
said to be dynamically coupled. 

The coefficients kij (i, j = 1, 2) in the stiffness matrix of Eq. 36 are called the 
stiffness coefficients or the elastic coefficients. If the coefficients k12 and k2l are 
equal to zero, the coordinates Xl and X 2 are said to be elastically decoupled; 
otherwise, they are said to be elastically coupled. The coordinates in a two 
degree offreedom system may be dynamically and/or elastically coupled. For 
instance, in the two degree offreedom system shown in Fig. 2, the coordinates 
Xl and X2 are dynamically decoupled since from Eq. 34 we have 

and 

On the other hand, the coordinates Xl and X 2 are elastically coupled since 
from Eq. 34 we have 

Solution Procedure Equation 32 is similar to the differential equation 
of motion of an undamped single degree of freedom system except that scalars 
are replaced by matrices and vectors. In order to solve this matrix equation, 
we follow a procedure similar to the one used for single degree of freedom 
systems and assume a solution in the form 

x = X sin(wt + rjJ) (6.37) 

where w is the circular frequency, r/J is the phase angle, and X is the vector of 
amplitudes given by 

X=[~J 
Differentiating Eq. 37 twice with respect to time yields 

x = -w2X sin(wt + r/J) 
Substituting Eqs. 37 and 39 into Eq. 32 yields 

-w2MX sin(wt + r/J) + KX sin(wt + r/J) = 0 

(6.38) 

(6.39) 
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which can be written as 

[K - w2MJX sin(wt + rjJ) = 0 

Since this equation must be valid at every point in time, one has 

[K - w2MJX = 0 

(6.40) 

(6.41) 

This is a system of homogeneous algebraic equations in the vector of ampli­
tudes X, which has a nontrivial solution if and only if the determinant of the 
coefficient matrix is equal to zero, that is, 

(6.42) 

By using the general definition of the mass matrix M and the stiffness matrix 
K of Eq. 36, the coefficient matrix [K - w2MJ of Eq. 41 can be written as 

and, accordingly, the condition of Eq. 42 implies 

IK _ w2MI = I kll - w:mll k12 - w:m121 
k21 - w m21 k22 - w m22 

= (k ll - w2mll )(k22 - w2m22) - (k12 - w2m12)(k21 - w2m21) 

=0 

which also can be written as 

w4(mllm22 - m12 m21 ) + w2(m12k21 + m21k12 - mll k22 - m22 kll) 

+ kllk22 - k12k21 = 0 

(6.43) 

(6.44) 

This is the characteristic equation which is a quadratic function of w 2 • This 
equation can be solved to determine the roots wi and w~. 

If the mass and stiffness matrices are symmetric, that is, 

and 

the characteristic equation of Eq. 44 reduces to 

w4(mllm22 - mi2) + w2(2m12k12 - mll k22 - m22 k ll ) + kllk22 - ki2 = 0 

Having determined the natural frequencies W 1 and w 2 , the solution can be 
written in a vector form as 

(6.45) 
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where Xl and X2 are the vectors of amplitudes given by 

(6.46) 

As described in the preceding section, Eq. 41 can be used to determine the 
amplitude ratios P1 and P2 corresponding to W1 and W2, where P1 and P2 are 
defined in Eqs. 15 and 18 as 

or 
and 

Therefor~, the vectors Xl and X2 can be written in terms of the amplitude 
ratios P1 and P2 as 

Xl = [P~~:l] = [~1]X21 (6.47a) 

X2 = [P~~:2] = [~2]X22 (6.47b) 

Equation 45 can then be written as 

x = [::] = [~1]X21 sin(w1t + rP1) + [~2]X22 sin(w2 t + rP2) 

= [P1 P2][X21 sin(w1 t + rP1)] (6.48) 
1 1 X22 sin(w2t + rP2) 

As indicated earlier, the solution x contains four arbitrary constants X 21' X 22' 

rP1, and rP2 which can be determined from the initial conditions. Given the 
following initial conditions 

- [XlO] xo - , 
X20 

. - [XlO] xo - . , 
X20 

(6.49) 

one has the following algebraic equations which can be solved for the con­
stants X21 , X22 , rP1' and rP2 

(6.50) 

(6.51) 

I Example 6.2 

Derive the differential equations of motion of the two degree of freedom system 
shown in Fig. 3. 
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(a) (b) (c) 

FIG. 6.3. Two degree of freedom mass-spring system. 

Solution. Since the spring forces balance the weights at the static equilibrium 
position, one can show that the effect of the weights is equal to the spring forces due 
to the static deflection. In the static equilibrium position we have, from Fig. 3(b), 

mig - klAl + k2(A2 - Ai) = 0 

m2g - k2(A2 - Ai) - k3A3 = 0 

(6.52) 

(6.53) 

where ml and m2 are the masses, g is the gravitational constant, kl' k2' and k3 are 
the spring constants, and Ai' A2, and A3 are the static deflections ofthe springs in 
the static equilibrium position. Without loss of generality, we assume that X2 > Xl. 
From the free body diagram shown in Fig. 3 (c), the dynamic equations of the 
vibratory motion of the two degree of freedom system are given by 

ml.x\ = mig - kl(Xl + Ad + k2(X2 + A2 - Xl - Ai) 

m2x2 = m2g - k2(X2 + A2 - Xl - Ad - k3(X2 + A3) 

Using the static equilibrium conditions given by Eqs. 52 and 53, the above differ­
ential equations reduce to 

mlx l + (k l + k2)Xl - k2x2 = 0 

m2x2 + (k2 + k3)X2 - k2x l = 0 

which can be written in a matrix form as 
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or 
Mx+Kx=O 

where M and K are the symmetric mass and stiffness matrices defined by 

M = [m1 0 J, 
o m1 

[
k1 + k1 -k1 ] 

K = -k1 k1 + k3 

Example 6.3 

Determine the differential equations of motion of the two degree of freedom 
torsional system shown in Fig. 4. 

Solution. Let (J1 and (J1 be, respectively, the angles ofrotations of the discs 11 and 
12 , From the free body diagram shown in Fig. 4, and assuming that (J2 > (J1, one 
can verify that the differential equations of motion are 

which yield 

1181 = - k1 (J1 + k1«(J1 - (J1) 

1181 = -k1«(J1 - (Jd - k 3(J1 

1181 + (k1 + k 1 )(J1 - k1(J1 = 0 

11 81 + (k1 + k 3)(J1 - k 1 (J1 = 0 

where k; is the torsional stiffness of shaft i, i = 1, 2, 3, defined as 

k. = G;J; 
I 1; 

where G; is the modulus of rigidity, J; is the polar moment of inertia, and 1; is the 
length of the shaft. By using the matrix notation, the differential equations of motion 
can be written as 

FIG. 6.4. Torsional system. 
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or, equivalently, 
M9 + KO = 0 

where M and K are the symmetric mass and stiffness matrices defined as 

Example 6.4 

The bar AB shown in Fig. 5, which represents a simplified model for the chassis of 
a vehicle, has length I, mass m,and mass moment of inertia I about its mass center 
C. The bar is supported by two linear springs which have constants kl and k2. 
Determine the differential equations of motion assuming that the motion of the bar 
in the horizontal direction is small and can be neglected. 

Solution. Since the displacement of the bar in the x direction is neglected, the 
system configuration can be identified using the two variables y and e, where y is 
the vertical displacement of the center of mass and e is the angular rotation of the 
bar. It is left to the reader as an exercise to show that the weight of the bar cancels 
with the deflection of the springs at the static equilibrium position. Therefore, the 
differential equations of motion are given by 

my = - kl (Y - ~ e) - k2 (Y + ~ e) 

Equilibrium 
I/" -------, position 

./ , 
---- m,i,I ...... -"', 

~. ~=-==.=-===. ~~B : 

'-----~ l~--

Free body diagram Inertia diagram 

FIG. 6.5. Vibration of the rigid bar. 
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For small angular oscillations, cos () ~ 1, and the differential equations re­
duce to 

[ 
my + (k 1 + k2)y + (k2 - k 1 )2() = 0 

.. [2 [ 
I(} + (k2 + kd"4() + (k2 - kd 2Y = 0 

which can be written in matrix form as 

which can be written in a more compact form as 

Mx+Kx=O 

where M and K are the symmetric mass and stiffness matrices given by 

M= [~ ~l 

and the vectors x and x are 

One can then assume a solution in the form 

x = X sin(wt + I/J) 

where X is the vector of amplitudes defined as 

The acceleration vector x is given by 

x = -w2X sin(wt + I/J) 

Substituting x and x into the differential equation one obtains 

[K - w2M] X = 0 

For a nontrivial solution, the determinant ofthe coefficient matrix must be equal to 
zero, and hence 
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which can be written in a more explicit form as 

I kll - w2m k12 I 
k21 k22 - w21 

=0 

where kll = kl + k2' k12 = k2l = (k2 - kd(I/2), and k22 = (k l + k2)(l2/4). 
The characteristic equation is then given by 

(k ll - w2m)(k22 - ( 21) - ki2 = 0 

or 
w41m - w2[mk22 + lkll ] + kllk22 - ki2 = 0 

which yields the following equation 

The roots of this equation are given by 

-b+ Ib2 -4ac w2 ____ V.!,,--__ _ 
1 - 2a ' 

-b-Jb2 -4ac 
w~ = __ ----'::c __ _ 

2a 

where 
a=ml 

b = -(kl + k2)( mi + 1) 

12 
c=4kl k24 

The amplitude ratios Pl and P2 are given by 

12 
(k l + k2 )4 - wil 

1 
(k2 - kl )2" 

12 
(k l + k2 )4 - w~l 

1 
(k2 - kd2" 

The solution is then given by 

Xl = P1X 2l sin(wlt + tPl) + P2 X 22 sin(w2t + tP2) 

X2 = X2l sin(wlt + tPl) + X22 sin(w2t + tP2) 

Selection of Coordinates In the preceding example, the use of the 
vertical displacement of the center of mass y and the angular orientation of 
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the bar (J as the system coordinates leads to a dynamically decoupled system 
of equations in which m12 = mZ1 = O. The selection of other sets of coordi­
nates may lead to a simpler or more complex mathematical model. For 
instance, let us select the vertical displacement of point A as the translational 
coordinate and (J as the rotational coordinate of the bar of the preced­
ing example. In terms of this new set of coordinates, the displacement and 
acceleration of the center of mass, in the case of small oscillations, is given 
by 

I 
Y=Y'+2:(J 

I .. .. - .. + (J Y - Y. 2: 

where Y. is the vertical displacement of the end point A ofthe rod. Using these 
equations with the force diagrams shown in Fig. 5, one can show that the 
equations of motion ofthe bar AB, in the case of small oscillations, is given by 

I .. 
my a + m2:(J + (kl + kz)Y. + k2 l(J = 0 

.. IZ I 
I(J + k22 (J + (kz - k 1 )2: Y' = 0 

which can be written in matrix form as 

which contains both dynamic and elastic coupling. Furthermore, the mass 
and stiffness matrices that appear in this equation are not symmetric. This is 
mainly because the moment equilibrium condition is obtained by taking the 
moments of the inertia and external forces with respect to the center of mass 
of the bar. If the moment equation is defined at point A instead of the center 
of mass, the use of the coordinates Y. and (J leads to symmetric mass and 
stiffness matrices. In fact, the symmetric form ofthe mass and stiffness matrices 
can be simply obtained from the preceding matrix equation by multiplying 
the first equation by 1/2 and adding the resulting equation to the second 
moment equation, leading to 

This equation may be combined with the equation that defines the equilibrium 
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in the vertical direction, leading to 

This equation, in which the resulting mass and stiffness matrices are symmet­
ric, contains both dynamic and elastic coupling between the coordinates Ya 
and e. It is also clear that in terms of one set of coordinates, the form of the 
resulting equations is not unique, since multiplying an equation by a constant 
or adding and/or subtracting two equations remains a valid operation. 

As a third choice of coordinates, one may take Yb and e, where Yb is the 
vertical displacement of point B. By following a similar procedure as described 
before, one can verify that the matrix differential equation of motion of the 
system in terms of these coordinates is given by 

which also exhibits both dynamic and elastic coupling. 

Principal Coordinates It is clear that the choice of coordinates has a 
significant effect on both the inertia (dynamic) and stiffness (elastic) coupling 
that appear in the differential equations. Therefore, a natural question is to 
ask if there exists a set of coordinates that totally eliminates both the inertia 
and stiffness coupling. The answer to this question is positive. In fact, most of 
the steps required to define these coordinates have already been discussed. 
Consider the coefficient matrix formed by the amplitude ratios /31 and /32' and 
shown in Eq. 48. Let us denote this matrix as (J), that is, 

The inertia and stiffness coupling can be eliminated by using the following 
coordinate transformation 

x = (J)q 

where q = [q1 q2]T are called the principal or modal coordinates. 
In order to describe the procedure for obtaining the uncoupled differential 

equations, the results of the preceding example are used. In terms of the 
coordinates Y and e, it was shown that the matrix differential equation is 
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given by 

[ m OJ [~J + [kll k12J [YJ = [OJ ° I () k12 k22 () ° 
where kll = k1 + k2' k12 = (k2 - k1)(l/2), and k22 = (k2 + k1)W/4). 

In order to decouple the preceding two differential equations, the following 
coordinate transformation is used 

where q1 and q2 are called the principal or modal coordinates, and P1 and P2 
are defined in the preceding example. Substituting this transformation into 
the differential equation and premultiplying by the transpose of the matrix «D, 
one obtains 

[ P1 1J [m OJ [P1 P2J [~1J + [P1 1J [kll k12J [P1 P2J [q 1J = ° 
P2 1 ° I 1 1 q2 P2 1 k12 k22 1 1 q2 

which yields 

= [~J 
Using the definition of P1 and P2 and the definition ofw1 and W 2 given in the 
preceding example, one can verify the following 

P1P2m + I = ° 
P1P2 kll + (P1 + (2)k 12 + k22 = ° 

Using these two identities the matrix differential equation reduces to 

which shows that the resulting equations expressed in terms of the principal 
coordinates q1 and q2 are uncoupled. 



6.2. Matrix Equations 255 

Example 6.5 

In the preceding example, let m = 1000 kg, I = 4 m, I = 1300 kg . m 2, k 1 = 50 X 103 
N/m, and k2 = 70 X 103 N/m. Determine the system response as a function oftime 
if the initial conditions are given by 

y(t = 0) = Yo = 0.03, 

8(t = 0) = 80 = 0, 

y(t = 0) = Yo = 0 

O(t = 0) = 00 = 0 

Solution. The constants a, b, and c are given by 

Thus 

a = mI = (1000)(1300) = 1.3 x 106 

b = - [ m(k1 + k2)~ + I(k1 + k2)J 

= - [(1000)(12 X 104 ) (~2 + 1300(12 X 104)J 
= - [4.8 X 108 + 1.56 X 108] = -6.36 X 108 

12 (4)2 
C = 4k1k24 = 4(50 x 103)(70 x 103)4 

= 5.6 x 1010 

2 6.36 X 108 - J40.45 X 1016 - 4(1.3 x 106 )(5.6 x 1010) 
(0 -

1 - 2(1.3 X 106 ) 

6.36 X 108 - 3.366 X 108 = 1.152 X 102 

2.6 X 106 

2 6.36 X 108 + J 40.45 X 1016 - 4(1.3 x 106 )(5.6 x 1010 ) 

(02 = 2(1.3 x 106 ) 

6.36 X 108 + 3.366 X 108 = 3.741 X 102 

2.6 X 106 

which yield 
(01 = 10.731 rad/s, (02 = 19.341 rad/s 

The frequency ratios P1 and P2 are given by 

= -8.333 

= 0.157 
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The solution can then be written as 

It follows that 

y(t) = PI X 21 sin(wl t + ifJd + P2X 22 sin(w2t + ifJ2) 

8(t) = X 21 sin(wlt + ifJd + X 22 sin(w2t + ifJ2) 

y(t) = -S.333X21 sin(1O.731t + ifJd + O.157X22 sin(19.341t + ifJ2) 

8(t) = X 21 sin(1O.731t + ifJd + X22 sin(19.341t + ifJ2) 

The velocities can be obtained by differentiating these two equations with respect 
to time to yield 

y(t) = -S9.421X21 cos(1O.731t + ifJd + 3.037X22 cos(19.341t + ifJ2) 

8(t) = 10.731X21 cos(10.731t + ifJl) + 19.341X22 cos(19.341t + ifJ2) 

The constants X 21 , X 22 , ifJl, and ifJ2 can be determined using the initial conditions 

Yo = 0.03 = -S.333X21 sin ifJl + 0.157X22 sin ifJ2 

80 =0 = X 21 sin ifJl + X22 sin ifJ2 

Yo = 0 = -S9.421X21 cos ifJl + 3.037X22 cos ifJ2 

80 =0 = 10.731X21 cos ifJl + 19.341X22 cos ifJ2 

6.3 DAMPED FREE VIBRATION 

In the preceding sections, we considered the free undamped vibration of two 
degree of freedom systems. In this section, the effect of viscous damping on 
the free vibration of the two degree of freedom system is discussed. 

Differential Equations of Motion The two degree of freedom system 
shown in Fig. 6 consists of two masses m1 and m2 connected to each other 

kCIIXX.II-i ... " •.... , .•... , .•. , .. , •... " •.... , .•... ,,., ... , •... " •... , .•... " •... , •.• , ••... , .•.. " •... , ••.. " •. ,.,.~X2 -XI) +-----1 ml~2 -~x~d)llllill 
FIG. 6.6. Two degree of freedom system with viscous damping. 
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and to the ground by springs which have coefficients kl and k2 and viscous 
dampers which have coefficients Cl and C2. Let Xl(t) and X2(t) denote the 
displacements of the two masses and xl (t) and x2 (t) denote the velocities. 
Without any loss of generality, we assume that X2(t) > Xl (t) and x2(t) > Xl (t). 
Using the free body diagrams shown in Fig. 6, one can verify that the equations 
of motion of the two masses can be written as 

mlxl = -klXl + k2(X2 - Xl) - ClXl + C2(X2 - Xl) 
m2X2 = -k2(X2 - xd - C2(X2 - Xl) 

which can be written as 

ml Xl + (Cl + C2) Xl - C2 X2 + (kl + k2) Xl - k2X2 = 0 

m2X2 + C2X2 - C2 Xl + k2x2 - k2x l = 0 

These two equations can be written in matrix form as 

[ml 0 J[~lJ + [Cl + C2 -C2J[~lJ + [kl + k2 -k2J[XlJ = [OJ o m2 X2 -C2 C2 X2 -k2 k2 X2 0 

or, equivalently, 
Mx+Ci+Kx=O (6.54) 

The matrix M is recognized as the mass matrix 

M=[::: :::J=[~l ~J (6.55) 

The matrix C is defined as the damping matrix 

C = [Cll C12J= [Cl +c2 -C2l C2l C22 -C2 C2 (6.56) 

and K is the stiffness matrix 

K = [kll 
k2l 

k 12J = [kl + k2 
k22 -k2 

-k2J 
k2 

(6.57) 

The acceleration, velocity, and displacement vectors X, i, and x are given by 

x= [::J, i = [~:J, x = [::J (6.58) 

Equation 54 is the general form of the differential equations of motion that 
govern the linear free vibration of the damped two degree offreedom systems. 

