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Series Preface

Mechanical engineering, an engineering discipline borne of the needs of the
industrial revolution, is once again asked to do its substantial share in the call
for industrial renewal. The general call is urgent as we face profound issues of
productivity and competitiveness that require engineering solutions, among
others. These solutions can only be obtained through engineering education,
which requires new, updated approaches to teaching materials in general and
to textbooks in particular. The Mechanical Engineering Series is a new series,
featuring texts and research monographs, intended to address the need for
information and teaching in contemporary areas of mechanical engineering.

The series is conceived as a comprehensive one which will cover a broad
range of concentrations important to mechanical engineering education and
rescarch. We are fortunate to have a distinguished roster of consulting editors
on the advisory board, each an expert in one of the areas of concentration.
The names of the consulting editors are listed on the first page of the volume.
The areas of concentration are: applied mechanics; biomechanics; computa-
tional mechanics; dynamic systems and control; energetics; mechanics of
materials; processing; thermal science; and tribology.

Professor Marshek, the consulting editor for dynamic systems and control,
and I are pleased to present the fifth volume of the series: Theory of Vibration,
Volume I1: Discrete and Continuous Systems by Professor Shabana.

Frederick F. Ling
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Preface

The theory of vibration of single and two degree of freedom systems is covered
in the first volume of this book. In the treatment presented in Volume 1, the
author assumed only a basic knowledge of mathematics and dynamics on the
part of the student. Therefore, Volume I can serve as a textbook for a first
undergraduate semester course on the theory of vibration. The second volume
contains material for a one-semester graduate course which covers the theory
of multi-degree of freedom and continuous systems. An introduction to the
finite-element method is also presented in this volume. In the first and the
second volumes, the author attempted to cover only the basic elements of the
theory of vibration which students should learn before taking more advanced
courses on this subject. Each volume, however, represents a separate entity
and can be used without reference to the other. This gives the instructor the
flexibility of using one of these volumes with other books in a sequence of two
courses on the theory of vibration.

Chapter 1 of this volume covers some of the basic concepts and definitions
used in the analysis of single degree of freedom systems. These concepts and
definitions are also of fundamental importance in the vibration analysis of
multi-degree of freedom and continuous systems. Chapter 1 is of an intro-
ductory nature and can serve to review the materials covered in the first
volume of this book.

In Chapter 2, a brief introduction to Lagrangian dynamics is presented. The
concepts of generalized coordinates, virtual work, and generalized forces are
first introduced. Using these concepts, Lagrange’s equation of motion is then
derived for multi-degree of freedom systems in terms of scalar energy and work
quantities. The kinetic and strain energy expressions for vibratory systems are
also presented in a matrix form. Hamilton’s principle is discussed in Section
6 of this chapter, while general energy conservation theorems are presented
in Section 7. Chapter 1 is concluded with a discussion on the use of the
principle of virtual work in dynamics.

Matrix methods for the vibration analysis of multi-degree of freedom sys-
tems are presented in Chapter 3 of this volume. The use of both Newton’s
second law and Lagrange’s equation of motion for deriving the equations of

ix
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1

Introduction

The purpose of this chapter is to present a brief introduction to the theory of
vibration of single degree of freedom systems. The method of analysis of single
degree of freedom systems serves as one of the fundamental building blocks
in the theory of vibration of discrete and continuous systems. As will be shown
in later chapters, the concepts introduced and the techniques developed for
the analysis of single degree freedom systems can be generalized to study
discrete systems with multi-degrees of freedom as well as continuous systems.

For this volume to serve as an independent text, several of the important
concepts and techniques discussed in the first volume of this book are briefly
discussed in this chapter. The free undamped and damped vibration of the
single degree of freedom systems is covered in the first three sections of this
chapter. Viscous, structural, and Coulomb damping are discussed and the
significant effect of the damping on the free vibration of the single degree of
freedom systems is demonstrated. Section 4 is devoted to the analysis of the
forced vibrations of single degree of freedom systems subject to harmonic
excitations. The impulse response and the response of the single degree of
freedom system to an arbitrary forcing function are discussed, respectively, in
Sections 5 and 6.

1.1 FREE VIBRATION

In this section, we study the effect of viscous damping on the free vibration of
single degree of freedom systems. The differential equation of such systems
will be developed, solved, and examined. It will be seen from the theoretical
development and the examples presented in this section that the damping force
has a pronounced effect on the stability of the systems.

Figure 1(a) depicts a single degree of freedom system. The system consists
of a mass m supported by a spring and a damper. The stiffness coefficient of
the spring is k and the viscous damping coefficient of the damper is c. If the
system is set in motion because of an initial displacement and/or an initial
velocity, the mass will vibrate freely. At an arbitrary position x of the mass
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T 'l"
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F1G. 1.1. Damped single degree of freedom system.

from the equilibrium position, the restoring spring force is equal to kx and
the viscous damping force is proportional to the velocity and is equal to cx,
where the displacement x is taken as positive downward from the equilibrium
position. Using the free body diagram shown in Fig. 1(b), the differential
equation of motion can be written as

mX =mg — cx — k(x + A) (L.D)

where A is the static deflection at the equilibrium position. Since the damper
does not exert force at the static equilibrium position, the condition for the
static equilibrium can be written as

mg = kA (1.2)
Substituting Eq. 2 into Eq. 1 yields

mi = —cx — kx
or
mi+cx+kx=0 (13)