Solution Procedure Following a procedure similar to the one used with 
the single degree of freedom system, we assume a solution in the form 

x(t) = Xe't = [~JeSl (6.59) 
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or 
Xl (t) = Xl est 

x 2 (t) = X 2 est 

Differentiating Eq. 59 with respect to time yields the velocity and acceleration 
vectors 

x(t) = sXest 

x(t) = s2Xest 

(6.60) 

(6.61) 

Substituting Eqs. 59-61 into the differential equation of motion given by Eq. 
54 yields 

s2MXest + sCXest + KXest = 0 

which can be written as 

[s2M + sC + KJ Xest = 0 

Since this equation must be satisfied all the time, one has 

[s2M + sC + KJ X = 0 

(6.62) 

(6.63) 

This is a homogeneous linear algebraic matrix equation in .he two unknowns 
Xl and X 2 • This equation can be written in a more explicit form as 

[
S2mll + sC ll + kll 

s2m21 + SC21 + k21 
(6.64) 

Equation 63 or, equivalently, Eq. 64 has a nontrivial solution if and only if 
the determinant of the coefficient matrix is equal to zero, that is, 

or 

Is2mll + SCll + kll 

s2m2l + SC2l + k21 

This leads to the following characteristic equation 

(s2m ll + sC ll + k ll )(s2m22 + SC 22 + k22 ) 

- (s2m12 + sC 12 + k12)(s2m21 + SC21 + k21 ) = 0 

which can be written as 

(m ll m22 - m12 m2d S4 + (m22 cll + mll c22 - m12 c21 - m2I c12 ) S3 

+ (mllk22 + m22kll + Cll C22 - ml2k21 - m2l k 12 - Cl2 C21 ) S2 

(6.65) 

(6.66) 

+ (c ll k22 + C22kll - Cl2k21 - C2l k12 ) S + kllk22 - k12k21 = 0 (6.67) 

This equation is offourth degree in s, and it can be shown that if the damping 
coefficients are zero, this equation reduces to the characteristic equation of 
the undamped system given by Eq. 44. Equation 67 has four roots denoted as 
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Sl' S2' S3' and S4' By examining the coefficients in this equation, it can be shown 
that there are three possibilities regarding the roots of this equation. These 
possibilities are: 

(1) All four roots are negative real numbers. 
(2) All four roots are complex numbers. In this case, the roots will be two 

pairs of complex conjugates having negative real parts. 
(3) Two roots may be real and negative, and the other two roots are complex 

and conjugate. 

In the following we discuss these three cases in more detail. 

Negative Real Roots If the four roots are real and negative, there is an 
independent solution associated with each root, and the complete solution is 
the sum of the four independent solutions. In a similar manner to the case of 
the undamped free vibration, the displacement vector can be written as 

x 1 (t) = /31X21es,t + /32X22es2t + /33X23es3t + /34X24es4t 

X2(t) = X 21 es,t + X22es2t + X23es3t + X24es4t 

where /31' /32' /33, and /34 are the amplitude ratios, defined as 

(6.68) 

(6.69) 

The amplitude ratios /3i (i = 1, 2, 3, 4) are obtained from Eq. 64, by substituting 
S = Si (i = 1, 2, 3,4). 

Since, in this case, the roots Sl' S2' S3' and S4 are all real and negative, the 
solution obtained is a decaying exponential function and, accordingly, the 
displacements exhibit no oscillations. This case represents the case of large 
damping, and the system returns to its equilibrium position without oscil­
lation in a similar manner to the overdamped single degree of freedom 
system. 

Complex Roots In this case, the roots, which occur as pairs of com­
plex conjugates with negative real parts, can be written in the following 
form 

Sl = -P1 + in 1 

S2 = -P1 - in 1 

S3 = -P2 + in2 

S4 = -P2 - in2 

(6.70) 

where P1' P2' n1> and n2 are positive real numbers. The solution can then be 
written as 

(6.71) 

(6.72) 
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Substituting the value of Sl' Sz, S3' and S4 into Eq. 64, the amplitudes Xli 
(i = 1,2,3, 4) can be written in terms of the amplitudes X Zi (i = 1,2,3, 4) using 
the amplitude ratios f3i defined as 

f3i = (Xl) = Xli (6.73) 
X z s=s, X Zi 

Equations 71 and 72 can then be written as 

xl(t) = f3 l X zl es,t + f3zXzzes2t + f33X23es3t + f34Xz4es4t 

xz(t) = X 21 es,t + Xzzes2t + XZ3es3t + XZ4es4t 

(6.74) 

(6.75) 

These two equations have four arbitrary constants XZl ' Xzz , X Z3 ' and X Z4 
which can be determined from the initial conditions. It is, however, more 
convenient to express the solutions Xl (t) and xz(t) in terms of the harmonic 
functions. To this end, we follow a procedure similar to the one used in the 
case of the underdamped free vibration of single degree of freedom systems. 

Substituting Eq. 70 into Eqs. 74 and 75 yields 

xl(t) = f3lXZle(-p,+iO.,)t + f3zXzze(-p,-iO.tlt + f33 X Z3 e(-P2+ in2)t 

+ f34 X Z4 e(-P2- in2)t 

xz(t) = XZle(-P,+intlt + Xzze(-p,-intlt + X z3 e(-P2+in2)t + X z4 e(-P2- in2)t 

These two equations can be rewritten as 

xl(t) = e-P!l(f3lX21eiO.,t + f3zXzze-in,t) + e-P2t(f33XZ3ein2t + f34Xz4e-in2t) 

xz(t) = e-P,t(X21 ein ,t + Xzze-iO.,t) + e-P2t(XZ3eiO.2t + XZ4e-in2t) 

Euler's formula yields 

eiO.,t = cos Q l t + i sin Q l t 

e-iO.,t = cos Q l t - i sin Ql t 

eiO.2t = cos Qz t + i sin Qz t 

e-in2t = cos Qzt - i sin Qzt 

Substituting these equations into the equations for Xl and Xz yields 

xl(t) = e-P!l[(f3l X zl + f3zX zz ) cos Qlt + i(f3l X Zl - f3zX zz ) sin Qlt] 

+ e-P2t [(f33 X z3 + f34 X Z4) cos Qzt + i(f33XZ3 - f34XZ4) sin Qzt] 
(6.76) 

XZ(t) = e-P'I[(XZl + Xzz ) cos Qlt + i(XZl - Xzz ) sin Qlt] 

+ e-P2t[(XZ3 + X Z4 ) cos Qzt + i(XZ3 - X Z4 ) sin Qzt] (6.77) 

Since the displacements Xl (t) and xz(t) are real, one can show that the coeffi­
cients of the sine and cosine functions in the above two equations are real. 
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One can also show that the above two equations can be written as 

xl(t) = Cl1e~:': S~n(Olt + rPll) + C12e~:2: s~n(02t + rP12)} (6.78) 

x 2(t) = C21 e 'sm(01t + rP21) + C22 e 2 sm(02t + rP22) 

where the coefficients Cll , C12 , C21 , C22 , rPll' rP12' rP21' and rP22 can be written 
in terms of the four arbitrary constants X 21 ' X 22 , X 23 , and X 24. The solution 
in this case is represented by exponentially decaying harmonic oscillations, 
which is a case similar to the case of the free vibration of underdamped single 
degree of freedom systems. 

Real and Complex Roots This case occurs when two roots, say 8 1 and 
82 , are real and negative and the other two roots, 83 and 84 , are complex 
conjugates. The roots 8 3 and 84 can be written, in this case, as 

8 3 = -p + iO 

84 = -p - iO 

where p and 0 are positive numbers. The displacements Xl (t) and x 2(t) can 
then be written as 

xl(t) = f31X 21 es,t + f32X22es2t + f33X23e(-P+iO.)t + f34 X 24e(-p-iQ)t 

x 2(t) = X 2l es,t + X22es2t + X 23 e(-p+iQ)t + X 24e(-p-iQ)t 

where 131, 132, 133, and 134 are the amplitude ratios and X 21 , X 22 , X 23 , and X 24 
are constants to be determined from the initial conditions. The above two 
equations can be rewritten as 

xl(t) = f31X21es,t + f32X22es2t + e-Pt[(f33X23 + f34X24) cos Ot 

(6.79) 

x 2(t) = X 21 es,t + X22es2t + e-Pl[(X23 + X 24 ) cos Ot + i(X23 - X 24 ) sin Ot] 
(6.80) 

The displacements Xl (t) and x 2 (t) can also be written in the following alterna­
tive form 

x 1(t) = f31X21es,t + f32X22es2t + Clle-Pt sin(Ot + rPll) 

X2(t) = X 21 es,t + X22es2t + C22 e- pt sin(Ot + rP22) 

(6.81) 

(6.82) 

where the constants Cll , C22 , rPll' and rP22 can be expressed in terms of the 
two constants X 23 and X 24 and the amplitude ratios 133 and 134' 

I Example 6.6 

Determine the matrix differential equations of motion of the damped two degree 
of freedom system shown in Fig. 7. 
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Massless 
rod of length 

FIG. 6.7. Small oscillations of the two degree offreedom system. 

Solution. Let 01 and O2 be the system degrees of freedom. Without loss of generality, 
we assume that O2 > 01 and 82 > 81 . We also assume that the angular oscillation 
is small such that the motion of the masses in the vertical direction can be neglected. 
From the free body diagram shown in the figure and by taking the moments about 
the fixed point, one can show that the differential equation of motion of the first 
mass is given by 

Similarly, for the second mass, one has 

m21202 = -ka2(02 - ( 1) - ca2(82 - 8d - m2g lfJ2 

These differential equations can be rewritten as 

m1 [201 + ca281 - ca282 + (ka2 + m1gl) 01 - ka202 = 0 

m2[202 + ca282 - ca281 + (ka2 + m2gl) O2 - ka201 = 0 
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which can be written in matrix form as 

This equation can be written in compact form as 

MO + CO + KO = 0 

where 0, 0, and 0 are the vectors 

and M, C, and K are, respectively, the mass, damping, and stiffness matrices defined 
as 

Example 6.7 

Determine the matrix differential equations of motion of the damped two degree 
of freedom system shown in Fig. 8 and identify the mass, damping, and stiffness 
matrices. 

my 

FIG. 6.8. Coupled linear and angular oscillations. 
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Solution. Assuming that the motion in the horizontal direction can be neglected, 
and applying D'Alembert's principle, the differential equations of motion can be 
written as 

my = -CIty - a8) - kl(y - aO) - c2 Cy + b8) - k2(y + bO) 

Ie = cI(Y - a8)a + kl(y - aO)a - c2(Y + b8)b - k2(y + bO)b 

In developing these equations, we assumed that the weight and the static deflections 
at the equilibrium position can be eliminated from the dynamic equations by using 
the static equations of equilibrium. The above differential equations can be re­
written as 

my + (c i + c2)Y- (c i a - c2b)8 + (k i + k2)y - (k i a - k2b)0 = 0 

Ie + (c Ia2 + c2b2)8 - (cIa - c2b)y + (k Ia2 + k2b2)0 - (kia - k2b)y = 0 

which can be written in the following matrix form 

[ ki + k2 k2b - kia J[YJ [OJ 
+ k2b-kl a kIa2 +k2b2 0 = 0 

where the mass matrix M, the damping matrix C, and the stiffness matrix K can be 
identified as 

Example 6.8 
In the preceding example, let m = 1000 kg, I = 4 m, a = b ;= 1/2 = 2 m, I = 1300 
kg· m2, ki = 50 X 103 N/m, k2 = 70 X 103 N/m, and CI = C2 = 10 N· s/m. De­
termine the system response as a function of time if the initial conditions are given by 

y(t = 0) = Yo = 0.03 

O(t = 0) = 00 = 0 

:y(t = 0) = Yo = 0 

8(t = 0) = 80 = 0 

Solution. The mass matrix M, the damping matrix C, and the stiffness matrix K 
are given by 

M = [m OJ = [1000 0 J o I 0 1300 
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One can show that, in this example, the characteristic equation is given by 

mIs4 + [I(CI + cz) + m(claZ + cZbZ)]S3 + [m(k l a2 + kzbZ) 

+ I(kl + kz) + (c l + cZ)(claZ + czbz)]sz + [(c l + cZ)(klaZ + kzbZ) 

+ (claZ + czbz)(kl + kz)]s + (k l + kz)(klaZ + kzbZ) - (klb - kla)l = 0 

that is, 

or 
S4 + 0.08154s3 + 4.892 X 101 s1 + 14.769s + 4.3077 = 0 

The roots of this polynomial are 

Sl = -0.0104 + 1O.7i, 

S3 = -0.0304 + 19.3i, 

Sl = -0.0104 - 1O.7i 

S4 = -0.0304 - 19.3i 

The amplitude ratios Pi defined by Eq. 69 can be obtained using Eq. 64 as 

which yields 

p. = Xli = _ mlzst + Cl2 Si + k12 
'X2i m l1 st + Cl1 Si + kl1 

m22 st + C22 Si + k22 

m21st + C21 Si + k21 

PI = - 8.279 - 0.01417i 

P2 = - 8.279 + 0.01417i 

P3 = 0.106 - 4.645 x 1O-4 i 

P4 = 0.106 + 4.645 x 1O-4 i 

The solution can then be written using Eqs. 76 and 77 as 

y(t) = e-O.Ol04'[(PIX21 + P2X22) cos 1O.7t + i(PI X 21 - P2X21) sin 1O.7t] 

+ e-O.0304'[(P3X23 + P4XZ4) cos 19.3t + i(P3X23 - P4XZ4) sin 19.3t] 

(}(t) =e-O.Ol04'[(X21 + X 22 ) cos 1O.7t + i(Xll - X 22 ) sin 1O.7t] 

+ e-O.0304'[(X23 + X 24) cos 19.3t + i(X23 - X 24 ) sin 19.3t] 

Note that these two equations have only four unknown amplitudes Xli' X 12 , X 23 , 
and X 24 which can be determined by using the initial conditions. To this end, we 
introduce the new real constants BI> Bz, B3, and B4 defined as 

BI = Xli + X Z2 , 

B3 = X 13 + X 14, 

Bl = i(X21 - X 12 ) 

B4 = i(X23 - X 24 ) 

Observe that since the amplitude ratios appear as complex conjugates in the form 
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f3i = (Xi ± iYi, one has 

f3IX21 + f32X22 = (XIBI + yIB2 

i(f3I X 21 - f32 X 22) = -YIBI + (XI B2 

f33 X 23 + f34 X 24 = (X3 B3 + Y3 B4 

i(f33 X 23 - f34 X 24) = -Y3 B3 + (X3 B4 

where (XI = (X2 = -8.279, 1'1 = 1'2 = -0.01417, (X3 = (X4 = 0.1058, and 1'3 = 
1'4 = -4.645 X 10-4 • Therefore, in terms of the new constants BI, B2, B3, and B4, 
the coordinates y and 8 can be written as 

y(t) = e-O.OI04t[((XIBI + YIB2) cos 1O.7t + (-YIBI + (XIB2) sin 1O.7t] 

+ e-O.0304t[((X3B3 + Y3B4) cos 19.3t + (-Y3B3 + (X3B4) sin 19.3t] 

8(t) = e-o.oI04t[BI cos 1O.7t + B2 sin 1O.7t] 

+ e-O.0304t[B3 cos 19.3t + B4 sin 19.3t] 

Observe that these two equations can be expressed in the form given by Eq. 78. By 
using the initial conditions, one can verify that the constants BI , B2, B3, and B4 are 

BI = -0.358 X 10-2, 

B3 = 0.358 X 10-2, 

B2 = -0.105 X 10-4 

B4 = 0.915 X 10- 5 

6.4 UNDAMPED FORCED VIBRATION 

Thus far, we have only considered the undamped and damped free vibration 
of two degree of freedom systems. In this section, we consider the undamped 
forced vibration of such systems due to harmonic excitations. In Fig. 9, which 
shows an example of a two degree of freedom system, the harmonic forces 
Fl (t) and F2 (t) are applied to the masses m1 and m2, respectively. From the 

FIG. 6.9. Forced undamped vibration. 
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free body diagram shown in the figure, the two differential equations that 
govern the motion of the two masses are 

ml.x\ = -klXl + k2 (X 2 - Xl) + Fl sin wrt 

m2x2 = -k2 (X 2 - Xl) + F2 sin wrt 

These two equations can be written as 

mlXl + (k l + k2 )X l - k2 x 2 = Fl sin wrt 

m 2 x 2 + k2 x 2 - k2x l = F2 sin wrt 

(6.83) 

(6.84) 

These equations are linear second-order nonhomogeneous coupled diff~r­
ential equations which can be written in matrix form as 

(6.85) 

This matrix equation is a special case of the general matrix equation which 
governs the motion oftwo degree offreedom systems and which can be written 
in compact form as 

Mi + Kx = F sin wrt (6.86) 

where the mass matrix M and the stiffness matrix K are given by 

K = [kll 
k2l 

(6.87) 

The forcing function F and the vectors i and x are given by 

F = [~:J, i = [~:J, x= [::J (6.88) 

As in the case of the single degree of freedom system, we assume a solution in 
the form 

x(t) = X sin wrt 

where X is the vector of amplitudes given by 

that is, 

Xl(t) = Xl sin wrt 

x 2 (t) = X2 sin wrt 

(6.89) 

(6.90) 

Differentiating Eq. 89 twice, with respect to time, yields the acceleration vector 

i(t) = - wf X sin wrt (6.91) 
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Substituting Eqs. 89 and 91 into Eq. 86 yields 

-w1MX sin wft + KX sin wft = F sin wft 

which yields the following matrix equation 

[K - w1M]X = F (6.92) 

This equation can be written in a more explicit form using the definition of 
M and K given by Eq. 87 as 

(6.93) 

Using Cramer's rule, it is an easy matter to verify that the amplitudes Xl and 
X2 are given by 

I kll - w~mll F11 
k21 - Wf m21 F2 

X 2 = ,,-----'----------------,-------'.---, 
kll - w1mll k12 - w1m12 
k21 - w1m21 k22 - w1m22 

provided that the determinant of the coefficient matrix in Eq. 93 is not equal 
to zero, that is, 

(k ll - w1mll )(k22 - w1m22 ) - (k12 - w1m12)(k21 - W1m2d # 0 (6.96) 

Clearly, if the determinant of the coefficient matrix in Eq. 93 is equal to zero, 
one has the characteristic equation which was presented in its general form in 
Section 2. This characteristic equation can be solved for the natural fre­
quencies W1 and W2. It is therefore clear that if Wf = W1 or Wf = W2, the 
denominators in Eqs. 94 and 95 are identically zero, and the system exhibits 
the resonance phenomena observed in the case of an undamped single degree 
of freedom system. This case, however, is different from the case of a single 
degree offreedom system, in the sense that there are two resonant frequencies 
which occur when W f = W 1 or when Wf = W 2 . This can also be illustrated by 
writing the denominators in Eqs. 94 and 95 in the following form 

(m ll m22 - m12 m2dwi - (mllk22 + m22kll - m12k21 - m21 k12)w1 

(6.97) 
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which can be written in compact form as 

awt+bwl+c 

where 

b = -(mllk22 + m22kll - m12 k21 - m21 k 12 ) 

c = kllk22 - k12k21 

(6.98) 

} (6.99) 

In terms of these constants, we have previously shown that the natural 
frequencies Wi and W 2 can be written as 

2 _ -b + Jb2 - 4ac 
Wi - 2a ' 

W~ = - b - Jb2 - 4ac 
2a 

which show that 

and 

2 2 b 
Wi + W2 = -­

a 

One can then write the denominators of Eqs. 94 and 95 which are given by 
Eq. 98 as 

awt+bwl+c= 

( 4 + b 2 + c) [4 (2 2) 2 2 2] a We aWe a =a We - Wi +W2 We +W1W2 

= a(wl- w~)(wl- wD 

Therefore, Eqs. 94 and 95 can be written in a more simplified form as 

- 1 Fl (k22 - wlm22 ) - F2(k12 - wlm12) 
Xl = a (wl- w~)(wl- wD 

(6.100) 

- 1 F2(kll - wlmll) - Fl (k21 - wlm2d 
X 2 = - (2 2)( 2 2) a We - Wi We - W2 

(6.101) 

where a is a constant defined by Eq. 99. It is clear that each mass will exhibit 
resonance, even in the special case in which a force acts only on one mass. For 
instance, if we consider the special case in which F2 = 0, Eqs. 100 and 101 
reduce to 

If the forced frequency We of the force Fl (t) is equal to either Wi or W2' the 
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denominators in the above two equations are identically zero and Xl and X2 

approach infinity. 
Having determined Xl and X2 given by Eqs. 100 and 101, one can use 

Eq. 89 to write expressions for the forced response of the two degree of 
freedom systems. 

I Example 6.9 

I Determine the forced response of the undamped two degree of freedom system 
shown in Fig. 9, assuming that the force F2(t) = O. 

Solution. In this case, we have 

that is, 

The constant a of Eq. 99 is given by 

Therefore, the amplitudes Xl and X2 ofEqs. 100 and 101 are, in this case, given by 

where the natural frequencies W l and W2 are obtained using the constants of Eq. 
99 as 

wi = -b + Jb2 - 4ac 
2a 

ml k2 + m2(k l + k2) + J[m l k2 + m2(kl + k2)]2 - 4mlm2klk2 

2ml m2 

2 -b-Jb2 -4ac 
w 2 = 2a 

ml k2 + m2(kl + k2) - J[m l k2 + m2(k l + k2)]2 - 4ml m2kl k2 
2ml m2 

The forced responses, Xl (t) and X2 (t), of the two masses m l and m2 can then be 
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FIG. 6.l0. Resonance curve. 

Xl (t) = Xl sin wrt 

xz(t) = Xz sin wrt 

Plots of the steady state amplitudes Xl and X z versus the frequency Wr are shown in 
Fig. 10. In this figure, the amplitude Xl approaches zero when Wr approaches Jkz/mz. 

Example 6.10 

Determine the steady state response of the two degree of freedom system shown in 
Fig. 11, assuming small oscillations. 

Solution. Assuming Bz > Bl and 8z > 81 , and using the free body diagram shown 
in the figure, we obtain the following two differential equations 

mllZjj = klf(Bz - Bl ) - mlgl(}l + FI sin wrt 

mzlZjjz = -klf(Bz - Bd - mzgl(}z + Tsin wrt 



272 6. Two Degree of Freedom Systems 

k 

FIG. 6.11. Forced small oscillations of two degree offreedom system. 

which can be written in matrix form as 

in which we recognize 

The constants of Eq. 99 are then defined as 

a = m1m214 

m12 = m21 = 0 

k12 = k21 = -kl; 

b = - [ml12(kt; + m2gl) + m212(kl; + mlgl)] 

= -2m1m2g1 3 - (ml + m2)kI21; 

c = (kl; + m 1gl)(kt; + m2gl) - k2lt 

= mlm2(gl)2 + klrgl(ml + m2) 

In terms of these constants, the natural frequencies 0)1 and 0)2 are given by 

-b + Jb2 - 4ac 
0)1 = 2a ' 

-b - Jb2 - 4ac 
0)2 = -----':2=-a---



6.5. Vibration Absorber of the Undamped System 273 

In order to obtain the steady state response, assume a solution in the form 

[{}IJ . [01J . 9 = {}Z = e sm wft = 0 z sm wft 

Substituting this assumed solution into the differential equations, the amplitudes 
0 1 and 0 z can be determined using Eqs. 100 and 101 as 

1 FII[k/f + mzgl - wfmzlZ] + Tkl; 
0 1 = --1-4 (Z Z)( Z Z) ml mz W f - WI W f - W z 

6.5 VIBRATION ABSORBER OF THE UNDAMPED SYSTEM 

It was shown in the preceding chapters that a single degree offreedom system 
exhibits resonant conditions when the frequency of the forcing function is 
equal to the natural frequency of the system. In order to avoid undesirable 
resonance conditions in many applications, the system stiffness and inertia 
characteristics must be changed. Another approach, to alleviate the resonant 
conditions, is to convert the single degree of freedom system to a two degree 
of freedom system by adding an auxiliary spring and mass system. The 
parameters of the added system can be selected in such a manner that the 
vibration of the main mass is eliminated. 

Consider the two degree offreedom system shown in Fig. 12. The frequency 
of the forcing function Fl (t) is denoted as Wf. The equations that govern 
the vibration of this system can be obtained as a special case from Eq. 85, 
where the force F2 (t) is zero, that is, in this case, the matrix equation is given by 

Main system Absorber system 
,. - - - - - - - - - - - -I r - - - - - - - - - -1 
I II I 
I FI (t) = FI sin wft I I I 
I .. II I 

.--__ ----, I I I 
II I 
I I k2 I 
I I m2 I 

II 
......... r-----, ........... I I 

~~7.0~~~~~1Z~T/7~~7.0~~1 I L ____________ J 1 __________ ...J 

FIG. 6.12. Vibration absorber. 
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Following the procedure described in the preceding section, one can verify 
that the steady state amplitudes can be obtained from Eq. 93 as follows 

[ kl + k2 - wlml -k~] [~l] = [Fl] (6.103) 
- k2 k2 - Wc m2 X 2 0 

This is a nonhomogeneous system of algebraic equations which can be solved 
for the steady state amplitudes Xl and X2 as follows 

[ Xl] 1 [k2 - wlm2 k2 ] [Fl] 
X2 = Li: k2 kl + k2 - wlml 0 

(6.104) 

where A is the determinant of the coefficient matrix of Eq. 103 given by 

A = (k l + k2 - wlml)(k2 - wlm2) - k~ (6.105) 

Using this equation, the steady state amplitudes Xl and X2 can be written in 
a more explicit form as 

- (k2 - m2 wl)Fl 
Xl = (k l + k2 - wlmd(k2 - wlm2) - k~ (6.106) 

- k2Fl 
X 2 = (k l + k2 - wlml )(k2 - wlm2) - k~ (6.107) 

It is clear from Eq. 106 that the steady state amplitude of the mass ml is zero 
if we select m2 and k2 such that 

k2 2 
-=wc 
m2 

(6.108) 

If this condition is satisfied Xl is identically zero, and the determinant A of 
Eq. 105 or, equivalently, the denominator in Eq. 107 reduces to - k~, that is, 
the steady state amplitude X2 of the second mass is given by 

- Fl 
X 2 = --

k2 

and the steady state response of m2 is given by 

( ) -. Fl . 
X2 t = X 2 sm wct = - k sm wct 

2 

(6.109) 

(6.110) 

In this case, since Xl (t) = 0, the force exerted on the mass m l by the spring k2 
is given by 

Fs = k2(X 2 - xd = k2x2 = k2 ( - :: sin wct) = -Fl sin wct 

which is a force equal in magnitude and opposite in direction to the applied 
force Fl sin wct. 
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It is therefore clear that, by a proper choice of the spring k2 and the 
mass m2 , the motion of the mass ml can be brought to zero. Therefore, the 
vibration of the undamped single degree of freedom system can be alleviated 
by converting it to a two degree of freedom system, and selecting the added 
mass and spring in an appropriate manner to satisfy Eq. 108. The added 
system which consists ofthe mass m2 and the spring k2 is known as a vibration 
absorber. If the condition of Eq. 108 is not satisfied, the displacement of the 
main mass ml will not be equal to zero. It is also important to note that by 
adding the absorber system, the single degree of freedom system is con­
verted to a two degree offreedom system which has two resonant frequencies 
instead of one. Therefore, the use of the vibration absorber is recommended 
when the frequency W f of the forcing function is known and constant. 
This is, in fact, the case in many engineering applications such as rotating 
machinery. 

In order to better understand the relationships between the parameters of 
the main system and the parameters of the added system we define the 
following quantities 

(6.111) 

where Wm is the natural frequency of the main system alone, w. is the natural 
frequency of the absorber system alone, r. and rf are dimensionless frequency 
ratios, y is a dimensionless parameter which represents the ratio of the absor­
ber mass to the main mass, and Xo is the static deflection of the main system 
due to the force amplitude Fl' The steady state amplitudes Xl and X2 can be 
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I~:I 
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I 
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I 

FIG. 6.13. Resonance curve. 

written in terms of these parameters as 

- Xo 
X2=(1 22)(12) 2 + yra - r f - rfa - yra 

Wf 
rfa =­

w. 

(6.112) 

(6.113) 

Figure 13 shows the dimensionless amplitude ratio (XdXo) versus the fre­
quency ratio rfa = wr/wa for a given mass ratio y = m2 /m 1 • If rfa = 1, that is, 
Wf = Wa , the steady state amplitude of the main mass is identically zero. This 
is the case in which the parameters of the absorber system are selected to 
satisfy the condition ofEq. 108. It is also clear from the figure that the absorber 
is very effective over a small region in which W! < Wf < W 2 , where W 1 and W2 

are natural frequencies of the two degree of freedom system. Therefore, the 
absorber will be useful in reducing the vibration in systems where there is no 
significant variation in the forced frequency Wf. 

6.6 FORCED VIBRATION OF DAMPED SYSTEMS 

Figure 14 shows a two degree of freedom system which consists of the masses 
m 1 and m2 connected by the springs k1 and k2 and the dampers C1 and C2' Let 
F1 (t) and F2 (t) be two harmonic forces that act on the masses m1 and m2 , 
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k2 (X2 - Xl) + C2 (X2 - Xl) 
+ Fl sin wrt 

FIG. 6.14. Forced damped vibration of two degree offreedom system. 

respectively. From the free body diagram shown in Fig. 14, and assuming that 
X2 > Xl and x2 > Xl' it can be shown that the differential equations of motion 
of the two degree of freedom system shown in the figure can be written as 

ml:x\ = FI sin wft + C2 (X2 - Xl) - CIXI + k 2 (X 2 - xd - klx l 

m2 x2 = F2 sin wft - C2 (X2 - Xl) - k 2 (X 2 - xd 

which can be written as 

mix i + (c i + C2 )XI - C2 X 2 + (k l + k2 )X I - k2 x2 = FI sin wft 

m2 x2 + C2 X 2 - C2XI + k2 x 2 - k2 x I = F2 sin wft 

or in matrix form as 

In general, given a two degree of freedom system which is subjected to a 
general harmonic excitation expressed in the following complex form 

f(t) = Fe iwrt = F(cos wft + i sin wft) 
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where 

F = [~J, 
the matrix differential equation that governs the vibration of this system can 
be written as 

Mi + Cx + Kx = Fei""t (6.114) 

where M, C, and K are, respectively, the mass, the damping, and the stiffness 
matrices given in the following general form 

and x and i are the vectors 

x = [::], i = [~:] 

k12] (6.115) 
k22 

(6.116) 

In order to obtain the steady state response of the two degree of freedom 
system due to harmonic excitation, we assume a solution in the following 
complex form 

(6.117) 

Substituting Eq. 117 into Eq. 114, we obtain 

[ -wlM + iwrC + K]Xei""t = Fei""t 

which yields the matrix equation 

[K - wlM + iwrC]X = F (6.118) 

Using the definition of the mass, the stiffness, and the damping matrices given 
by Eq. 115, Eq. 118 can be written in a more explicit form as 

[
kll - wlmll + iwrc ll 

k21 - wlm21 + iwrc21 

This equation can be used to determine the steady state response Xl and X2 as 

that is, 
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where L1 is the determinant of the coefficient matrix of Eq. 119 given by 

L1 = (kll - wlmll + iwCcll )(k22 - wlm22 + iWCC22 ) 

(6.123) 

Clearly, if the damping coefficients are all zeros, this determinant reduces to 
(Section 4) 

L1 = (kll - wlmll)(k22 - wlm22) - (k12 - wlm12)(k21 - wlm2d 

= a(wl - wi)(wl - wD 

where a = mll m22 - m12 m21 , and W1 and W2 are the natural frequencies of 
the system. In terms of these natural frequencies, Eq. 123 can be written as 

L1 = d1 + id2 (6.124) 

where the constants d1 and d2 are defined in terms of the mass, the damping, 
and the stiffness coefficients as 

d1 = a(wl- wi)(wl- w~) - wl(cll C22 - C12 C21 ) (6.125) 

d2 = WC[C ll (k22 - wlm22) + C22(k ll - wlmll) - c12(k21 - wlm21) 

(6.126) 

Therefore, the steady state amplitudes Xl and X2 of Eqs. 121 and 122 can be 
written as 

(b1d1 + b2d2) + i(d1b2 - d2b1) 

di + d~ 
(c1d1 + c2d2) + i(d1c2 - d2c1) 

di + d~ 

where b1 , b2 , Cl> and c2 are given by 

b1 = F1(k22 - wlm22) - F2(k12 - wlm12) 

b2 = F1 WCC22 - F2wCC12 

c1 = F2(kll - wlmll) - F1(k21 - wlm21) 

C2 = F2wCCll - F1 WCC21 

(6.127) 

(6.128) 

The amplitudes Xl and X2 can be also expressed in exponential complex form as 

Xl = A1 eiIP1 (6.129) 

(6.130) 

(6.131) 

(6.132) 
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or, equivalently, 

(6.133) 

./, -1 (d 1 C2 - d2C1) 
'1'2 = tan 

c1d1 + C2 d2 
(6.134) 

By using Eqs. 117, 129, and 130, the steady state solution can then be written as 

that is, 
X1(t) = A 1ei(wrt+'PI) 

X2(t) = A2ei(Wrt+'Pz) 

6.7 THE UNTUNED VISCOUS VIBRATION ABSORBER 

In Section 5, we discussed a method for attenuating the vibration of single 
degree of freedom systems. In this method, the undamped single degree of 
freedom system is converted to a two degree of freedom system by adding the 
absorber system which consists of a mass and spring. The mass and spring 
stiffness of the absorber system were selected so as to eliminate the vibration 
at a certain known frequency, and as such the application of the undamped 
vibration absorber is limited only to the cases where the frequency of the 
forcing function is known. Therefore, the undamped vibration absorber is said 
to be tuned since it is effective only in a certain frequency range. 

In this section, we consider a vibration absorber which can be used to reduce 
the vibration over a wider range of frequencies. The absorber system consid­
ered in this section is called the untuned viscous vibration absorber, and consists 
of a mass m2 and a damper with damping coefficient c, as shown in Fig. 15. The 
main system consists of a mass m1 and a spring with stiffness coefficient k. The 

c 

m2 

FIG. 6.15. Viscous vibration absorber. 
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differential equations of motion of the system shown in the figure are 

m1x1 + CX 1 - CX z + kX1 = Foeiw,t 

mzxz + eXz - eX1 = 0 

which can be written in matrix form as 

One can verify that the natural frequencies of this system are 

W 1 = (k and W z = 0 '-lm; 
By using Eqs. 131 and 132, it is an easy matter to show that, in this case, the 
amplitudes of vibration A 1 and A2 are given by 

where 

that is, 

Jbz + b2 
A - 1 Z 

1 - Jdi + d~ 

A _ Jci + c~ 
z - Jdi + d~ 

b1 = -Fowfmz 

bz = Fowrc 

c1 = 0 

Cz = Fowrc 

d1 = m2wf(m1 wf - k) 

d2 = cwr[k - wf(m1 + m2)] 

A _ Fo J(mzwf)2 + (cwr? 