This is the standard form of the second-order differential equation of motion
that governs the linear vibration of damped single degree of freedom systems.
A solution of this equation is in the form

x = Ae? (1.4
Substituting this solution into the differential equation yields
(mp* + cp + k)Ae” =0

From which the characteristic equation is defined as

mp>+cp+k=0 (1.5)
The roots of this equation are given by
1

Pr=— e+ Jc — dmk (1.6)

2m  2m
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Pa= = 5= 5—/C —dmk (1.7)

r=X (1.8)

where & is called the damping factor and C, is called the critical damping
coefficient defined as

C.=2mw=2./km 1.9
where @ 1s the system circular or natural frequency defined as
o= ./k/m (1.10)

The roots p, and p, of the characteristic equation can be expressed in terms
of the damping factor £ as

py = —¢o+ /& -1 (1.11)
pr= —fo— 0/ -1 (1.12)

Clearly, if £ is greater than one, the roots p, and p, are real and distinct. If &
is equal to one, the root p, is equal to p, and both roots are real. If £ is less
than one, the roots p; and p, are complex conjugates. The damping factor &
is greater than one if the damping coefficient ¢ is greater than the critical
damping coefficient C,. This is the case of an overdamped system. The damp-
ing factor £ is equal to one when the damping coefficient ¢ is equal to the
critical damping coefficient C_. In this case, the system is said to be critically
damped. The damping factor £ is less than one if the damping coefficient ¢ is
less than the critical damping coefficient C_. In this case, the system is said to
be underdamped. In the following, the three cases of overdamped, critically
damped, and underdamped systems are discussed in more detail.

Overdamped System In the overdamped case, the roots p, and p, of
Eqgs. 11 and 12 are real. The response of the single degree of freedom system

can be written as
x(t) = A e’ + AP (1.13)

where A, and A, are arbitrary constants. Thus the solution, in this case, is the
sum of two exponential functions and the motion of the system is non-
oscillatory, as shown in Fig. 2. The velocity can be obtained by differentiating
Eq. 13 with respect to time, that is,

X(t)=p,A, e’ + p,A,eP* (1.14)

The maximum displacement occurs at time ¢, when the velocity x(t) is equal
to zero, that is, the maximum displacement occurs when

plAlem'm + pzAzepzlm =0
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F1G. 1.2. Overdamped systems.
or
PPt — 242
P14,
This equation can be used to determine the time ¢,, at which the displacement
is maximum as
1 A
= ln(—pz 2) (1.15)
P1—D: P14,

The constants A, and A, can be determined from the initial conditions. For
instance, if x, and X, are, respectively, the initial displacement and velocity,
one has from Egs. 13 and 14

xXo=A; + A4,
Xo=p1A1 + p,4;

from which A, and A4, are

XoP2 — Xo
A = —~F—7 1.16
! D>— Dy ( )
4, =20 PiXo (1.17)
D2— D1

provided that (p, — p,) is not equal to zero. The displacement x(t) can then
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Fi1G. 1.3. Overdamped system with zero initial velocity.

be written in terms of the initial conditions as

x(t) = [(xop2 — Xo)eP! + (Xg — p1xo)e?™] (L.18)

P2 — D

The time t,,, at which the maximum displacement occurs can also be written in
terms of the initial conditions as

t = 1 ln[Pz()"o - P1xo)J (1.19)

P2 — P P1(Xo — P2Xo)

provided that the natural logarithmic function In is defined. That is, t,,, of Eq.
19 is defined only when the argument of the natural logarithmic function in
this equation is positive. If the system has initial displacement and zero initial
velocity, ¢, is given by
1

P2 — P
That is, the maximum absolute displacement occurs at time ¢t = 0, as in the
example shown in Fig. 3. It is important, however, to emphasize that there
are also cases in which the response curve does not have an extremum, as

shown in Fig. 4. This case corresponds to the case in which the argument of
the logarithmic function in Eq. 19 is negative.

t Inl1=0

m

Example 1.1

The damped mass—spring system shown in Fig. 1 has mass m = 10 kg, stiffness
coefficient k = 1000 N/m, and damping coefficient ¢ = 300 N -s/m. Determine the
displacement of the mass as a function of time.
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Fi1G. 1.4. Nonoscillatory motion of overdamped systems

Solution. The natural frequency w of the system is

k 11000
w = ﬁ = T = 10 rad/S
The critical damping coefficient C_ is

C. = 2mw = 2(10)(10) = 200 N -s/m
The damping factor £ is given by

¢ _300_15
_a—ﬁ

Since £ > 1, the system is overdamped and the solution is given by
x(t) = A eP" + Ayef?
where p; and p, can be determined using Eqs. 11 and 12 as
pr= o+ 0 JE 1= —(15)(10) + (10)/(1.5? — 1 = —3.8197
py= =0 — 0 JE — 1= —(15)(10) — (10)/(1.57 — 1 = —26.1803
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The solution x(t} is then given by
x(t) = Alep,l + Azepzl = Ale-3.8197l + Aze—26.1803l

The constants A, and A, can be determined from the initial conditions.