1 - J[m2wf(m 1 wf - k)]2 + (cwr)2[k - wf(m 1 + m2)]2 

Focwr 
A2=-r==~====~==~====~====~======~ 

J[m2wf(m 1 wf - k)]2 + (cwr Y[k - wf(m1 + m2)]Z 

which can be written as 

(6.136) 

(6.137) 
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12.0......------------------, 

9.0 

o 

~ 6.0 
~ 

3.0 

v = 0.5 

o.oL--....---_--==::::==::::::::~ 
0.0 0.5 1.0 1.5 2.0 

r 

FIG. 6.16. Effect of the damping factor on the amplitude of vibration of the main mass. 

where 

(6.138) 

Clearly, the amplitudes Al and A2 depend on the three dimensionless para­
meters, the mass ratio 1, the frequency ratio r, and the damping factor ~. It 
can be shown that for a given mass ratio 1, the curves (AdAo), for different 
values for the damping factor ~, intersect at one point, as shown in Fig. 16. 
To obtain the value of the frequency ratio at which these curves intersect, we 
equate (AdAo) for two different values for the damping factor, that is, 

(~:)~=~1 = (~:)~=~2 
This yields 

12r2 + 4~~ 12r2 + 4~~ 
12r2(1 - r2)2 + 4~iE1r2 - (1 - r2)]2 = 12r2(1 - r2)2 + 4~~[1r2 - (1 _ r2)]2 

which, after simplifying, yields the following equation 

r2(2 + 1) - 2 = 0 

which gives the value ofr, at which the curves (AdAo) intersect, as 

r = J2! 1 (6.139) 

As shown in Fig. 16, increasing the damping factor ~ does not necessarily result 
in reducing the maximum amplitude of vibration of the main mass. In fact, 
there is an optimum damping factor ~m for which the peak amplitude is 
minimum. It can be shown that the optimum damping factor ~m is given by 
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1 
~ = (6.140) 

m J2(1 + y)(2 + y) 

and the minimum peak occurs at the value of r given by Eq. 139. 

Houdaille Damper A similar concept can be used to reduce the vibration 
in rotating systems, such as in engine installations where the operation speed 
may vary over a wide range. A tuned viscous torsional damper referred to as 
the Houdaille damper or viscous Lanchester damper can be used to reduce the 
torsional oscillations of the crankshaft. As shown in Fig. 17, the damper 
consists of a disk with mass moment of inertia J2 • The disc is free to rotate 
inside a housing which is attached to the rotating shaft, and the housing and 
the rotating shaft are assumed to have equivalent mass moment of inertia J1 . 

The space between the housing and the disk is filled with viscous fluid. In most 
cases, the fluid is a silicon oil whose viscosity is of similar magnitude to oil. 
but which does not change significantly when the temperature changes. The 
damping effect is produced by the viscosity of the oil and is proportional to 
the relative angular velocity between the housing and the disk. Let (Jl and 
(J2 denote the rotations of the housing and disk, respectively, and let Moeiroft 

be the external harmonic torque which acts on the shaft whose torsional 
stiffness is equal to k. The damping torque resulting from the viscosity of the 
fluid is assumed to be proportional to the relative angular velocity (81 - ( 2 ) 

between the housing and the disk, and can be written as 

(6.141) 

where c is the viscous damping coefficient. 
One can show that the differential equations of motion of the two degree 

of freedom system, shown in Fig. 16, can be written as 

J181 + c(81 - ( 2 ) + k(J1 = Moeiroft 

J2 82 - c(81 - ( 2 ) = 0 

This equation can be written in matrix form as 

FIG. 6.17. Houdaille damper. 

(6.142) 

(6.143) 
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This matrix equation is similar to the matrix equation of Eq. 135. Therefore, 
similar comments to the ones previously made apply to the Houdaille damper. 
The solution of Eq. 144 is, therefore, left as an exercise. 

6.8 MULTI-DEGREE OF FREEDOM SYSTEMS 

As demonstrated in this chapter, the linear theory of vibration of the two 
degree of freedom systems can be developed to approximately the same level 
as was reached with the single degree of freedom systems. The methods, 
presented for the free and forced vibration analysis of undamped and damped 
two degree of freedom systems, can be considered as generalizations of the 
techniques presented in the preceding chapters for the vibration analysis of 
single degree of freedom systems. These methods can be generalized further 
to study the vibration of systems which have more than two degrees of 
freedom. In order to demonstrate this, we first present, in matrix form, some 
of the basic results and equations obtained in the preceding sections. 

Free Vibration In the first two sections of this chapter, the free undamped 
vibration of the two degree of freedom systems is discussed, and the dynamic 
equations of motion that govern the free vibrations are developed and ex­
pressed in matrix form. It is shown that a system with two degrees offreedom 
has two natural frequencies that depend on the mass and stiffness coefficients 
of the system, and these natural frequencies can be obtained by solving the 
characteristic equations. It is also shown in the first two sections that the 
dynamic and elastic coupling terms that appear, respectively, in the mass and 
the stiffness matrices depend on the selection of the coordinates. A decoupled 
system of equations can be obtained by using the modal or principal co­
ordinates. In this case, the coordinates ofthe system can be expressed in terms 
of the modal coordinates as 

x = <J)q (6.145) 

where x is the vector of system coordinates, q is the vector of modal (principal) 
coordinates, and <J) is the modal transformation matrix defined in terms of the 
amplitude ratios Pi and P2 of Eqs. 15 and 18 as 

(6.146) 

In the analysis presented in Section 2 of this chapter, it is shown that the use 
of the modal coordinates leads to decoupled equations because the modal 
transformation matrix <J) is orthogonal to the mass and the stiffness matrices, 
that is 

<J)TM<J) = Mp 

<J) TK <J) = Kp 

where Mp and Kp are two diagonal matrices. The diagonal matrices Mp and 
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Kp are called, respectively, the modal mass and stiffness matrices. The diagonal 
modal mass and stiffness matrices can therefore be written as 

Mp=[~l ~J 

Kp=[~ ~J 
where mi and ki (i = 1,2) are called, respectively, the modal mass and stiffness 
coefficients and they are defined according to 

mi=ATMAi, 

ki = ATKAi, 

i = 1,2 

i = 1,2 

in which Ai is the ith column in the modal matrix defined as 

The vector Ai is called the ith eigenvector or mode shape. The mode shapes 
satisfy the following orthogonality conditions 

A!MA. = {mi if i = j 
, , 0 ifi#j 

A!KA. = {ki if i =j 
I , 0 ifi#j 

Observe that in terms of the modal coordinates, the uncoupled equations of 
the free vibration of the two degree of freedom systems can be written as 

i = 1,2 (6.147) 

These two equations are in a form similar to the equations that arise in the 
analysis of single degree of freedom systems. In this case, the two natural 
frequencies of the system can simply be evaluated as 

OJi = {k;, i = 1, 2 (6.148) -vrri; 
Therefore, the free vibration of the two degree of freedom system can be 
considered as a combination of its principal modes of vibration. By solving 
Eq. 147 for the modal coordinates ql and q2' the system displacements Xl and 
X 2 can be determined by using the modal transformation of Eq. 145. More 
discussion on the use of the modal coordinates in the analysis of systems with 
more than one degree of freedom is presented in the second volume of this 
book (Shabana, 1991). 

Forced Vibration The undamped and damped forced vibration of the two 
degree of freedom systems is discussed in the last four sections of this chapter, 
and it was demonstrated that, due to the fact that the two degree of freedom 
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system has two natural frequencies, two resonant conditions are encountered. 
These resonant conditions occur when the frequency of the forcing function 
coincides with one of the natural frequencies of the system. As in the case of 
single degree of freedom systems, the damping has a significant effect on the 
forced response of the two degree of freedom systems. It is shown that the· 
dynamic equations of forced vibration of the damped system can be written 
in a matrix form as 

Mx+Ci+Kx=F (6.149) 

where M, C, and K are, respectively, the mass, damping, and stiffness matrices 
of the system given by 

M = [mll 
m 21 

m12] 
m22 

C = [Cll 

C21 
C12] 
C22 

K = [kll 
k21 

k12] 
k22 

and the vectors x and F are, respectively, the displacement and force vectors 
defined in the case of two degree of freedom systems as 

x = [::l F = [~J 

Multi-Degree of Freedom Systems The equation of forced vibration 
of a single degree of freedom systems can be considered as a special case of 
Eq. 149 in which the matrices and vectors reduce to scalars. It also can be 
shown (Shabana, 1991) that an equation similar to Eq. 149 can be obtained 
for a system with an arbitrary finite number of degrees of freedom. For 
example, the equation that governs the forced vibration of a system with n 
degrees offreedom is in the same form as Eq. 149, with the matrices and vectors 
M, C, K, x, and F having dimension n, that is 

m ll m 12 m13 min 

m21 m22 m23 m2n 

M= m31 m 32 m33 m 3n 

m nl mn2 mn3 mnn 

Cll C12 C13 Cln 

C21 C22 C23 C2n 

C= C31 C32 C33 C3n 

Cnl Cn2 Cn3 Cnn 



6.8. Multi-Degree of Freedom Systems 287 

kll k12 k13 kIn 
k21 kzz kZ3 kZn 

K= k31 k3Z k33 k3n 

knl knz kn3 knn 

X ~[::]. F~[~l 
where mij , cij ' kij (i,j = 1,2,3, ... n) are, respectively, the mass, damping, and 
stiffness coefficients, and Xi and Fi are, respectively, the ith displacement and 
force components. With this definition of the matrices and vectors, a similar 
procedure as the one used in this chapter can be employed to study the 
vibration of multi degree of freedom systems. In this case, the modal matrix 
«D is an n x n matrix as demonstrated by the following example. 

Example 6.11 

The torsional system shown in Fig. 18 consists of three disks which have mass 
moment of inertia, 11 = 2.0 X 103 kg· m2, 12 = 3.0 X 103 kg·m2, and 13 = 4.0 X 103 

kg· m2. The stiffness coefficients of the shafts connecting these disks are k1 = 
12 X 105 N· m, k2 = 24 X 105 N· m, and k3 = 36 X 105 N . m. The matrix equation 
of motion of the free vibration of this system is given by 

MO + KO = 0 

where, in this example, M, K, and 0 are given by 

[
II 0 0] [1.0 0 0] 

M= 012 0 =2x103 01.50 kg'm2 

o 0 13 0 0 2 

K=[~~l k1-:~2 _Okz ]=12X 105[_~ -~ -~5]N.m 
o - kz k2 + k3 0 - 2 

o = [81 82 83 ]T 

in which 81 , 82 , and 83 are the torsional oscillations of the disks. 
We assume a solution in the form 

o = A sin(wt + 1jJ) 

FIG. 6.18. Three degree offreedom torsional system. 
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By substituting this assumed solution into the differential equation, one obtains 

[K-alMJA=O 

Substituting for the mass and stiffness matrices, we get 

[. x 10'H 
-1 0] [I 0 mA~O 3 - 2 - w2 X 103 0 1.5 
-2 5 0 0 

which can be rewritten as 

[H 
-1 -;]-·G !.5 mhO 3 
-2 

This system has a nontrivial solution if the determinant of the coefficient matrix 
is equal to zero. This leads to the following characteristic equation: 

1X3 - 5.51X2 + 7.51X - 2 = 0 

which has the following roots: 

IXI = 0.3516, 1X2 = 1.606, 1X3 = 3.542 

Since w 2 = 6001X, the natural frequencies associated with the roots lXI' 1X2' and 1X3 
are given, respectively, by 

WI = 14.52 radls, W 2 = 31.05 radls, and W3 = 46.1 radls 

For a given root lXi' i = 1, 2, 3, the mode shapes can be determined using the 
equation 

[ 1 ~t 3 --1~5IXi ~2] [~::] = [~] 
o -2 5-21Xi Ai3 0 

which, by partitioning the coefficient matrix, leads to 

[ -lJ Ail + [(3 - 1.51Xi) - 2 J [Ai2J = [OJ 
o - 2 5 - 2IXi Ai3 0 

or 

[ ~::J = 3IXt _ 13\lXi + 11 [ 5 -; 2IXJ Ail 

Using the values obtained previously for 1Xi> i = 1,2,3, we have 

[ A 12J = [0.649JAll 
A13 0.302 

for WI = 14.52 radls 

[ A 22J = [-0.607J 
A 23 -0.679 A21 for W 2 = 31.05 radls 

[ A 32J [-2.54 J 
A33 = 2.438 A31 for W3 = 46.1 radls 
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Since the mode shapes are determined to within an arbitrary constant, we may 
assume Ail = 1, for i = 1, 2, 3. This leads to the following mode shapes: 

Al = [~:~] = [~.649] 
A13 0.302 

A2 = [~:~] = [-~.607] 
A23 -0.679 

A3 = [~:~] = [-~.54 ] 
A33 2.438 

The modal matrix cD is then defined as 

[
1 1 

cD = 0.649 -0.607 
0.302 - 0.679 

1 ] -2.54 
2.438 

Figure 19 shows the modes of vibration of the system. 
The modal matrix is orthogonal with respect to the mass and stiffness matrices. 

One can show the following: 

Second mode Third mode 

2 

FIG. 6.19. Mode shapes. 
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° [38~ 
49L] Kp = Cl»TKCI» = 2 x 105 ~ 23.86 

° 
~[~ ° 0] [ru1m, ° ru~J k2 ° = ° w~m2 

° k3 ° ° 
where m; and k; are, respectively, the modal mass and stiffness coefficients. 

Using the modal mass and stiffness coefficients, an equation similar to Eq. 147 
can be defined and solved for the uncoupled modal coordinates ql' q2' and Q3' The 
vector of torsional displacements 0 then can be determined using the modal trans­
formation ofEq. 145 as 0 = Cl»q. 

For example, we consider the free vibration of the system as the result of the 
initial conditions 

[
Q1 ] [10] 00 = 0.05 rad and 00 = 15 radjs 

0.01 20 

In order to evaluate the initial modal coordinates and velocities, we first evaluate 
the inverse ofthe modal matrix CI»-l as 

[
0.551 0.537 0.333] 

CI»-l = 0.404 -0.368 -0.549 

0.044 -0.169 0.216 

The initial modal coordinates are given by 

[
0.551 0.537 

qo = CI»-lOo = 0.404 -0.368 

0.044 -0.169 

and the initial modal velocities are 

[
0.551 0.537 

ito = CI»-lOo = 0.404 -0.368 
0.044 -0.169 

0.333] [0.1] [ 0.085] -0.549 0.05 = 0.017 rad 

0.216 0.01 -0.002 

0.333] [10] [ 20.225] -0.549 15 = -12.460 radjs 
0.216 20 2.228 

Using the initial modal coordinates and velocities, the modal coordinates can be 
defined as the solution of Eq. 147 as 

which yields 

i = 1,2,3 

[
ql] [0.085 cos 14.52t + 1.393 sin 14.52t] 

q = q2 = 0.017 cos 31.05t - 0.401 sin 31.05t 
q3 -0.002 cos 46.1t + 0.048 sin 46.1t 

The physical coordinates 0 can then be obtained using the relationship 
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Problems 

6.1. Determine the differential equation of motion of the two degree of freedom 
system shown in Fig. PI. Obtain the characteristic equation and determine the 
natural frequencies of the system in the special case of equal masses and spring 
constants. 

FIG. P6.l 

6.2. Determine the differential equations of motion for the double pendulum shown 
in Fig. P2 in terms of the coordinates 81 and 82 • Identify the system mass and 
stiffness matrices. 

FIG. P6.2 

6.3. Determine the differential equations of motion of the double pendulum shown 
in Fig. P2 in terms of the coordinates Xl and X 2 . Identify the system mass and 
stiffness matrices. 

6.4. In the previous two problems, if m1 = m2 and 11 = 12, obtain the characteristic 
equation and determine the natural frequencies of the system and the amplitude 
ratios. 
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6.5. In Problem 1, if m1 = m2 = 10 kg and k1 = k2 = k3 = 1000 N/m, determine the 
system response to the initial conditions 

X 10 = 0.02 m, X 20 = 0, 

6.6. In Problem 2, if m1 and m2 = 0.5 kg and 11 = 12 = 0.5 m, determine {}1 and {}2 as 
function of time provided that the initial conditions are 

6.7. Write down the differential equations of motion of the two degree of freedom 
system shown in Fig. P3. Identify the system mass and stiffness matrices. Obtain 
the characteristic equation and determine the system natural frequencies and 
amplitude ratios in the following special case 

a=b 

FIG. P6.3 

6.8. In Problem 7, ifm1 = m2 = 0.5 kg, a = b = 0.25 m, and k = 1000 N/m, determine 
the response of the system to the initial conditions 

820 = 3 radls 

6.9. Determine the differential equations of motion of the two degree of freedom 
system shown in Fig. P4. Identify the system mass and stiffness matrices. Obtain 
the characteristic equation and determhle the system natural frequencies W 1 and 

w2 • 

Massless 
rod 

FIG. P6.4 
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6.10. In Problem 9, ifml = m2 = 0.5 kg, I = 0.5 m, and k = 1000 N/m, determine the 
system response to an initial displacement of 0.02 m to the mass m2. 

6.11. Determine the differential equations of motion of the two degree of free­
dom system shown in Fig. P5. Identify the system mass and stiffness matrices. 
Obtain the characteristic equation and determine the natural frequencies of the 
system. 

m,l, I 

k 

FIG. P6.5 

6.12. Determine the differential equations of motion of the two degree of freedom 
system shown in Fig. P6. Identify the system mass and stiffness matrices. Obtain 
the characteristic equation and determine the natural frequencies WI and W 2 . 

Assume small oscillations for the two rigid bodies. 

FIG. P6.6 

6.13. Determine the differential equations of motion of the two degree of freedom 
system shown in Fig. P7. Identify the system mass and stiffness matrices. 

6.14. Derive the differential equations of motion of the two degree offreedom system 
shown in Fig. P8. Assume small oscillations. 
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m,I, I 

FIG. P6.7 

FIG. P6.8 

6.15. Determine the differential equations of motion of the two degree of freedom 
system shown in Fig. P9. Identify the system mass, stiffness, and damping 
matrices. 

6.16. In Problem 15, ifml = m2 = 5 kg, kl = kz = 1000 N/m, and C1 = Cz = C3 = 10 
N's/m, determine the system response as a function of time due to an initial 
displacement of m2 equal to 0.01 m. 

6.17. Determine the differential equations of motion of the system shown in Fig. PlO. 
Determine the system natural frequencies. 

6.18. Derive the differential equations of motion of the two degree of freedom system 
shown in Fig. Pl1. Identify the system mass, stiffness, and damping matrices. 