Critically Damped Systems For critically damped systems, the damp-
ing coefficient ¢ is equal to the critical damping coefficient C,. In this case, the
damping factor £ is equal to one. The roots p, and p, of the characteristic
equation are equal and are given by

Pr=p=p=—w
The solution, in this case is given by
x() = (A, + Ayt)e™™ (1.20)

where A, and A, are arbitrary constants. It is clear from the above equation
that the solution x(t) is nonoscillatory and it is the product of a linear function
of time and an exponential decay. The form of the solution depends on the
constants A; and A, or, equivalently, on the initial conditions. The velocity
X can be obtained by differentiating Eq. 20 with respect to time as

xt)=[A4, — o4, + A,t)]e™™ (1.21)
The peak of the displacement curve occurs when x = 0, that is,
Ay —w(A; + Ayt,)=0
From which the time z,, at which the peak occurs is

t, = 4; — o4, (1.22)
wA,

The constants 4, and A, can be determined from the initial conditions.
For instance, given the initial displacement x, and the initial velocity x,, Eqgs.
20 and 21 yield

x0=Al
Xo=A, — wA,

that is,
A, =x, (1.23)

A2 = x‘O + (UxO (124)
The displacement can then be written in terms of the initial conditions as
x(t) = [xq + (X + wxo)t]e™® (1.25)

An example of this nonoscillatory solution is shown in Fig. 5.
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1.00
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FiG. 1.5. Critically damped systems.

The time ¢, of Eq. 22 can also be written in terms of the initial conditions as
Xo

=

(X + wXy)

(1.26)

Note that if x,, is equal to zero, ¢, = 0.

Example 1.2

The damped mass—spring system shown in Fig. 1 has mass m = 10 kg, stiffness
coefficient k = 1000 N/m, and damping coefficient ¢ = 200 N -s/m. Determine the
displacement of the mass as a function of time.

Solution. The natural frequency o of the system is

w:\/E: 10_00:10rad/s
m y 10

The critical damping coefficient C, is given by
C, = 2mo = 2(10)(10) = 200 N-s/m
The damping factor & is given by
c 200

=l ="=1
$= " 20
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Since £ = 1, the system is critically damped and the solution is given by Eq. 20 as
x(t) = (4, + A,t)e™ ™

where the constants A, and A, can be determined from the initial conditions by
using Egs. 23 and 24.

Underdamped Systems In the case of underdamped systems, the damp-
ing coefficient ¢ is less than the critical damping coefficient C,. In this case,
the damping factor £ is less than one and the roots of the characteristic
equation p, and p,, defined by Eqgs. 11 and 12, respectively, are complex
conjugates. Let us define the damped natural frequency wgy as

w;=w/1—-& (1.27)
Using this equation, the roots p, and p, of the characteristic equation given
by Egs. 11 and 12 are defined as

P = —dw + iy (1.28)
p; = — o —iwyg (1.29)

In this case, one can show that the solution x(¢) of the underdamped system
can be written as
x(t) = Xe ' sin(wyt + ¢) (1.30)

where the amplitude X and the phase angle ¢ are constant and can be
determined from the initial conditions. The solution x{¢) is the product of an
exponential decay and a harmonic function. Unlike the preceding two cases
of overdamped and critically damped systems, the motion of the underdamped
system is oscillatory, as shown in Fig. 6.

1.0

0.5

00 /\ /N~

VAR

x(t)

-0.5

0.0 0.1 0.2 0.3 04 0.5 0.6
Time (s)

F1G. 1.6. Response of the underdamped systems.
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The velocity x(t) is obtained by differentiating Eq. 30 with respect to time.
This leads to

x(t) = Xe [ — € sin(wyt + @) + w4 cos(wyt + ¢)] (1.31)

The peaks of the displacement curve shown in Fig. 6 can be obtained by
setting X(t) equal to zero, that is,

Xe %[ —¢w sin(wgt; + @) + w4 cos(wgt; + ¢)] =0
where ¢, is the time at which peak i occurs. The above equation yields
tan(og; + §) = 22 = vi=& (1.32)
¢w ¢
Using the trigonometric identity
tan 6

J1+tan?8’
sin(wgt; + ¢) = /1 — & (1.33)

Equations 30 and 33 can be used to define the displacement of the peak i as
x; = /1 — & Xe oot (1.34)

This equation will be used in the following section to develop a technique for
determining the damping coefficient experimentally.

Note that in the case of undamped systems ¢ = 0, and Eqs. 30 and 31 reduce
in this special case to

sin 8 =

Eq. 32 yields

x(t) = X sin(wt + ¢)
x(t) = wX cos(wt + ¢)

Example 1.3

The damped mass—spring system shown in Fig. 1 has mass m = 10 kg, stiffness
coefficient k = 1000 N/m, and damping coefficient ¢ = 10 N-s/m. Determine the
displacement of the mass as a function of time.

Solution. The circular frequency o of the system is

k /1000
w= \/; =J 10" 10 rad/s

and the critical damping factor £ is given by
C, = 2mo = 2(10)(10) = 200 N-s/m
Therefore, the damping factor £ is given by

¢ 10
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The damped natural frequency wj is given by

wy=w1— & =10/1 = (0.05)? = 9.9875 rad/s

Substituting w, £, and w, into Eq. 30, the solution for the undamped single degree
of freedom system can be expressed as

x = Xe %> sin(9.9875t + ¢)

where X and ¢ are constants which can be determined from the initial conditions.

Equivalent Coefficients It is important to emphasize at this stage that
the linear differential equation of free vibration of the damped single degree
of freedom system can, in general, be written in the following form

mX+cXx+kx=0 (1.35)

where m,, ¢, and k, are equivalent inertia, damping, and stiffness coefficients.
The dependent variable x can be a linear or angular displacement. In this
general case, m,, ¢,, and k, must have consistent units. The natural frequency
o, the critical damping coefficient C,, and the damping factor ¢ are defined,

in this case, as
w= /E (1.36)
me

C. =2m,0 = 2. /mk, (1.37)
C,

_ S 138

i=¢ (1.38)

Clearly, Eqgs. 35, 36, 37, and 38 reduce, respectively, to Egs. 3, 10, 9, and 8 in
the simple case of damped mass—spring systems. The use of Eqgs. 36—38 is
demonstrated by the following example.

Example 1.4

Assuming small oscillations, obtain the differential equation of the free vibration
of the pendulum shown in Fig. 7. Determine the circular frequency, the critical
damping coefficient, and the damping factor of this system. Assume that the rod is
massless.

Solution. Asshown in the figure, let R, and R, be the components of the reaction
force at the pin joint. The moments of the externally applied forces about O are

M, = — (ki sin 0)I cos  — (clf cos 6)! cos § — mgl sin 6
For small oscillations, sin 8 2~ 6 and cos 6 = 1. In this case, M, reduces to

M, = —ki*0 — cl*0 — mglo

One can easily show that the moment of the inertia (effective) forces about O is
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Free body diagram Inertia diagram

t4
R.—p

mg

FiG. 1.7. Damped angular oscillations.

given by i
Meff = m129

Therefore, the second-order differential equation of motion of the free vibration is
given by
—kI%0 — cl*0 — mglo = mI*0
or
mi?0 + cI*0 + (kI + mg)lf =0

which can be written in the general form of Eq. 35 as
mb +c.0+k0=0
where
my = ml*
¢, =cl?
k. = (kI + mg)l

where the units of m, are kg-m? or, equivalently, N-m-s® The units of the
equivalent damping coefficient ¢, are N - m - s and the units of the equivalent stiffness
coefficient k, are N-m. The natural frequency w is

k, (kI + mg)l kl + mg
W= . =
m, ml? ml

rad/s

The critical damping coefficient C, is

kl + mg
ml

C, = 2m,0 = 2ml?

=2./mPkl + mg)

The damping factor ¢ of this system is

o
L3

B cl?

¢ 2. /mBPkl + mg)

&=

!
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1.2 LOGARITHMIC DECREMENT

In the preceding section, it was shown that the displacement of the under-
damped single degree of freedom system is oscillatory with amplitude that
decreases with time. The peaks of the displacement curve shown in Fig. 6 can
be determined using Eq. 34 which is reproduced here for convenience. Accord-
ing to this equation, the amplitude of the ith cycle of the displacement is

X;=+/1 — &2 Xe o (1.39)

This equation is used in this section to develop a method for determining
experimentally the damping coefficient of the underdamped single degree of
freedom systems. This can be achieved by comparing the amplitudes of succes-
sive cycles.

Since Eq. 39 defines the amplitude for the ith cycle, the amplitude for the
successive (i + 1)th cycle which occurs at time ¢; + 1, is given by

Xipp = /1 — E Xe tolite (1.40)
where 1, is the damped periodic time defined as
1= (1.41)

Dividing Eq. 39 by Eq. 40 leads to

. 1 _ 2X —éowt;
Yoo VIZOXE e (1.42)

X1 1 — 52 Xe Sottitz)

that is, the ratio of any two successive amplitudes is constant.
Equation 42 can be expressed in terms of the natural logarithm as

= tory =6 (1.43)

Xi+1

where d is a constant known as the logarithmic decrement. By using Eq. 43

and the fact that w, is
wg=w,/1 -,

the logarithmic decrement J can be written as

(1.44)

If the damping factor ¢ is very small, that is,
E«1,

the expression for § reduces to
0 =2né
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We now consider the ratio of nonsuccessive amplitudes. If we consider the
amplitudes x; and x;,,, where » is an integer, we obtain

X; 1 —E2 Xm0

— — néwtg
Xitn  J1 =82 Xe st
that is,
InL = nEwr, = nd (1.45)
xi+n

If & can be determined by the experimental measurements of two successive
or nonsuccessive amplitudes, then one can determine the damping factor &
using Eq. 44 as

0
{= —m (1.46)

Energy Loss 1In the case of small damping, the energy loss can be expressed
in terms of the logarithmic decrement. Let U; be the energy of the system at
the peak of the cycle i. Since at the peak the displacement is a local maximum,
the velocity of the mass is equal to zero. In this case, the energy is equal to
the elastic energy stored in the spring, that is,

U; = kx}
Similarly, the energy at the peak of the cycle i + 1 is
Uiy = 3kxty
The loss of energy between the two cycles is, therefore, given by
AU = U, = Uy = $k(x? — x4,)
which can also be written as
AU = 1k(x; — x;4) (% + Xi41)
We define the specific energy loss as

AU _ 3k(x; — X106 + Xi41)
U 1kx?