6.19. Derive the differential equations of motion ofthe two degree of freedom system 
shown in Fig. P12. 

6.20. Derive the system differential equations of motion of the two degree of freedom 
system shown in Fig. P13. Identify the system mass, stiffness, and damping 
matrices. 
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FIG. P6.9 

FIG. P6.10 

m,I 

FIG. P6.11 
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FIG. P6.12 

c 

FIG. P6.13 

6.21. In Problem 20, ifm1 = m2 = 0.5 kg, 1= 0.5 m, k = 1000 N/m, and c = 10 N· slm, 
determine the system response as a function of time to an initial angular displace­
ment 01 = 30. 

6.22. Derive the dfferential equations of motion of the two degree of freedom system 
shown in Fig. P14. 

m1 m2 m3 

21/3 

~ 
FIG. P6.14 

6.23. In Fig. P12, let m1 = m2 = 10 kg, 1= 1 m, k = 1000 N/m, and c = 10 N· slm, 
determine the response of the system as a function of time due to an initial 
rotation of the rod equal to 20. 
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6.24. Determine the forced response of the two degree of freedom system shown in 
Fig. PIS to the harmonic forcing function F(t). 

k2 

F(t) = Fo sin wet 

FIG. P6.15 

6.25. Determine the forced response of the two degree of freedom system shown in 
Fig. P16 to the base excitation y = Yo sin wft. 

y = Yo sin wet . ~ 

bJom. o~{)m, J 
FIG. P6.I6 

6.26. Assuming small oscillations, derive the differential equations of motion of the 
two degree of freedom system shown in Fig. PI7. Determine the response of the 
system, as a function of time, to the harmonic forcing function T(t). 

6.27. Assuming small oscillations, derive the differential equations of motion of the 
two degree offreedom system shown in Fig. PI8. Determine the system response 
to the harmonic forcing function F(t). 

6.28. Derive the differential equations of motion of the system shown in Fig. PI9, and 
determine the system response as a function of time. 
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T(t) = To sin w,t 

FIG. P6.17 

F(t) = Fo sin w,t 

FIG. P6.l8 

F(t) = 

Fo sin w,t 

FIG. P6.19 
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6.29. Derive the differential equations of motion of the system shown in Fig. P20, and 
obtain the response of the system to the forcing function T(t). 

FIG. P6.20 

6.30. Derive the differetial equations of motion of the two degree of freedom system 
shown in Fig. P21, and obtain the steady state solution as a function of time. 

y = Yo sin wft 
... ~ 

c 

FIG. P6.21 

6.31. Derive the differential equations of motion of the system shown in Fig. P22, and 
obtain the steady state solution as a function of time. 

T(t) = To sin wft 

b 

I 
FIG. P6.22 
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6.32. Determine the steady state solution of the two degree offreedom system shown 
in Fig. P23. 

T(t) = To sin wft 

c 

FIG. P6.23 

6.33. Determine the steady state solution of the two degree of freedom system shown 
in Fig. P24. 

m,l, I 

k c 

F(t) = Fo sin wft 

FIG. P6.24 

6.34. Study the effect of the Houdaille (viscous Lanchester) damper on the vibration 
of a rotating system. Find the steady state solution of Eq. 144 and study the effect 
of the viscous damping coefficient c on the system response. 

6.35. In Problem 34 determine the optimum damping factor for which the peak 
amplitude is minimum. 



7 
Continuous Systems 

Mechanical systems in general consist of structural components which have 
distributed mass and elasticity. Examples of these structural components are 
rods, beams, plates, and shells. Our study ofvibration thus far has been limited 
to discrete systems which have a finite number of degrees of freedom. As has 
been shown in the preceding chapters, the vibration of mechanical systems 
with lumped masses and discrete elastic elements is governed by a set of 
second-order ordinary differential equations. Rods, beams, and other struc­
tural components on the other hand are considered as continuous systems 
which have an infinite number of degrees of freedom, and as a consequence, 
the vibration of such systems is governed by partial differential equations 
which involve variables that depend on time as well as the spatial coordinates. 

In this chapter, an introduction to the theory of vibration of continuous 
systems is presented. It is shown in the first two sections that the longitudinal 
and torsional vibration of rods can be described by second-order partial 
differential equations whose exact solutions are obtained using the method of 
separation of variables. In Section 3, the transverse vibrations of beams are 
examined and the fourth-order partial differential equation of motion that 
governs the transverse vibration is developed using the assumptions of the 
elementary beam theory. Solutions of the vibration equations are obtained 
for different boundary conditions. In Section 4, the orthogonality of the 
eigenfunctions (mode shapes or principal modes) is discussed and modal param­
eters such as mass and stiffness coefficients are introduced. The material 
covered in this section is used to study the forced vibration of continuous 
systems in Sections 5 and 6, where the solution of the vibration equations is 
expressed in terms of the principal modes of vibration. 

7.1 FREE LONGITUDINAL VIBRATIONS 

In this section, we study the longitudinal vibration of prismatic rods such as 
the one shown in Fig. 1. The rod, which has length 1 and cross-sectional area 
A, is assumed to be made of material which has a modulus of elasticity E 
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and mass density p and is subjected to a distributed external force F(x, t) 
per unit length. Figure 1 also shows the forces that act on an infinitesimal 
volume of length c5x. The geometric center of this infinitesimal volume is 
located at a distance x + c5x/2 from the end of the rod. Let P be the axial 
force that results from the vibration of the rod. The application of Newton's 
second law leads to the following condition for the dynamic equilibrium of 
the infinitesimal volume: 

iJ2u oP 
pA ot2 c5x = P + ox c5x - P + F(x, t)c5x 

which can be simplified to yield 

Dividing this equation by c5x leads to 

02U oP 
pA ot2 = ox + F(x, t) (7.1) 

The force P can be expressed in terms of the axial stress (J as 

P = A(J (7.2) 

The stress (J can be written in terms of the axial strain e using Hooke's law as 

(J = Ee, (7.3) 

while the strain displacement relationship is 

OU 
e=-

ox 
(7.4) 

Substituting Eqs. 3 and 4 into Eq. 2, the axial force can be expressed in terms 
of the longitudinal displacement as 

OU 
P=EA­

ox 

·1 

F(x, t)8x .. 

~
ap 

p P+-8x ax 

8x 

FIG. 7.1. Longitudinal vibration ofrods. 

(7.5) 
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Substituting Eq. 5 into Eq. 1 leads to 

a2u a ( au) 
pA at2 = ax EA ax + F(x, t) (7.6) 

This is a partial differential equation that governs the forced longitudinal 
vibration of the rod. 

Free Vibration The equation of free vibration can be obtained from Eq. 
6 by letting F(x, t) = 0, that is, 

(7.7) 

If the modulus of elasticity E and the cross-sectional area A are assumed to 
be constant, the partial differential equation of the longitudinal free vibration 
of the rod can be written as 

(7.8) 

or 

(7.9) 

where c is a constant defined by 

(7.10) 

Separation of Variables The general solution of Eq. 9 can be obtained 
using the method of the separation of variables. In this case, we assume the 
solution in the form 

u(x, t) = tfo(x)q(t) (7.11) 

where tfo is a space-dependent function and q is a time-dependent function. 
The partial differentiation of Eq. 11 with respect to time and with respect to 
the spatial coordinate leads to 

(7.12) 

(7.13) 

where (-) denotes differentiation with respect to time and (') denotes differentia­
tion with respect to the spatial coordinate x, that is, 

(7.14) 
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cp"(x) = ~:~ 
Substituting Eqs. 12 and 13 into Eq. 9 leads to 

cpij = c2 cp" q 

or 
cp" ij 

c2 _ 
cp q 

(7.15) 

(7.16) 

(7.17) 

Since the left-hand side of this equation depends only on the spatial coordinate 
x and the right-hand side depends only on time, one concludes that Eq. 17 is 
satisfied only if both sides are equal to a constant, that is 

2 cp" ij 2 
C -=-=-ro 

cp q 
(7.18) 

where ro is a constant. Note that a negative constant _ro2 was selected, since 
this choice leads to oscillatory motion. The choice of zero or a positive 
constant does not lead to vibratory motion and, therefore, it must be rejected. 
For example, one can show that if the constant is selected to be zero the 
solution increases linearly with time, while if a positive constant is selected, 
the solution contains two terms; one exponentially increasing function and 
the second is an exponentially decreasing function. This leads to an unstable 
solution which does not represent an oscillatory motion. Therefore, in order 
to obtain an acceptable solution that describes the undamped vibration of the 
system, both sides of Eq. 17 must be equal to a negative constant. 

Equation 18 leads to the following two equations: 

cp" + (~r cp = 0 

ij + ro 2q = 0 

The solution of these two equations is given by 

q(t) = Bl sin rot + B2 cos rot 

(7.19) 

(7.20) 

(7.21) 

(7.22) 

By using Eq. 11, the longitudinal displacement u(x, t) can then be written 
as 

u(x, t) = cp(x)q(t) = ( Al sin~x + A2 cos~x }Bl sin rot + B2 cos rot) 

(7.23) 

where A l , A 2 , B l , B 2 , and ro are arbitrary constants to be determined by using 
the boundary and initial conditions. 
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Boundary Conditions and the Orthogonality of the Eigenfunc­
tions In order to demonstrate the procedure for determining the constants 
in Eq. 23, we consider the example shown in Fig. 2 where the rod is fixed at 
one end and is free at the other end. The boundary condition at the fixed end 
is given by 

u(O, t) = 0 

while at the free end, the stress must be equal to zero, that is, 

8u(/, t) 
(J(/, t) = £e(/, t) = E ------ax = 0 

which defines the boundary condition at the free end as 

8ui~ t) = u'(l, t) = 0 

(7.24) 

(7.25) 

The type of boundary conditions of Eq. 24 that describes the state of 
displacement at the fixed end is called geometric boundary condition. On the 
other hand, Eq. 25 describes the state of force or stress at the free end of the 
rod, and this type of conditions is often refered to as natural boundary condi­
tion. That is, the geometric boundary conditions describe the specified dis­
placements and slopes, while the natural boundary conditions describe 
the specified forces and moments. Substituting Eqs. 24 and 25 into Eq. 23 
results in 

u(O, t) = ¢(O)q(t) = A2q(t) = 0 

u'(/,t) = ¢'(l)q(t) = ~(Al cos~l- A2 sin~l)q(t) = 0 
c c c 

which lead to the following two conditions: 

A2 = 0 

wi 
A 1 cos-= 0 

c 

For a nontrivial solution, Eqs. 26 and 27 lead, respectively, to 

FIG. 7.2. Fixed-end conditions. 

(7.26) 

(7.27) 

(7.28) 
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and 
wi 

cos - = 0 
c 

(7.29) 

Equation 29, which is called the frequency or the characteristic equation, has 
roots which are given by 

wi n 3n 5n (2n - 1)n 

c=2'2'2"'" 2 
, ... (7.30) 

This equation defines the natural frequencies of the rod as 

(2j - 1)nc 
Wj = 21 j = 1,2,3, ... (7.31) 

Using the definition of the wave velocity c given by Eq. 10, the jth natural 
frequency Wj can be defined as 

Wj = (2j ;11)n jf;, j = 1,2,3, ... (7.32) 

Thus, the continuous rod has an infinite number of natural frequencies. 
Corresponding to each of these natural frequencies, there is a mode shape or 
an eigenfunction ,pj defined by Eq. 28 as 

,/. A . Wj 
'l'j = lj SIn-X, 

C 
j = 1,2,3, ... (7.33) 

where A lj' j = 1, 2, 3, ... , are arbitrary constants. The eigenfunctions satisfy 
the following orthogonality condition: 

if i =F j 

if i = j 
(7.34) 

where hi is a positive constant. The longitudinal displacement u(x, t) of the 
rod can then be expressed as 

co 

u(x, t) = L ,pj(x)qit) 
j=l 

~ ( . ) . Wj 
= L.. Cj SIn w} + Dj cos w} SIn-X 

j=l C 
(7.35) 

where Cj and D j are constants to be determined by using the initial conditions. 

Initial Conditions Let us assume that the rod is subjected to the following 
initial conditions: 

u(X, 0) = f(x) 

u(x, 0) = g(x) 

Substituting these initial conditions into Eq. 35 leads to 

u(x, 0) = f(x) = f Dj sin Wj X 
j=l C 

(7.36) 

(7.37) 

(7.38) 
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In order to determine the constants Dj in Eq. 38, we multiply this equation 
by sin(wj/c)x, integrate over the length of the rod, and use the orthogonality 
condition of Eq. 34, to obtain 

21' w· Dj = T 0 f(x) sin c1 x dx, j = 1,2,3, ... (7.40) 

Similarly, in order to determine the constants C j , we multiply Eq. 39 by 
sin(wjx/c), integrate over the length of the rod, and use the orthogonality 
condition of Eq. 34. This leads to 

2 I' w· Cj = -z- g(x) sin--"x dx, 
Wj 0 c 

j = 1,2,3, ... (7.41) 

Other Boundary Conditions From the analysis presented in this section, 
it is clear that the mode shapes and the natural frequencies of the rod depend 
on the boundary conditions. Even though we have considered only the case 
in which one end of the rod is fixed while the other end is free, by following a 
similar procedure to the one described in this section, the natural frequencies 
and mode shapes can be determined for other boundary conditions. 

If the rod is assumed to be free at both ends, the boundary conditions are 
given by 

ou(O, t) = ° 
ox ' 

ou(Z, t) = ° 
ox (7.42) 

Using these boundary conditions and the separation of variables technique, 
one can show that the frequency equation is given by 

. wZ ° Sln-= (7.43) 
c 

which yields the natural frequencies of the longitudinal vibration of the rod 
with free ends as 

_ jnc _ jn fE 
Wj - -Z- - T ~ p' j = 1,2,3, ... 

The associated eigenfunctions or mode shapes are given by 

W·x 
r/J. = A2 · cos _1_ 

1 1 C 

(7.44) 

(7.45) 

Another example is a rod with both ends fixed. The boundary conditions in 
this case are given by 

u(O, t) = 0, u(l, t) = ° (7.46) 

Using these boundary conditions and the separation of variables method, one 
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can show that the frequency equation is given by 

. wi 0 sln-= 
c 

which yields the natural frequencies 

jnc jn (E 
Wj = -1- = T '-lp' j = 1,2,3, ... 

The mode shapes associated with these frequencies are 

rP A . jnx 
. = l·sm~ 
J J I' j = 1,2,3, ... 

Example 7.1 

(7.47) 

(7.48) 

(7.49) 

The system shown in Fig. 3 consists of a rigid mass m attached to a rod which 
has mass density p, length 1, modulus of elasticity E, and cross-sectional area 
A. Determine the frequency equation and the mode shapes of the longitudinal 
vibration. 

Solution. The end condition at the fixed end of the rod is given by 

u(O, t) = 0 (7.50) 

The other end of the rod is attached to the mass m which exerts a force on the rod 
because of the inertia effect. From the free-body digram shown in the figure, the 
second boundary condition is given by 

a2u(l, t) au(l, t) 
m-- = -P(l t) = -a(l t)A = -EA--

at2 ' , ax 

which yields 
a2u(l, t) au(l, t) 

m--=-EA--
at2 ax 

(7.51) 

The longitudinal vibration of the rod is governed by the equation 

u(x, t) = ifo(x)q(t) 

(7.52) 

mu(l, t) 

• 

~ 
p,E,A,1 

I I ~ m 

(a) (b) 

• FIG. 7.3. Longitudinal vibration of a rod with a mass attached to its end. 
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Substituting Eq. 50 into Eq. 52 yields 

It follows that 

which yields 

u(x, t) = tfo(x)q(t) = Ai sin wx (Bi sin wt + B2 cos wt) 
e 

au w wx 
-a = -Ai COS-(Bi sin wt + B2 cos wt) 

x e c 

Therefore, the second boundary condition of Eq. 51 yields 

2A . wi ( . w wi 
-mw 1 sm - Bi sm wt + B2 cos wt) = - EA -Ai cos -(Bi sin wt + B2 cos wt) 

c e c 

This equation implies 
mwe . wi wi 
--sm- = cos-
EA e c 

That is, 
wi EA 

(7.53) tan-=--
c mwe 

TABLE 7.1. Roots ofEq. 54b 

Mode 
y 

Number 1//1 = 0 1//1 = 0.01 1//1 = 0.1 1//1 = 1 1//1 = 10 

1.5708 1.5552 1.4289 0.8603 0.3111 
2 4.7124 4.6658 4.3058 3.4256 3.1731 
3 7.8540 7.7764 7.2281 6.4372 6.2991 
4 10.9956 10.8871 10.2003 9.5293 9.4354 
5 14.1372 13.9981 13.2142 12.6453 12.5743 
6 17.2788 17.1093 16.2594 15.7713 15.7143 
7 20.4204 20.2208 19.3270 18.9024 18.8549 
8 23.5619 23.3327 22.4108 22.0365 21.9957 
9 26.7035 26.4451 25.5064 25.1725 25.1367 

10 29.8451 29.5577 28.6106 28.3096 28.2779 
11 32.9867 32.6710 31.7213 31.4477 31.4191 
12 36.1283 35.7847 34.8371 34.5864 34.5604 
13 39.2699 38.8989 37.9567 37.7256 37.7018 
14 42.4115 42.0138 31.0795 40.8652 40.4832 
15 45.5531 45.1292 44.2048 44.0050 43.9846 
16 48.6947 48.2452 47.3321 47.1451 47.1260 
17 51.8363 51.3618 50.4611 50.2854 50.2675 
18 54.9779 54.4791 53.5916 53.4258 53.4089 
19 58.1195 57.5969 56.7232 56.5663 56.5504 
20 61.2611 60.7155 56.7232 59.7070 59.6919 
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This is the frequency equation which upon multiplying both of its sides by wl/e, 
one obtains 

wI wI wlEA lAp M 
-tan-=--· =~=­
e e mwc2 m m 

where M is the mass of the rod. The preceding equation can be written as 

Y tan Y = Jl 

where 
wI 

y=-, 
c 

M 
Jl=­

m 

(7.54a) 

Note that the frequency equation is a transcendental equation which has an infinite 
number of roots, and therefore, its solution defines an infinite number of natural 
frequencies. This equation can be expressed for each root as 

where 

Yj tan Yj = Jl, j = 1,2,3, ... 

wjl 
Yj=c 

and the eigenfunction associated with the natural frequency Wj is 

w·x 
ifJ· = At· sin-J-

J J c 

(7.54b) 

Table 1 shows the first twenty roots of Eq. 54b for different values of the mass ratio 
Jl. 