()
X; X

=(l-e?)(1+ed)=1—-¢e%

Note that the specific energy loss increases as the logarithmic decrement in-
creases. On the other hand if the damping is zero, § is equal to zero and
accordingly AU/U; is equal to zero.
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Example 1.5

A damped single degree of freedom mass—spring system has mass m = 5 kg and
stiffness coefficient k = 500 N/m. From the experimental measurements, it was
observed that the amplitude of vibration diminishes from 0.02 m to 0.012 m in six
cycles. Determine the damping coefficient c.

Solution. In this example, n of Eq. 45 is equal to 6. Let
x; = 0.02
Xire = 0.012
The logarithmic decrement 6 is determined from

nd =60 = ln0.012

= 0.51083

that is,
6 =0.085138

The damping factor ¢ can be determined from Eq. 46 as
é 0.085138
-= S+ 8  Jan? + 0085138
The damping coefficient c is defined as

c=¢C,

13549

where the critical damping coefficient C, is
C,=2./km=2,/(500)(5) = 100 N -s/m

Therefore,

¢ =(0.013549)(100) = 1.3549 N-s/m

1.3 OTHER TYPES OF DAMPING

Thus far, we have considered the case of a viscous damping force which is
proportional to the velocity. In many cases, such simple expressions for the
damping forces are not directly available. It is, however, possible to obtain an
equivalent viscous damping coefficient by equating energy expressions that
represent the dissipated energy during the motion. In this section, we consider
the case of structural damping which is sometimes referred to as hysteretic
damping and the case of Coulomb or dry friction damping.

Structural Damping The influence of the structural damping can be seen
in the vibration of solid materials. In general, solids are not perfectly elastic.
When they vibrate, there is an energy dissipation due to internal friction, as
the result of the relative motion between particles of the solids during deforma-
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FiG. 1.8. Hystersis loop.

tion. It was observed that there is a phase lag between the applied force F and
the displacement x, as shown by the hysteresis loop curve in Fig. 8. It is clear
from the figure that the effect of the force does not suddenly disappear when
the force is removed. The energy loss during one cycle can be obtained as the
enclosed area in the hysteresis loop, and can be expressed mathematically
using the following integral

AD = J Fdx (1.47)

It was also observed experimentally that the energy loss during one cycle
is proportional to the stiffness of the material k and the square of the amplitude
of the displacement X. The energy loss AD can then be expressed in the

following simple form
AD = nc kX? (1.48)

where c, is a dimensionless structural damping coefficient and the factor = is
included for convenience. Clearly, the energy loss is a nonlinear function of
the displacement. Equation 48 can be used to obtain an equivalent viscous
damping coefficient. If we assume simple harmonic oscillations, that is,

x = X sin(wt + ¢),
the force exerted by a viscous damper can be written as
Fy = c.% = c. X cos(wt + @) (1.49)

and the energy loss per cycle can be written as
AD = JFd dx = Jcex dx (1.50)

Since x = dx/dt, we have
dx = x dt (1.51)
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Substituting Eqs. 49 and 51 into Eq. 50 yields

AD = j c X2 dt = J c,w*X? cos*(wt + ¢) dt

0 0
= nc,wX? (1.52)
where 7 is the periodic time defined as

2n
T="
1)

Equating Eqs. 48 and 52 yields the equivalent viscous damping coefficient as

¢, = (1.53)
(0]

The structural damping coefficient ¢, can be determined experimentally to
obtian the equivalent viscous damping coefficient ¢, which can be used to
develop a simple mathematical model. For instance, if a structure behaves as
a single degree of freedom system, the equivalent damping factor &, can be
defined as

= (CT B 2ce
. 2mo
Substituting Eq. 53 into the preceding equation, one obtains an expression
for the equivalent damping factor &, as a function of the structural damping
coefficient ¢, as

ke, ¢

T ome? 2

Ce

Since the damping factor &, can be expressed in terms of the logarithmic
decrement using Eq. 46, one has

_ o G
J@r?+8 2
which leads to
26
L —
V(2n)? + 62
That is, if the ratio between two successive amplitudes can be measured
experimentally, the structural damping coefficient c, can be evaluated by using
the preceding equation.

Example 1.6

A simple structure is found to vibrate as a single degree of freedom system. The
spring constant is determined using static testing and is found to be 1500 N/m. The
equivalent mass of the structure is 2 kg. By using a simple vibration test, the ratio
of successive amplitudes is found to be 1.2. Determine the structural damping
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coefficient and the equivalent viscous damping coefficient. Determine also the
energy loss per cycle for an amplitude of 0.05 m.

Solution. The logarithmic decrement J is given by

X

d=In =1n12=0.18232

Xitq
The structural damping coefficient c, is given by
B 26 B 2(0.18232) 3
S+ Jonp 018232
The equivalent viscous damping coefficient can then be determined using Eq. 53 as

k
¢, == ¢, /km=3.1768 N-s/m
w

Equation 48 can be used to determine the energy loss per cycle as

AD = nc kX? = n(0.058)(1500)(0.05) = 0.6833 N-m

L

Coulomb Dampimg Consider the mass—spring system shown in Fig. 9.
In the case of Coulomb damping, the friction force always acts in a direction
opposite to the direction of the motion of the mass. In this case, the friction

force can be written as
F; = uN (1.54)

where p is the coefficient of sliding friction and N is the normal reaction force.
If the motion of the mass is to the right, that is, x > 0, the friction force F; is
negative, as shown in Fig. 9(b). If the motion of the mass is to the left, that is,
X < 0, the friction force F; is positive, as shown in Fig. 9(c). Therefore, the
vibration of the system is governed by two differential equations which depend
on the direction of motion. From the free body diagram shown in Fig. 9(b),
it is clear that if the mass moves to the right, the differential equation of

m

F1G. 1.9. Coulomb damping.
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motion is
mi = —kx — F, x>0 (1.55)