Example 7.2 
The system shown in Fig. 4 consists of a prismatic rod which has one end fixed and 
the other end attached to a spring with stiffness k as shown in the figure. The rod 
has length I, cross-sectional area A, mass density p, and modulus of elasticity E. 
Obtain the frequency equation and the eigenfunctions of this system. 

Solution. As in the preceding example, the boundary condition at the fixed end is 
given by 

u(O, t) = 0 

At the other end, the axial force of the rod is equal in magnitude and opposite in 
direction to the spring force, that is, 

P(l, t) = -ku(l, t) 

a p, E, A, I I • • k.. ~ af---------------.Jrvvvv 
FIG. 7.4. Longitudinal vibration of a rod with one end attached to a spring. 
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Since P = EAu', the preceding boundary condition is 

EAu'(I, t) = - ku(l, t) 

Using the technique of the separation of variables, the solution of the partial 
differential equation of the rod can be expressed as 

u(x, t) = tft(x)q(t) 

As in the preceding example, the boundary condition at the fixed end leads to 

A2 =0 

and the expression for the longitudinal displacement u may be simplified and 
written as 

It follows that 

u = tft(x)q(t) = Ai sin~x(Bi sin wt + B2 cos wt) 
e 

, w w . . 
u = -Ai cos-x(Bi SID wt + B2 cos wt) 

e e 

By using the second boundary condition, the following equation is obtained: 

EA~cos~1 = -k sin~1 
e e e 

or 
,w EAw 

tan-I = ---
e ke 

Multiplying both sides of this equation by wIle and using the definition of e = 

..fEI p, one obtains 

wI wI EAw21 EAw21p w2M 
-tan-= ---= ----= ---
e e ke2 kE k 

where M is the mass ofthe rod. The above equation is the frequency equation which 
can be written as 

where 

w 2M 
'l'tan'l' = --­

k 

wI 
1'=­

e 

The roots of the frequency equation can be determined numerically and used to 
define the natural frequencies, wi' j = 1, 2, 3, .... It is clear in this case that the 
eigenfunction associated with the jth natural frequency is 
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p, Ip, G, I f([Jl/> -+---------+-10~· 

-'/DX/.--
(a) (b) 

FIG. 7.5. Torsional vibration. 

7.2 FREE TORSIONAL VIBRATIONS 

In this section, we consider the torsional vibration of straight circular shafts 
as the one shown in Fig. 5(a). The shaft is assumed to have a length I and a cross 
section which has a polar moment of inertia Ip. The shaft is assumed to be 
made of material which has modulus of rigidity G and mass density p and 
is subjected to a distributed external torque defined per unit length by the 
function T.(x, t). In the analysis presented in this section, the cross sections of 
the shaft are assumed to remain in their planes and rotate as rigid surfaces 
about their centers. The equation of dynamic equilibrium of an infinitesimal 
volume of the shaft in torsional vibration is given by 

a2e aT 
pIp at2 Ox = T + ax Ox - T + T.ox (7.55) 

where e = e(x, t) is the angle of torsional oscillation of the infinitesimal volume 
about the axis of the shaft, T is the internal torque acting on the cross section 
at a distance x from the end of the shaft, and Ox is the length of the infinitesimal 
volume. Equation 55 can be simplified and written as 

a2e aT 
pIp at2 = ax + T. (7.56) 

From elementary strength of material theory, the internal torque T is propor­
tional to the spatial derivative of the torsional oscillation e. The relationship 
between the internal torque and the torsional oscillation is given in terms of 
the modulus of rigidity G as 

ae 
T=GI -

pax 

Substituting Eq. 57 into Eq. 56, one obtains 

a2e a ( ae) 
pIpifi2 = ax GIp ax + T. 

(7.57) 

(7.58) 

If the shaft is assumed to have a constant cross-sectional area and a constant 
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modulus of rigidity, Eq. 58 can be expressed as 

a2e a2e 
pIp at2 = GIp ax2 + 7;, (7.59) 

Free Vibration The partial differential equation that governs the free 
torsional vibration of the shaft can be obtained from Eq. 59 if we let 7;, = 0, 
that is, 

(7.60) 

which can be rewritten as 

(7.61) 

where c is a constant that depends on the inertia properties and the material 
of the shaft and is given by 

c=A (7.62) 

Equation 61 is in the same form as Eq. 9 that governs the longitudinal 
vibration of prismatic rods, and therefore, the same solution procedure can be 
used to solve Eq-. 61. Using the separation of variables technique, the torsional 
oscillation e can be expressed as 

e = tfo(x)q(t) (7.63) 

where tfo(x) is a space-dependent function and q(t) depends on time. Following 
the procedure described in the preceding section, one can show that 

. wx wx 
tfo(x) = Al Slll- + A2 cos-

C C 

q(t) = Bl sin wt + B2 cos wt 

(7.64) 

(7.65) 

where A1 , A 2 , B 1 , B2 , and ware arbitrary constants to be determined using 
the boundary and initial conditions. Substituting Eqs. 64 and 65 into Eq. 63 
yields 

( . wx wx). 
e(x, t) = Al SIllC + A z cosc (Bl sm wt + B2 cos wt) (7.66) 

Boundary Conditions Equation 66 is in the same form as Eq. 23 which 
describes the longitudinal vibration of prismatic rods. Therefore, one expects 
that the natural frequencies and mode shapes will also be in the same form. 
For example, in the case of a shaft with one end fixed and the other end free, 
the natural frequencies and eigenfunctions of torsional vibration are given by 

_ (2j - 1)nc _ (2j - 1)n @ 
Wj - 21 - 21 -Jr;' j = 1,2,3,... (7.67) 
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W·x 
f/J. = AI· sin-l-, 

1 1 C 
j = 1,2,3, ... 

and the solution for the free torsional vibration is 

(7.68) 

() = f sin WjX (Cj sin w} + Dj cos W}) (7.69) 
j=1 C 

where the constants Cj and Dj , j = 1, 2, 3, ... , can be determined by using 
the initial conditions as described in the preceding section. 

In the case of a shaft with free ends, the natural frequencies and eigenfunc­
tions are given by 

_ jnc _ jn @ 
Wj - Z - z -V p' j = 1,2,3, ... (7.70) 

W·X 
f/J. = A 2 · cos-1-, j = 1,2,3, ... 

1 1 c 
(7.71) 

and the solution for the free torsional vibration of the shaft with free ends has 
the form 

00 W.X 
() = L cos-1_(Cj sin w/ + Dj cos Wjt) 

j=1 C 
(7.72) 

where Cj and Dj , j = 1, 2, 3, ... , are constants to be determined from the 
initial conditions. 

Similarly one can show that the natural frequencies and mode shapes of the 
torsional vibration in the case of a shaft with both ends fixed are 

_jnc _jn fG 
wj --z -T-Vp' j=1,2,3, ... (7.73) 

j = 1,2,3, ... (7.74) 

and the solution for the free torsional vibration is given by 

(7.75) 

As in the case of longitudinal vibrations discussed in the preceding section, 
the orthogonality of the mode shapes can be utilized in determining the 
arbitrary constants Cj and Dj using the initial conditions. 

Example 7.3 

The system shown in Fig. 6 consists of a disk with a mass moment of inertia Id 
attached to a circular shaft which has mass density p, length I, cross-sectional polar 
moment of inertia I p , and modulus of rigidity G. Obtain the f~equency equation 
and the mode shapes of the torsional vibration. 
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FIG. 7.6. Torsional vibration of a shaft with one end attached to a disk. 

Solution. The two boundary conditions in this case are given by 

8(0, t) = 0 

T(I, t) = GI p8'(l, t) = - I d B(l, t) 

The solution for the free torsional vibration can be assumed in the form 

8(x, t) = q>(x)q(t) 

( . wx WX) ( . = Al sm~ + A2 cos~ Bl sm wt + B2 cos wt) 

Substituting the two boundary conditions into this solution and following the 
procedure described in Example 1, it can be shown that the frequency equation is 
given by 

where 
wI 

y=-, 
c 

y tan y = fl 

This equation has an infinite number of roots Yj, j = 1, 2, 3, ... , which can be 
used to define the natural frequencies Wj as 

j = 1,2,3, ... 

Example 7.4 

The system shown in Fig. 7 consists of a straight cylindrical shaft which has one end 
fixed and the other end attached to a torsional spring with stiffness kt as shown in 
the figure. The shaft has length I, mass density p, cross-sectional polar moment of 
inertia Ip, and modulus of rigidity G. Obtain the frequency equation and the 
eigenfunctions of this system. 

FIG. 7.7. Torsional vibration of a shaft with one end attached to a torsional spring. 
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Solution. The boundary conditions in this case are given by 

0(0, t) = 0 

T(l, t) = GI pO'(l, t) = - ktO(l, t) 

The solution for the free torsional vibration is given by 

O(x, t) = tj?(x)q(t) 

( wx WX). = Al sin-Z- + A z COS-Z- (BI sm wt + Bz cos wt) 

Substituting the boundary conditions into this solution and following the proce­
dure described in Example 2, it can be shown that the frequency equation is given by 

where 
wI 

y=-, 
c 

ytanY=-j1 

c=A 
The roots Yj,j = 1, 2, 3, ... , of the frequency equation can be obtained numerically. 
These roots define the natural frequencies wj,j = 1,2,3, ... , as 

j = 1,2,3, ... 

The associated mode shapes are 

7.3 FREE TRANSVERSE VIBRATIONS 

It was shown in the preceding two sections that the differential equations that 
govern the longitudinal and torsional vibration of rods have the same form. 
The theory of transverse vibration of beams is more difficult than that of the 
two types of vibration already considered in the preceding sections. There are 
several important applications ofthe theory of transverse vibration of beams; 
among these applications are the study of vibrations of rotating shafts and 
rotors and the transverse vibration of suspended cables. In this section, the 
equations that govern the transverse vibration of beams are developed and 
methods for obtaining their solutions are discussed. 

Elementary Beam Theory In the elementary beam theory, all stresses 
are assumed to be equal to zero except the normal stress (J which is assumed 
to vary linearly over the cross section with the y-coordinate of the beam as 
shown in Fig. 8. The normal stress (J can be written as 

(J = ky (7.76) 
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z 

p, E, lzo I 

----1----. x 

y 

FIG. 7.8. Elementary beam theory. 

where k is constant, and Y = 0 contains the neutral surface along which the 
normal stress (J is equal to zero. The assumption that all other stresses are 
equal to zero requires that the resultant of the internal forces be zero and that 
the moments of the internal forces about the neutral axis equal the bending 
moment M. That is, 

L (J dA = 0, LY(JdA = M (7.77) 

where A is the cross-sectional area of the beam. Substituting Eq. 76 into 
Eq. 77 yields 

k LYdA = 0 

k Ly2 dA = M 

(7.78) 

(7.79) 

Since k is a nonzero constant, the first equation implies that the neutral and 
centroidal axes of the cross section coincide. The second equation can be 
used to define k as 

(7.80) 

where I z is the moment of inertia of the cross section about the z-axis of the 
beam cross section, that is, 

I z = Ly2 dA 

Substituting Eq. 80 into Eq. 76 yields 

My 
(J=­

I z 

(7.81) 
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Using Hooke's law, the strain e is given by 

(f My 
8=-=-

E EIz 
(7.82) 

Let v denotes the transverse displacement of the beam. For small deforma­
tions, dv/dx « 1, and it can be shown that 

1 d2v 8 

r :::::! dx2 = -y = - EIz 

M 
(7.83) 

where r is the radius of curvature of the beam. Equation 83 implies that 

(7.84) 

This equation is known as the Euler-Bernoulli law of the elementary beam 
theory. 

Partial Differential Equation In order to determine the differential 
equation for the transverse vibration of beams, we consider an infinitesimal 
volume at a distance x from the end of the beam as shown in Fig. 9. The length 
ofthis infinitesimal volume is assumed to be bx. Let Vand M be, respectively, 
the shear force and bending moment, and let F(x, t) be the loading per unit 
length of the beam. Neglecting the rotary inertia, the sum of the moments 
about the left end of the section yields 

oM oV 2 (bxf 02V (bX)2 
M + 7JXbX - M - Vbx - ox (bX) - F(x, t)-2- - pA ot2 -2- = 0 

(7.85a) 

Taking the limit as bx approaches zero, the preceding equation leads to 

V=oM 
ox 

(7.85b) 

The dynamic equilibrium condition for the transverse vibration of the beam 

FIG. 7.9. Moments and shear forces. 
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is obtained by applying Newton's second law as 

azv av 
pAbx atZ = V + ax bx - V + F(x, t)bx (7.86) 

where p is the mass density and A is the cross-sectional area. Equation 86 can 
be rewritten after simplification as 

aZv av 
pA atZ = ax + F(x, t) (7.87) 

Substituting Eq. 85b into Eq. 87 yields 

azv aZM 
pA atZ = axz + F(x, t) (7.88) 

The moment M can be eliminated from this equation by using the moment 
displacement relationship. To this end, Eq. 84 is substituted into Eq. 88. This 
leads to 

If E and I z are assumed to be constant, Eq. 89 becomes 

azv a4v 
pA atZ = -EIz ax4 + F(x, t) 

In the case of free vibration, F(x, t) = 0 and accordingly 

azv a4v 
_= _cz _ 
atZ ax4 

where c is a constant defined as 

(7.89) 

(7.90) 

(7.91) 

(7.92) 

Separation of Variables Equation 91 is a fourth-order partial differ­
ential equation that governs the free transverse vibration of the beam. The 
solution of this equation can be obtained by using the technique of the 
separation of variables. In this case, we assume a solution in the form 

v = ~(x)q(t) (7.93) 

where ~(x) is a space-dependent function, and q(t) is a function that depends 
only on time. Equation 93 leads to 

~:~ = ~(x) d~~~t) = ~(x)ij(t) (7.94) 

(7.95) 
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Substituting these equations into Eq. 91, one obtains 

~(x)q(t) = _C2~iv(X)q(t) 

which implies that 
q(t) 2 ~iv(X) 2 
-= -c --=-w 
q(t) ~(x) 

(7.96) 

where w is a constant to be determined. Equation 96 leads to the following 
two equations: 

The solution of Eq. 97 is given by 

q = Bi sin wt + B2 cos wt 

For Eq. 98, we assume a solution in the form 

~ = AeAX 
Substituting this assumed solution into Eq. 98 yields 

or 

which can be written as 

where 

The roots of Eq. 100 are 

[A4 - (~YJAeAX = 0 

A4_(~y=0 

Ai = '1, A2 = -'1, A3 = i'1, A4 = -i'1 

(7.97) 

(7.98) 

(7.99) 

(7.100) 

(7.101) 

where i = f-l. Therefore, the general solution of Eq. 98 can be written 
as 

~(x) = Aie~x + A2e-~x + A3ei~x + A4e-i~x 
which can be rewritten as 

(7.102) 

e 103) 
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where 

A _ As + iA7 
4- 2 

Equation 103 can then be rewritten, using Euler's formula of the complex 
variables, as 

</J(x) = A5 sinh 1'/X + A6 cosh 1'/x + A7 sin 1'/X + As cos 1'/X (7.104) 

Substituting Eqs. 99 and 104 into Eq. 93 yields 

v(x, t) = (A5 sinh 1'/X + A6 cosh 1'/x + A7 sin 1'/X + As cos 1'/x) 

. (Bl sin wt + B2 cos wt) 

where w is defined by Eq. 101 as 

(7.105) 

(7.106) 

Boundary Conditions The natural frequencies of the beam, as well as 
the constants that appear in Eq. 105, depend on the boundary and initial 
conditions. For example, if the beam is simply supported at both ends the 
boundary conditions are 

v(O, t) = 0, v"(O, t) = 0 

v(l, t) = 0, v"(/, t) = 0 

which imply that 
</J(O) = 0, </J"(O) = 0 

(7.107) 
</J(/) = 0, </J"(/) = 0 

It is clear that in this case, there are two geometric boundary conditions that 
specify the displacements at the two ends ofthe beam and there are two natural 
boundary conditions that specify the moments at the ends of the beam. Sub­
stituting these conditions into Eq. 104 yields 

A6 + As = 0 

A6 - As = 0 

A5 sinh 1'/1 + A6 cosh 1'/1 + A7 sin 1'/1 + As cos 1'/1 = 0 

A5 sinh 1'/1 + A6 cosh 1'/1 - A7 sin 1'/1 - As cos 1'/1 = 0 

These equations are satisfied if A5 = A6 = As = 0 and 

A7 sin 1'/1 = 0 

The roots of Eq. 109 are 

1'/1 = jn, j = 1,2,3, ... 

(7.108) 

(7.109) 

(7.110) 
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Therefore, the natural frequencies are given by 

_ j 2 n2 _ j 2n2 fEIz 
Wj - pC - p -JPJi.' 

and the corresponding modes of vibration are 

j = 1,2,3, ... 

j = 1,2,3, ... 

(7.111) 

(7.112) 

The solution for the free vibration of the simply supported beam can then be 
written as 

00 00 

v(x, t) = L <jJjqj = L (Cj sin Wjt + Dj cos wjt) sin 1'/ j x (7.113) 
j=1 j=1 

The arbitrary constants Cj and Dj,j = 1,2,3, ... , can be determined using the 
initial conditions by the method described in Section 1 of this chapter. 