Similarly, the free body diagram of Fig. 9(c) shows that the differential equa-
tion of motion, when the mass moves to the left, is

mi = —kx + F, x<0 (1.56)
Equation 55 and 56 can be combined in one equation as
mi+ kx=FF (1.57)

where the negative sign is used when the mass moves to the right and the
positive sign is used when the mass moves to the left. Equation 57 is a
nonhomogeneous differential equation. Its solution consists of two parts, the
homogeneous solution or the complementary function and the forced or the
particular solution. Since the force F; is constant, the particular solution x, is
assumed as

x,=C
where C is a constant. Substituting this solution into Eq. 57 yields
iy
xp = + I
Therefore, the solution of Eq. 57 can be written as
F,
x(t) = A, sin wt + A, cos wt — f x>0 (1.58)
. F; .
x(t) = B; sin ot + B, cos ot + % x<0 (1.59)
where o 1s the natural frequency defined as
k
0= [—
m

and A, and A, are constants that depend on the initial conditions of motion
to the right, and B, and B, are constants that depend on the initial conditions
of motion to the left.

Let us now consider the case in which the mass was given an initial
displacement x, to the right and zero initial veloctiy. Equation 59 can then
be used to yield the following algebraic equations

F

x0=B2+k

0=owB,
which imply that
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that is,
F, F,
x(t) = (xo ——~f>cos ot + - (1.60)
k k
and
, F .
X(t)= —ow{ xo — T sin wt (1.61)

The direction of motion will change when x = 0. The above equation then
yields the time ¢, at which the velocity starts to be positive. The time ¢; can
be obtained from this equation as

(o= 3)s
= — xO"‘E sin wtl

(l)t1=7t

or

that 1s,

At this time, the displacement is determined from Eq. 60 as

x(t1)=x<g>= —x, +% (1.62)

which shows that the amplitude in the first half-cycle is reduced by the amount
2F,/k, as the result of dry friction.

In the second half-cycle, the mass moves to the right and the motion is
governed by Eq. 58 with the initial conditions

xn_ +2Ff
w)= %

Substituting these initial conditions into Eq. 58 yields
Al = 0

and
F;
k

The displacement x(¢) in the second half-cycle can then be written as

A2=xO_3

x(t) = (xo — 3%>cos wt —% (1.63)
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x(t){l

FiG. 1.10. Effect of the Coulomb damping.

and the velocity is
F,
()= — (xo - 3f>w sin wt (1.64)

Observe that the velocity is zero at time ¢, when t, = 2n/w = 1, where 7 is the
periodic time of the natural oscillations. At time ¢,, the end of the first cycle,

the displacement is
2n 4F,
x(t2)=x('a;>=xo_(7f> (1.65)

that is, the amplitude decreases in the second half-cycle by the amount 2F;/k,
as shown in Fig. 10. By continuing in this manner, one can easily verify that
there is a constant decrease in the amplitude of 2F;/k every half-cycle of
motion. Furthermore, unlike the case of viscous damping, the frequency of
oscillation is not affected by the Coulomb damping. It is also important to
point out, in the case of Coulomb friction, that it is not necessary that the
system comes to rest at the undeformed spring position. The final position
will be at an amplitude X, at which the spring force F, = kX is less than or
equal to the friction force.

Example 1.7

The single degree of freedom mass—spring system shown in Fig. 9 has mass
m = 5 kg, stiffness coefficient of the spring k = 5 x 10*> N/m, coefficient of dry
friction u = 0.1, initial displacement x, = 0.03 m, and initial veloctiy X, = 0. De-
termine the number of cycles of oscillation of the mass before it comes to rest.

Solution. The friction force F; is defined by Eq. 54 as
F, =uN
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where N is the normal reaction force given by
N=mg
Therefore, the force F; is
F; = pumg = (0.1)(5)(9.81) = 4905 N

The motion will stop if the amplitude of the cycle is such that the spring force is
less than or equal to the friction force, that is,

kX, < 4905
or
4905 4905
X. <272 =_"""7" 0981 x 1073
£ < p 5% 10° 0.981 x m

The amplitude loss per half-cycle is

2 = §(4.905)

Tos = 1.962 X 10_3 m

The number of half-cycles n completed before the mass comes to rest can be
obtained from the following equation

2F,
Xo — n<7‘) <0981 x 1073
where
xo = 0.03
0.03 — n(1.962 x 1073) < 0.981 x 1073

The smallest n that satisfies this inequality is n = 15 half-cycles. That is, the number
of cycles completed before the mass comes to rest is 7.5.