In the case of a cantilever beam, the geometric boundary conditions at the 
fixed end are 

v(O, t) = 0, v'(O, t) = ° 
and the natural boundary conditions at the free end are 

vl/(l, t) = 0, 

These conditions imply that 

<jJ(0) = 0, 

r(l) = 0, 

v"'(l, t) = ° 
<jJ'(O) = ° 

</J"'(l) = ° 
Substituting these conditions into Eq. 104 yields the frequency equation 

cos 1'/1 cosh 1'/1 = -1 

The roots of this frequency equation can be determined numerically. The first 
six roots are (Timoshenko et aI., 1974),1'/11 = 1.875,1'/21 = 4.694, 1'/31 = 7.855, 
1'/41 = 10.996, 1'/51 = 14.137, and 1'/61 = 17.279. Approximate values of these 
roots can be calculated using the equation 

11) ~ (j - t)n 

The fundamental natural frequencies of the system can be obtained using 
Eqs. 92 and 101 as 

The first six natural frequencies are 

{Ei; 
W 2 = 22.03364 -J mr 
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(Ei; 
Ws = 199.8548 './rnr' 

In this case it can be verified that the mode shapes are 

¢Jj(x) = A6j[sin rJjX - sinh 1JjX + Dicos 1JjX - cosh 1Jj x)], 

where A6j is an arbitrary constant and 

- cos 1J) + cosh 1Jj l 
D· = ----:----'--:------:---::-----'-:-

] sin 1Jj l - sinh 1Jj l 

7.4 ORTHOGONALITY OF THE EIGENFUNCTIONS 

j = 1,2, ... 

In this section, we study in more detail the important property of the orthogo­
nality of the eigenfunctions of the continuous systems. This property can be 
used to obtain an infinite number of decoupled second-order ordinary differ­
ential equations whose solution can be presented in a simple closed form. This 
development can be used to justify the use of approximate techniques to 
obtain a finite-dimensional model that represents, to a certain degree of 
accuracy, the vibration of the continuous systems. Furthermore, the use of the 
orthogonality of the eigenfunctions leads to the important definitions of the 
modal mass, modal stiffness, and modal force coefficients for the continuous 
systems. As will be seen in this section, there are an infinite number of such 
coefficients since a continuous system has an infinite number of degrees of 
freedom. 

Longitudinal and Torsional Vibration of Rods The partial differ­
ential equations that govern the longitudinal and torsional vibration of rods 
have the same form, and consequently the resulting eigenfunctions are the 
same for similar end conditions. Therefore, in the following we discuss only 
the orthogonality of the eigenfunctions of the longitudinal vibration of rods. 

It was shown, in Section 1, that the partial differential equation for the 
longitudinal vibration of rods can be written as (see Eq. 7) 

a2u a ( au) 
pA at2 = ax EA ax (7.114) 

where u = u(x, t) is the longitudinal displacement, p and A are, respectively, 
the mass density and cross-sectional area, and E is the modulus of elasticity. 
The solution of Eq. 114, which was obtained by using the separation of 
variables technique, can be expressed as 

u(X, t) = ¢J(x)q(t) (7.115) 

where ¢J(x) is a space-dependent function, and q(t) depends only on time and 
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can be expressed as 

q(t) = Bl sin wt + B2 cos wt 

By using Eqs. 115 and 116, the acceleration iYu/ot2 can be written as 

Therefore, Eq. 114 can be written as 

- pAW2¢J(X)q(t) = (EA ¢J'(x)), q(t) 

which leads to 

- pAW2 ¢J(x) = (EA¢J'(x)), 

For the jth eigenfunction ¢Jj,j = 1,2,3, ... , Eq. 118 yields 

(EA¢J/(x)), = - pAwJ#x) 

(7.116) 

(7.117) 

(7.118) 

(7.119) 

Multiplying both sides of this equation by ¢Jk(X) and integrating over the 
length, one obtains 

L (EA¢Jj(x))'¢Jk(X) dx = -wJ L pA¢Jj(X)¢Jk(X) dx 

Integrating the integral on the left-hand side of this equation by parts, one 
obtains 

EA¢Jj(X)¢Jk(X) I~ -L EA¢J~(x)¢J~(x) dx = -wJ L pA¢Jj(X)¢Jk(X) dx (7.120) 

where I is the length of the rod. 
For simple end conditions such as free ends (¢Jj(/) = 0) or fixed ends (¢Jj(/) = 0), 

the first term in Eq. 120 is identically zero, and this equation reduces to 

L EA¢Jj¢Jk dx = wJ L pA¢Jj¢Jk dx (7.121) 

Similarly, for the kth eigenfunction, we have 

(7.122) 

Subtracting Eq. 122 from Eq. 121, one obtains 

(wJ - wf) L pA¢Jj¢Jk dx = 0 

Assuming that Wj and Wk are distinct eigenvalues, that is, Wj 1= wk, the preced-
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ing equation yields for j -# k 

and for j = k we have 

I pAr/J/A dx = 0 

I EAr/Jjr/J~ dx = 0 

I pAr/JJ dx = mj 

L EAr/J? dx = kj 

(7. 123a) 

(7.123b) 

The coefficients mj and kj' j = 1, 2, 3, ... , are called, respectively, the modal 
mass and modal stiffness coefficients, and they have, respectively, the units of 
mass and stiffness. It is also clear from Eq. 121 that 

j = 1,2,3, ... (7.124) 

That is, the jth natural frequency Wj is defined by 

I I EAr/Jj2 dx 
2 kj 0 

W j = mj = ::'-I~~~p-A-r/J-J-d-x-' j = 1,2,3, ... (7.125) 

For torsional systems one can follow a similar procedure to show that the 
jth natural frequency of the torsional oscillations is given by 

k- L GIpr/J/ dx 

wi ~ ":; ~ I pl,,li dx ' 
j = 1,2,3, ... (7.126) 

where G is the modulus of rigidity and I p is the polar moment of inertia. 
Perhaps it is important to emphasize at this point that, if the end conditions 

are not simple the definitions of the modal mass and stiffness coefficients given 
by Eq. 123b must be modified, and in this case the general relationship of Eq. 
120 must be used to define the modal coefficients. 

Transverse Vibration It was shown in Section 3 that the partial differ­
ential equation that governs the free transverse vibration of beams is given by 

iPv 02 ( 02V) 
pA ot2 = - ox2 EIz ox2 (7.127) 

where v = v(x, t) is the transverse displacement, p is the mass density, A is the 
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cross-sectional area, E is the modulus of elasticity, and Iz is the moment of 
inertia of the cross section about the z-axis. The solution of this equation can 
be written using the separation of variables technique as 

v = tP(x)q(t) 

where tP(x) and q(t) are, respectively, space- and time-dependent functions. 
The function q(t) is defined as 

q(t) = Bl sin wt + B2 cos wt 

Using the preceding two equations, Eq. 127 yields 

W2pAtP(X)q(t) = (ElztP"(x))" q(t) 

That is, 
w2 pAtP(x) = (ElztP"(x))" 

Therefore, for the jth natural frequency wj ' one has 

(ElztP'j)" = w; pAtPj 

Multiplying this equation by <A and integrating over the length, we have 

I (ElztPJ')"tPk dx = w] I pAtPjtPk dx, j = 1,2,3,... (7.128) 

The integral on the left-hand side of this equation can be integrated by parts 
to yield 

I (ElztP'j)" tPk dx = (ElztP'j)' tPk I~ -ElztP'j tP~ I~ 

+ I ElztP'j tP~ dx 

Therefore, Eq. 128 can be written as 

(ElztP'j)' tPk I~ -ElztP'j tP~ I~ + I ElztP'j tP~ dx 

j = 1,2,3, ... (7.129) 

This is the general expression for the orthogonality condition of the eigenfunc­
tions of the transverse vibration of beams. 

One can show that if the beam has simple end conditions such as fixed ends, 
free ends, or simply supported ends, the orthogonality condition of Eq. 129 
reduces to I ElztP'j tP~ dx = w; I pAtPjtPk dx 

Similarly, for the kth natural frequency w k , we have 

I ElztP'j tP~ dx = w~ I pAtPjtPk dx 

(7.130) 

(7.131) 
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Subtracting Eq. 131 from Eq. 130, we obtain the following relatinships for 
the simple end conditions in the case j ¥- k: 

I pA¢JlAdx = 0) 
I Elz ¢J'l ¢J~ dx = 0 

(7.132) 

and forj = k 

IpA¢Jf dX =mi) 

II El '/"~2dx = k· 
z'l'J J 

o 

(7.133) 

where mj and kj are, respectively, the modal mass and modal stiffness co­
efficients which from Eq. 130 are related by 

(7.134) 

or 

rl Elz ¢J'? dx 
2 kj Jo 

Wj = mj = -I"-~'---p-A-¢J-f-d-X-
(7.BS) 

If the end conditions are not simple, Eq. 129 can still be used to define the 
modal mass and stiffness coefficients. 

Example 7.5 

Find the orthogonality relationships of the mode shapes of the longitudinal vibra­
tion of the rod shown in Fig. 10. 

Solution. The boundary conditions for this system are 

u(O,t) = 0 

m o2u(l, t) = _ ku(l t) _ EA ou(l, t) 
ot2 ' ox 

F p,E,A,1 ~ x 
-------jm ----+ 

FIG. 7.10. Longitudinal vibration of bars. 
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These conditions yield 
~(O) = 0 

and 
(k - w2m)~(l) = - EA~'(I) 

The general orthogonality relationship of Eq. 120 can be written as 

EA~j(l)~k(l) - EA~j(O)~dO) - I EA~j(x)~~(x) dx 

= -wy I pA~j(X)~k(X) dx 

By using the boundary conditions of this example, this orthogonality relationship 
can be written as 

-(k - wym)~j(l)~k(l) - I EA~j(x)~~(x) dx = -wy I pA~iX)~k(X) dx 

or 

k~j(l)~k(l) + I EA~j(x)~ax) dx = wy [ m~il)~k(l) + I pA~iX)~k(X) dxJ 

Similar relationship can be obtained for mode k as 

k~il)~k(l) + I EA~j(x)~~(x) dx = w~ [ m~il)~k(l) + I pA~j(X)~k(X) dxJ 

Subtracting this equation from the one associated with mode j, we obtain the 
following orthogonality relationships for j 1= k: 

and for j = k we have 

m~il)~k(l) + I pA~iX)~k(X) dx = 0 

k~il)~k(l) + I EA~j(x)~~(x) dx = 0 

m~J(l) + I pA~y(x) dx = mj 

k~y(l) + I EA~?(x)dx = kj 

where mj and kj are, respectively, the modal mass and stiffness coefficients. The jth 
natural frequency of the system can be defined as 

k. k~y(l) + f EA~?(x) dx 

wy = ":j = m~J(l) + I~ pA~y(x) dx 

Note that ifm and k approach zero, the natural frequency Wj approaches the value 
obtained by Eq. 125 for the simple end conditions. 



7.5. Forced Longitudinal and Torsional Vibrations 329 

7.5 FORCED LONGITUDINAL AND 
TORSIONAL VIBRATIONS 

In this section, we use an analytical approach for developing the differential 
equations of the forced longitudinal and torsional vibrations of continuous 
systems. As shown in the preceding sections, the vibrations of continuous 
systems are governed by partial differential equations expressed in terms of 
variables that are space and time dependent. In this section, the orthogonality 
of the eigenfunctions (mode shapes) are used to convert the partial differential 
equation to an infinite number of uncoupled second-order ordinary differ­
ential equations expressed in terms of the modal coordinates. These equations 
are similar to the equations that govern the vibration of single degree of 
freedom systems. 

Longitudinal Vibration It was shown in Section 1 that the partial differ­
ential equation that governs the longitudinal forced vibration of rods is given 
by 

02U a ( au) 
pA ot2 = ox EA ox + F(x, t) (7.136) 

where p, A, and E are, respectively, the mass density, cross-sectional area, and 
modulus of elasticity, u = u(x, t) is the longitudinal displacement, and F(x, t) 
is a space- and time-dependent axial forcing function. 

Using the technique of the separation of variables, the displacement u can 
be written as 

00 

u(x, t) = L I/Jix)%(t) (7.137) 
j=l 

where I/Jj is the jth space-dependent eigenfunction (mode shape) and qj is the 
time-dependent modal coordinate. A virtual change in the longitudinal dis­
placement u is an infinitesimal displacement consistent with the boundary 
conditions (Shabana, 1991) and is 

00 

bu = L I/Jjb% (7.138) 
j=l 

Multiplying Eq. 136 by bu and integrating over the length ofthe beam leads to 

I pA ~:~ bu dx = I :x ( EA ~:) bu dx + I F(x, t)bU dx 

Substituting Eqs. 137 and 138 into Eq. 139 yields 

j~l k~l I [pAl/Jk(X)l/Jj(X)qk - (EAI/J~(x»,l/Jj(X)qk - Qj] dx bqj = 0 

where 

(7.139) 

(7.140) 

(7.141) 
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By using the integration by parts, one has 

L (EA~~(x))'~/x) dx = EA~~(x)~j(x) I~ -L EA~~(x)~j(x) dx (7.142) 

Substituting this equation into Eq. 140 yields 

j~ L~l L [pA~k(X)~j(X)qk + EA~~(x)~j(X)qk - QJ dx 

- EA~~(x)~j(x) t qk] {)qj = 0 (7.143) 

Using the boundary conditions and the orthogonality relationship of the 
eigenfunctions, one can show in general that 

k~l [L (pA~k(X)~/X)qk + EA~~(x)~j(x)qd dx 

- EA~~(x)#x) I~ qk] = mAj + kjqj (7.144) 

where mj and kj are, respectively, the modal mass and stiffness coefficients that 
depend on the boundary conditions and can be defined using the orthogonal­
ity relationships of the eigenfunctions. If Eq. 144 is substituted into Eq. 143, 
one gets 

00 

L [mAj + kj% - Qj]{)% = 0 (7.145) 
j=l 

Since the virtual changes {)% are linearly independent, Eq. 145 yields 

mAj + kj% = Qj' j = 1,2,3,... (7.146) 

These equations, which are uncoupled second-order ordinary differential 
equations, are in the same form as the vibration equations of the single degree 
offreedom systems. Therefore, their solution can be obtained using Duhamel's 
integral as 

% = %0 cos Wjt + qjO sin wl + _1_ It Qlr) sin wit - -r) d-r, 
Wj mjWj 0 

j = 1,2,3, ... (7.147) 

where qjO and qjO are the initial modal displacements and velocities and Wj is 
the jth natural frequency defined as 

Wj = flS, 
-J~ 

j = 1,2,3, ... (7.148) 

Having determined qj using Eq. 147, the longitudinal displacement u(x, t) can 
be determined by using Eq. 137. 
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In the case offree vibration, the modal force Qj is equal to zero and Eq. 146 
reduces to 

mAj + kjqj = 0, 

The solution of these equations is 

j = 1,2,3, ... 

qjO . 
qj = qjO cos OJjt + w. SIll OJ}, 

J 

j = 1,2,3, ... 

(7.149) 

(7.150) 

Concentrated Loads If the force F is a concentrated load that acts at a 
point p on the beam, that is, F = F(t), there is no need to carry out integratlOn 
in order to obtain the modal forces. In this case, the virtual work of this force 
is given by 

bW = F(t)bu(xp, t) 

00 

= F(t) L (A(xp)bqit ) 
j=l 

00 

= L Qjbqj(t) 
j=l 

where Qj' j = 1, 2, 3, ... , is the modal force associated with the jth modal 
coordinate and defined as 

(7.151) 

in which (A(xp ) is the jth mode shape evaluated at point p on the beam. 

Torsional Vibration The equation for the forced torsional vibration, 
which takes a similar form to the equation of forced longitudinal vibration, 
was given in Section 2 as 

028 a ( 08) 
pIp ot2 = ax Glp ax + I;(x, t) (7.152) 

where p, I p , and G are, respectively, the mass density, polar moment of inertia, 
and modulus of rigidity, 8 = 8(x, t) is the angle of torsional oscillation, and 
I;(x, t) is the external torque which is time and space dependent. The solution 
of Eq. 152 can be expressed using the separation of variables technique as 

00 

8(x, t) = L rPix)qj(t) (7.153) 
j=l 

Following the same procedure as in the case of longitudinal vibration, one 
can show that the equations of the torsional vibration of the shaft in terms of 
the modal coordinates are given by 

j = 1,2,3, ... (7.154) 
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where mj and kj are, respectively, the modal mass and stiffness coefficients and 

Qj = I T.(x, t)(h(x) dx (7.155) 

The solution of Eq. 154 is defined by Eq. 147, and therefore, the mathematical 
treatment of the linear torsional oscillations of shafts is the same as the one 
used for the longitudinal vibration of rods. 

Example 7.6 

If the rod in Example 5 is subjected to a distributed axial force of the form F(x, t), 
determine the equations of forced longitudinal vibration of this system. 

Solution. The boundary conditions in this example are 

u(O,t) = 0 

02U ou(l, t) 
m ot2 = -ku(l, t) - EAax-

which yield 
¢(O) = 0 

EA¢'(l)q(t) = - k¢(l)q(t) - m¢(l)ii(t) 

That is, 
¢k(O)¢j(O) = 0 

EA¢W)¢j(l)qk(t) = - krA(l)¢i1)qk(t) - m¢k(l)¢j(l)iik(t) 

The last term on the left-hand side of Eq. 144 can be written as 

EA¢;'(x)¢ix) [ qk = (EA¢;'(l)¢il) - EA¢;'(O)¢iO))qk 

which upon using the boundary conditions yields 

EA¢;'(x)¢ix) [ qk = -k¢k(l)¢j(l)qk - m¢k(l)¢j(l)iik 

Therefore, Eq. 144 can be written as 

k~l I (pA¢k(X)¢ix)iik + EA¢;'(x)¢/(X)qk) dx + k¢k(l)¢i1)qk + m¢k(l)¢j(l)iik 

= k~l [ m¢k(l)¢j(l) + I pA¢k(X)¢j(X) dXJ iik 

+ l [k¢k(l)¢il) + I EA¢i(x)¢j(x) dxJ qk 

Comparing this equation with the orthogonality relationships obtained in Exam-
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pIe 5, it is clear that 

k~l [ mlA(l)(A(l) + f~ pA~k(X)~ix) dxJ qk 

+ f [klA(l)~j(l) + r' EA~k(X)~j(x) dXJqk = mAj + kjqj 
k=l Jo 

where mj and kj are the modal mass and stiffness coefficients defined by 

mj = m~J(l) + I pA~J(x) dx 

kj = k~W) + I EA~?(x) dx, j = 1, 2, 3, ... 

Therefore, the equations of motion of the forced longitudinal vibration of the rod, 
expressed in terms of the modal coordinates, are 

mjqj + kjqj = Qj' j = 1, 2, 3, ... 

7.6 FORCED TRANSVERSE VIBRATIONS 

The partial differential equation of the forced transverse vibration of the 
beams was given by Eq. 89 as 

02V 02 ( 02V) 
pA ot2 + ox2 EIz ox2 = F(x, t) (7.156) 

where p, A, Iz , and E are, respectively, the mass density, cross-sectional area, 
second moment of area, and modulus of elasticity, v(x, t) is the transverse 
displacement, and F(x, t) is the forcing function which may depend on the 
spatial coordinate x and time t. By using the technique of separation of 
variables we may write the transverse displacement v as 

(7.157) 

Multiplying both sides of Eq. 156 by the virtual displacement t5v (Shabana, 
1991) and integrating over the length of the beam we obtain 

I [PA ~:~ t5v + ::2 ( EIz ;:~ ) t5vJ dx = I F(x, t)t5v dx 

which upon using Eq. 157 yields 

j~ k~l I [pA~(x)tPj(X)qk + (EIz tP;(x»)"tPj(x)qk]t5qj dx 

(7.158) 



334 7. Continuous Systems 

Integration by parts yields 

Substituting this equation into Eq. 158 and using the boundary conditions 
and the orthogonality relationships of the eigenfunctions, one gets 

00 

L [mit + kjqj - Qj]bqj = 0 (7.160) 
j=l 

where mj and kj are the modal mass and modal stiffness coefficients that 
depend on the boundary conditions and can be defined using the orthogonal­
ity of the mode shapes, and Qj is the modal forcing function defined as 

(7.161) 

Since the modal coordinates qj,j = 1,2,3, ... , are independent, Eq. 160 yields 
the following uncoupled second-order ordinary differential equations: 

j = 1,2,3, ... (7.162) 

These equations are in a form similar to the one obtained in the preceding 
section for the two cases of longitudinal and torsional vibrations. 

Problems 

7.1. Determine the equation of motion, boundary conditions, and frequency equation 
of the longitudinal vibration of the system shown in Fig. PI, assuming that the 
rod has a uniform cross-sectional area. 

p,E,A,1 

p,E,A,1 
p,E,A,1 

FIG. P7.1 FIG. P7.2 FIG. P7.3 
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7.2. The system shown in Fig. P2 consists of a uniform rod with a spring attached 
to its end. Derive the partial differential equation of motiQn and determine 
the boundary conditions and frequency equation of the longitudinal vibration. 

7.3. Obtain the equation of motion, boundary conditions, and frequency equation of 
the system shown in Fig. P3. 

7.4. Determine the equation of motion, boundary conditions, and frequency equation 
of longitudinal vibration of a uniform rod with a mass m attached to each end. 
Check the fundamental frequency by reducing the uniform rod to a spring with 
end masses. 

k 

~ 
p, G,/p, I §J 

FIG. P7.4 

7.5. Determine the equation of motion, boundary conditions, and natural frequencies 
of a torsional system which consists of a uniform shaft of mass moment of inertia 
I with a disk having mass moment of inertia 11 attached to each end of the shaft. 

7.6. Derive the equation of motion ofthe system shown in Fig. P4 which consists ofa 
uniform shaft with a torsional spring of torsional stiffness k attached to its end. 
Obtain the boundary conditions and the frequency equation. 

7.7. Obtain the equation of torsional oscillation of a uniform shaft with a torsional 
spring of stiffness k attached to each end. 

7.8. Determine the equation of transverse vibration, boundary conditions, and fre­
quency equation of a uniform beam of length 1 clamped at one end and pinned 
at the other end. 

7.9. Obtain the frequency equation ofthe transverse vibration of the beam shown in 
Fig. P5. 

p, G, [p, I 

FIG. P7.5 



336 7. Continuous Systems 

7.10. A uniform rod which is fixed at one end and free at the other end has the following 
initial conditions: 

nx 
u(x, 0) = Ao sin 2i 
u(x,O) = 0 

Obtain the general solution of the longitudinal vibration. 

7.11. A uniform shaft which is fixed at one end and free at the other end has the 
following initial conditions: 

nnx 
B(x, 0) = Ao sin 2f 

8(x, 0) = 0 

where n is a fixed odd number. Obtain the solution of the free longitudinal 
vibration of this system. 

7.12. A uniform rod with one end fixed and the other end free is subjected to a 
distributed axial load in the form 

F(x, t) = x sin 5t 

Determine the response of the system as the result of application of this forcing 
function. 

a p, E,A,/ 

~+--------'~ 
FIG. P7.6 

7.13. Determine the response of the system shown in Fig. P6 to a concentrated 
harmonic forcing function. 
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Answers to Selected Problems 

CHAPTER 1 

1.7. mlx l + (k l + k 2)Xl - k2X2 = Fl(t) 

m2x2 + k 2x 2 - k2Xl = Fl(t) 

1.8. m l Xl + (k l + k 2)Xl - k2X2 = 0 

m2X2 + k2x 2 - k2x l = 0 

CHAPTER 2 

2.1. x(t) = Cl cos 3t + C2 sin 3t 

2.3. x(t) = Al e 3t + A 2e- 3t 

2.5. x(t) = Ce(3/4)t sin ( ~ t + t/J ) 

. 3 
2.7. x(t) = Cl cos 3t + C2 sm 3t + set 

. (5 h ) (1 2 24 66 ) 2t 1 
2.9. x(t) = C sm 3Y 3t + t/J + 37 t - 1369 t + 50653 e + 25 t 

(fo ) 2 12 . 9 45 . 
2.11. x(t) = Ce-(3/4)t sin -4-t + t/J - 37 cos 2t + 37 sm 2t - 34 cos t + 102 sm t 

339 
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( 1367 1577.) ( 3 3 ) 
2.21. x(t) = et 1690 cos 2t + 845 sm 2t + e2t 26 t - 338 cos 3t 

+e2t --- sm3t+-e2t ( t 41). 1 
13 338 5 

CHAPTER 3 

3.1. co = 24.495 rad/s, Xmax = 0.9798 m/s 

3.3. x(t) = 0.204 sin(24.495t) 

3.5. x(t) = 0.03 cos(22.147t), E = 1.104 N'm 

k = 4(k1a2 + k212) 
3.7. e 12 

3.9. x(t) = 0.311 sin(16.059t) 

3.11. co = 
k112/4 + k212 + mgl/2 

1+ m12/4 

3.13. co = 

3.15. co = 

k[2/4 + mgl + mr gl/2 

1+ mr 12/4 + ml2 

kr2 + G1 Jt/l1 + G2J2/12 
I 

k1a2 + k2b2 + mg(b - a)/2 
3.17. co = 

1+ m(b - a)2/4 

3.19. B(t) = 0.0524 cos(95.5t) 

3.21. B(t) = -0.0349 cos(88.09t) 

3.23. x(t) = 0.055e-10t sin(43.589t + 1.1406) 

3.25. (a) x(t) = 0.02236e-7.639t - 0.02236e-52.361t 

(b) x(t) = 0.05854e-7.689t - 8.541 x 1O-3e-52.361t 

(c) x(t) = 0.080ge-7.639t - 0.030ge-52.361t 

3.27. co = 35.018 rad/s 

3.29. co = kl k3 + k2 k3 
m(kl + k2 + k3) 

3.31. m[2jj + ca2iJ + (k[2 + mgl)B = 0 

3.33. B(t) = 5te-44.94t 

3.35. (a) ~ = 0.09, c = 19.333 N . s/m 

(b) ~ = 1, c = 214.814 N· s/m 

(c) ~ = 1.2, c = 257.776 N· s/m 
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( mI2) .. cF. kl2 
3.41. 1+ 4 8+ 4 8+ 4 8=0 

8(t) = 0.0884e- 5t sin(31.225t + 1.412) 

3.47. b = 0.1223, ~ = 0.0195 

3.51. ~ = 1.072 X 10-3 

CHAPTER 4 

4.1. x(t) = X sin(22.361t + lfo) - 0.05 sin 30t 

4.3. x(t) = 0.1383 sin 25.82t - 0.08572 sin 30t 

4.11. x(t) = -4.132 x 1O-2e- 3t sin(29.85t - 1.5529) 

+ 9.820 x 10-3 sin(15t - 0.1343) 

4.15. x(t) = 0.1174e-3.333t sin(29.814t + 1.4595) + 0.0667 sin (30t - ~) 

4.19. 8(t) = 0.1001e-60t sin(49.289t + 0.6155) + 0.03675 sin(40t - 0.826) 

+ 0.07844 sin(20t - 0.403) 

4.25. (Ft)max = 35.3587 N 

4.27. x(t) = -0.01568e-6.667t sin(29.25t - 0.8978) + 0.02557 sin(15t - 0.2881) 

4.31. 8(t) = 0.0323e-60t sin(91.652t + 0.03115) + 0.01 sin(1Ot - 0.1005) 

4.33. 8(t) = 0.0957e-23.684t sin(50.96t + 0.0327) + 0.0204 sin(1Ot - 0.1537) 

4.35. 8(t) = 0.01587e-10t sin(126.142t - 1.972) - 5.0 sin(5t - 0.006) 

4.37. 8(t) = 0.0376e-10t sin(76.918t + 0.01) + 0.011 sin(1Ot - 0.034) 

CHAPTER 5 

5.1. F(t) = Fo + t (- 2Fo) sin nt 
2 n=2.4,6 nn 

Fo 00 4Fow2 . ( n) 
5.7. x(t) = A sin(wt + lfo) + 2k - n=t3, 5 (nn)2k(w2 _ n2) sm nt + 2 

Fol 00 (-2Fol) . 
5.11. 8(t) = A sin(wt + lfo) + -2k + L k (1 _ 2) sm nt, 

e n=2,4,6 nn e rn 
ke = mgl 

3 00 2Fo 2nn 00 Fo . 2nn 
5.13. F(t) = -Fo - L --2 cos-t - L - sm-t 

4 n=1,3,5 (nn) T n=1 nn T 
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00 (-4Mo). me 5.17. M(t) = L -- Slll-t 
n=1.3,5 nn T 

00 (-4M ) (nn) 
5.19. 8(t) = Ae-;wt sin(wdt + </J) + L ° sin T t - I/In 

n=1,3,5 nnkeJ(l - r;)2 + (2rn~)2 
-1 ( 2rn~ ) I/In = tan 1 _ r; 

CHAPTER 6 

6.1. 

6.5. 

6.9. 

2 (2 + j2)k 
W 1 = , 2 (2 - j2)k 

W 2 = 
m m 

Xl (t) = -0.0171 sin ( 18.48t - ~) + 2.927 X 10-3 sin (7.65t + ~) 

x 2 (t) = 7.07 x 10-3 sin ( 18.48t -~) + 7.07 X 10-3 sin (7.65t +~) 
2 k(ml + m2) 

wi=O, W2=~~-= 

6.11. wi = 0, 

613 [m,I' +: +~ ~J[:}[ ~~I -:I][:}[~J 
617 2 = -b + Jb2 - 4ac 2 _ -b - Jb2 - 4ac 

• • W 1 , W 2 - --~---
2a 2a 

a= mI, b = -[(kl + k2)I + k 1 ma + k2;/2] 

klk2/2 
C = klk2a(1 + I) + -4-

CHAPTER 7 

7.1. The frequency equation y tan y = /l 

Y = wi, /l = M, c = @ 
c m .yp 



7.3. The frequency equation 

7.5. The frequency equation 

7.7. The frequency equation 

nct . nx 
7.9. u(x, t) = Ao cos2f SIn2T 

nnct . nnx 
7.11. u(x, t) = Ao COS U SInU 
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wi EAw 
tan - = -------,..-----,-,-

c c(mw2 - k) 

. wi ncn fG 
sine = 0, w. = -1-' c = VP 
. wi ncn fG 

Sine = o,w. = -1-' c = VP 
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Absorber, vibration 273-276,280-284 
Accelerometer 168-170 
Adams methods 226 
Amplitude of displacement 43, 64 
Analysis of the oscillatory motion 

66-75 
Arbitrary forcing function 208-216 
Assumed mode method 81-84 

Balancing 159-161 
Bandwidth method 173-176 
Base motion 161-166 
Basic definitions 2-4 
Beating 144-145 

Central impact 117 
Characteristic equation 34, 240, 258 
Coefficient of restitution 118 
Coefficient of sliding friction 105 
Coefficient of viscous damping 10 
Complementary function 50 
Complete solution 139 
Complex conjugate roots 41-43, 

48-49 
Complex roots 56-57,259-261 
Conservation of energy 70-71 
Conservation of momentum 117-118 
Conservative system 71 
Continuous system 4,301-336 
Control law 116 
Convolution integral 209 
Coulomb damping 4,9,105-113 
Cramer's rule 148 
Critical damping coefficient 90, 148 
Critically damped system 35,90, 

93-95 

Critically stable system 57,77-78 

Damped free vibration 256-266 
Damped natural frequency 96 
Damped system 4 
Damping 9-10 
Damping evaluation, experimental 

methods 170-176 
Damping factor 90 
Damping matrix 257 
Differential equations 

two degree of freedom systems 
238-239,256-257 

Differential equation of motion 
135-136 

Direct impact 117 
Dirichlet conditions 193 
Dry friction 4,9, 105 
Duhamel integral 209 

numerical evaluation of 212-215 
Dynamically coupled system 244 
Dynamically decoupled system 244 
Dynamics of rigid bodies 19-26 

Effective forces 20 
Effective moment 20 
Elastic forces 4, 5-8 
Elastically coupled system 244 
Elastically decoupled system 244 
Elements of vibration models 4-10 
Energy dissipated 174-176 
Energy loss 101 
Equivalence coefficients 97-98 
Equivalent systems 84-88 
Euler's formula 41 
Euler's method 222 
Even functions 196-197 

345 
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Experimental methods 
for damping evaluation 170-176 

Feedback control system 114 
Force transmission 150-151, 157-158 
Forced undamped vibration 136-142 
Forced vibration 2, 135-184 

of damped systems 147-155, 
276-280 

Fourier coefficients 187-190 
numerical solution for 190-195 

Fourier series 186-187 
Free damped vibration 88-99 
Free undamped vibration 61-66, 

238-243 
Free vibration 

of single degree of freedom systems 
61-134 

of two degree of freedom systems 
238-266 

Frequency response 171-173 
Fundamental period 186 

Half-power method 173 
Harmonic functions 195-196 
Harmonic motion 63-64 
Houdaille damper 283-284 
Hysteretic damping (see Structural 

damping) 

Idealization of mechanical and 
structural systems 29-31 

Impact dynamics 117-121 
Impulse response function 207 
Impulsive motion 204-208 
Inertia coefficients 244 
Inertia forces 4-5,20 
Inertia moment 20 
Initial conditions 46-49,241 
Instability 78 

Kinetic energy 70 

Lanchester damper 283 
Law of motion 11 
Line of impact 117 
Linear damped forced vibration 14 
Linear impulse 206 
Linear second-order dillerential 

equations 33 

Linear theory of vibration 3 
Linearization of the dillerential equation 

26-28 
Logarithmic decrement 99-102, 171 
Longitudinal vibrations 301-311, 

329-332 

Magnification factor 138, 149 
Mass coefficients 244 
Mass matrix 243 
Mass moment of inertia 5 
Matrix equations 243-256 
Measuring instruments 166-170 
Modal coordinates 253 
Mode shapes 241 
Motion control 114-117 
Multi-degree of freedom systems 4, 

284-290 

Natural frequency 62-63 
Natural period of oscillation 67-69 
Negative damping 109-113 
Nonlinear theory of vibration 4 
Nonlinear vibration, computer methods 

219-230 
Numerical evaluation of the Duhamel 

integral 212-216 
Numerical integration 222-223 
Numerical solution for Fourier 

coefficients 190-195 

Oblique impact 117 
Odd functions 197 
Overdamped system 90-93 

Parallel connection 84-85 
Particular solution 50 
Perfectly elastic impact 119 
Perfectly plastic impact 119 
Period 185 
Periodic forcing functions 185-187, 

198-204 
Phase angle 43, 64 
Phase plane 71-72 
Principal coordinates 253-254 
Principal modes of vibration 241 

Rayleigh-Ritz method 4 
Relative motion 163-164 



Resonance 142-144 
Response to nonharmonic forces 

185-236 
Restitution condition 118-119 
Rotating unbalance 155-161 
Runge-Kutta algorithm 227-230 
Runge-Kutta method 226-227 

Selection of coordinates 251-253 
Self-excited vibration 109 
Series connection 85-86 
Single degree offreedom systems 4 

analysis of the oscillatory motion 
66-75 

forced vibration 135-184 
free damped vibration 88-99 
free undamped vibration 61-66 
free vibration 61-134 
stability of undamped linear systems 

75-78 
torsional systems 79-80 

Solution of the equations of motion 
239-241 

Solution of nonhomogeneous equations 
50-55 

Solution of the vibration equations 
33-60 

homogeneous differential equations 
34-46 

initial conditions 46-49 
solution of nonhomogeneous equa­

tions with constant coefficients 
50-55 

stability of motion 55-59 
Specific energy loss 101 
Spring coefficient 6 
Spring constant 6 
Springs connected in parallel 84 
Stability 

of motion 55-59 
of undamped linear systems 75-78 

State space representation 221-222 
Static equilibrium condition 62 
Static equilibrium position 62 
Steady state response 13 7 -139 

Index 347 

Steady state solution 136 
Stiffness coefficient(s) 6, 244 
Stiffness matrix 243 
Strain energy 70 
Structural damping 4, 8, 102-105 

coefficient 103 

Torsional systems 79-80 
Torsional vibration 312-316,331-

332 
Total energy 70 
Transient solution 136 
Transmissibility 151 
Transmitted force 150-151, 157-158, 

163 
Transverse vibrations 316-323, 

333-334 
Two degree of freedom systems 4, 

237-284 
damped free vibration 256-266 
forced vibration 276-280 
free undamped vibration 238-243 
matrix equations 243-256 
undamped forced vibration 266-273 
untuned viscous vibration absorber 

280-284 
vibration absorber of the undamped 

system 273-276 

Undamped system 4 
Underdamped system 96-97 
Undetermined coefficients 50 
Unit impulse 206 
Unstable system 57,78 
Untuned vibration absorber 280-284 

Vibration absorber 273-276 
Vibrometer 167-168 
Viscous damper 9 
Viscous damping 4, 9 

Work per cycle 145-146,151-154 
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Laminar Viscous Flow 
V.N. Constantinescu 

Thermal Contact Conductance 
C.V. Madhusudana 
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