1.4 FORCED VIBRATION

Figure 11 depicts a viscously damped single degree of freedom mass—spring
system subjected to a forcing function F(t). By applying Newton’s second law,
the differential equation of motion can be written as

mx + cx + kx = F(¥) (1.66)

where m is the mass, ¢ is the damping coefficient, k is the stiffness coefficient,
and x is the displacement of the mass. Equation 66 is a nonhomogeneous
second-order ordinary differential equation with constant coefficients. The
solution of this equation consists of two parts; the complementary function
xp, and the particular solution x,, that is,

X=X, + X, (1.67)

where the complementary function x, is the solution of the homogeneous
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FIG. 1.11. Forced vibration of single degree of freedom systems.

equation
mjfh + C)&h + kxh = 0 (1.68)

The particular solution x, represents the response of the system to the forcing
function. The complementary function x, is sometimes called the transient
solution since in the presence of damping this solution dies out. Methods for
obtaining the transient response were discussed in the preceding sections. The
particular solution x,, is sometimes called the steady state solution. The steady
state vibration exists long after the transient vibration disappears. It is impor-
tant to emphasize that the transient solution contains two arbitrary constants.
The steady state solution, however, does not contain any arbitrary constants.
Therefore, the solution of Eq. 67 contains two arbitrary constants which can
be determined by using the initial conditions.

In the analysis presented in this section, we consider the case of harmonic
excitation in which the forcing function F(t) can be expressed in the form

F(t) = F, sin ot (1.69)
Substituting this equation into Eq. 66 yields
mx + ¢x + kx = Fy sin wyt (1.70)

The steady state solution x,, can be assumed in the form
X, = Ay sin oyt + A, cos wgt (171
which yields the following expressions for the velocity and acceleration
X, = wg Ay cos Wt — we A, sin oyt (1.72)
%, = —w?A, sin wit — wf A, cos ot = —wf X, (1.73)
Substituting Eqs. 71-73 into Eq. 70 and rearranging terms yields
(k — wim)(A, sin wet + A, cos wgt) + co(A, cos wet — A, sin wt)

= F, sin wyt
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or
[(k — wfm) A, — coxA,] sin gt + [cawgA; + (k — wfm) A,] cos w;t
= F, sin wt

This equation yields the following two algebraic equations in 4, and 4,

(k — wfm) A, — cwA, = F, (1.74)
cwsAd, + (k— wtm) A, =0 (1.75)
Dividing these two equations by the stiffness coefficient k yields
(1—r) A, —2réd, = X, (1.76)
2rEA; + (1 =) A4, =0 1.77)
where
i (1.78)
)
4 4
E= C. = S (1.79)
X, = % (1.80)

in which C, = 2mow is the critical damping coefficient. The two algebraic
equations of Eqs. 76 and 77 can be solved using Cramer’s rule in order to
obtain the constants A, and A4,. This yields

Xo —27‘6
_ o 1= (1-r)X,
Ay = (1— r2)2 + (27‘6)2 - = rz)z ¥ 2re) (1.81)
1—-r X,
g 0 —(2r) X,

A, = (1.82)

(=2 +@rdE (1= + (2re)
The steady state solution x,, of Eq. 71 can then be written as

T A2+ 2ro)

which can be written as

S[(1 — r?) sin gt — (2ré) cos wgt]  (1.83)

X
v i @l et Y (184)

where i is the phase angle defined by

Y = tan! ( 12_r iz) (1.85)
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Equation 84 can be written in a more compact form as

x, = Xof sin(wt — ) (1.86)

where f is the magnification factor defined in the case of damped systems as
1

J =)+ (2ré)?

If the damping factor £ is equal to zero, the magnification factor § reduces to

B= (1.87)

When r = 1, that is @; = ®, the magnification factor in the case of undamped
systems approaches infinity. This case is known as resonance.

The magnification factor § and the phase angle y are shown, respectively,
in Figs. 12 and 13 as functions of the frequency ratio r for different damping
factors & It is clear from these figures, that for damped systems the system
does not attain infinite displacement at resonance, since for w; = ®, which
corresponds to the case in which the frequency ratio r = 1, the magnification
factor reduces to

1
b=y (1.88)

5.0

4.0

30

1.0

\
0.0
0.0 1.0 20 30 4.0

Frequency ratio (r)

FiG. 1.12. Magnification factor.
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Fi1G. 1.13. Phase angle.

Furthermore, at resonance the magnification factor § does not have the
maximum value. The maximum value for the magnification factor can be
obtained by differentiating f of Eq. 87 with respect to r and setting the result
equal to zero. This leads to an algebraic equation which can be solved for the
frequency ratio r at which the magnification factor f is maximum. By so doing,
one can show that the magnification factor § is maximum when

r=./1-2¢& (1.89)

At this value of the frequency ratio, the maximum magnification factor is
given by
1

28 /1 ¢

Force Transmission From Eq.84 and Fig. 12itis clear that by increasing
the spring stiffness k and the damping coefficient ¢ the amplitude of vibration
decreases. The increase in the stiffness and damping coefficients, however, may
have an adverse effect on the force transmitted to the support. In order to
reduce this force, the stiffness and damping coefficients must be properly
selected. Figure 14 shows a free body diagram for the mass and the support
system. The force transmitted to the support in the steady state can be written
as

Brnax = (1.90)

F = kx, + cx, (1.91)
From Eq. 86, X, is
X, = 0 Xoff cos(wxt — )

Equation 91 can then be written as
F, = kX, B sin(wet — ¥) + coe Xy cos(wst — )
= Xof/k? + (cax)? sin(wgt — ¥) (1.92)

where

=y -y (1.93)
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F1G. 1.14. Transmitted force.

and v, is a phase angle defined as
¥, = tan~! (c%) — tan~'(2r¢) (1.94)

Equation 92 can also be written as

F, = XokB/1 + (2r&)? sin(wgt — ¥) (1.95)

Since X, = F,/k, the above equation can be written as

F, = F,B/1 + (2r&)? sin(wet — ¥)

= Fof, sin(wgt — )

B = B/1 + (2r8)

_ W14 (2ré)? (1.97)
JA =) + (2re) '

Note that §, represents the ratio between the amplitude of the transmitted
force and the amplitude of the applied force. g, is called the transmissibility
and is plotted in Fig. 15 versus the frequency ratio r for different values of the
damping factor £. It is clear from Fig. 15 that § > 1 forr < \ﬁ, that is, in this
region the amplitude of the transmitted force is greater than the amplitude of
the applied force. Furthermore, for r < ﬁ, the transmitted force to the
support can be reduced by increasing the damping factor & For r > ﬁ,
B, < 1, that is, in this region the amplitude of the transmitted force is less than
the amplitude of the applied force. In this region, the amplitude of the trans-
mitted force increases by increasing the damping factor €.

(1.96)

where

Work Per Cycle Equation 86 defines the steady state response, to a
harmonic excitation, of the single degree of freedom system in the presence of
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Fi1G. 1.15. Transmissibility.

damping. This equation implies that, for a given frequency ration r and a given
damping factor &, the amplitude of vibration remains constant. This can be
achieved only if the energy input to the system, as the result of the work done
by the external harmonic force, is equal to the energy dissipated as the result
of the presence of damping. In order to see this, we first evaluate the work of
the harmonic force. To this end, we write

dW, = F(t)dx = F(t)x dt

where W, is the work done by the external force per cycle, that is,

2rjwe
W, = j F(0)% dt
0

2rjwt
= f F, sin ¢t Xo By cos(wet — ) dt

V]
2n

= FyX,B j sin gt cos(wet — ) d(cwet)

0

which upon integration yields

W, = nFy, X, f sin Y
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Similarly, one can evaluate the energy dissipated per cycle, as the result of the
damping force, as

2rjor
W, = J cxXx dt

V]
27

= cXgﬂza)fJ cos?(wet — ) d(wet)

V]
which upon integration yields
Wy = neX5B o

Observe that the input energy to the system is a linear function of the
amplitude of the steady state vibration X,f, while the energy dissipated as
the result of the damping force is a quadratic function of the amplitude. Since
at the steady state they must be equal, one has

We =W,
or
TFy Xop sin ¥ = neX? By
which defines the magnification factor f as

F,
o/ Xo sin
CW¢

B =

Using the definition of X, and the phase angle Y given, respectively, by Eqs.
80 and 85, the magnification factor § can be written as

Fy/Xo sin k 2r¢

cog V= cor ST — 7 + Qréy

and since cog/k = 2ré, the above equation reduces to

. 1
S =)+ @rey

which is the same definition of the magnification factor obtained by solving
the differential equation. It is obtained here from equating the input energy,
resulting from the work done by the harmonic force, to the energy dissipated
as the result of the damping force. In fact, this must be the case, since the
change in the strain energy in a complete cycle must be equal to zero owing
to the fact that spring takes the same elongation after a complete cycle. This
can also be demonstrated mathematically by using the definition of the work
done by the spring force as

B =

2rjor
W, = j kxx dt
[}

27

=kX2p? J sin(wet — ) cos(wet — ) d(wgt)

0
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which upon integration yields
W,=0

Example 1.8

A damped single degree of freedom mass—spring system has mass m = 10 kg, spring
coefficient k = 4000 N/m, and damping coefficient ¢ = 40 N-s/m. The amplitude
of the forcing function F, = 60 N, and the frequency «w; = 40 rad/s. Determine the
displacement of the mass as a function of time. Determine also the transmissibility
and the amplitude of the force transmitted to the support.

Solution. The circular frequency of the system is

k
= [—= 4—000 =20 rad/s
m 10

The frequency ratio r is given by

The critical damping coefficient C, is defined as
C, = 2me = 2(10)(20) = 400 N -s/m

The damping factor £ is then given by

That is, the system is underdamped. One can then write the complete solution in the
following form

x(t) = Xy + X,
= Xe “sin(wgt + @) + Xof sin(wet — )
where w, is the damped circular frequency
0y = 04/1 — & =20,/1 - (0.1)* = 19.8997 rad/s

The constants X, f, and ¥ are

X0=%=%=0015m
B 1 1 1
ﬂ_ﬂl—r2)2+(2rC)2 J =2+ 2 x 2 x 0.1y \/9+0.16
=0.3304
W =tan! (1—2:%2—) =tan~ (2(2)((02)12)) tan~1(0.13333) = 0.13255 rad

The displacement can then be written as a function of time as

x(t) = Xe ¥ sin(19.8997¢ + ¢) + 0.004956 sin(40¢ — 0.13255)




1.4. Forced Vibration 31

The constants X and ¢ can be determined using the initial conditions. The trans-
missibility B, is defined as

_ L+ J1+@x2x0)? ol
Ji-rprerp JO-@F+ex2x01f

The amplitude of the force transmitted is given by

|F,| = F,p = (60)(0.35585) = 21.351 N

B,

Example 1.9

The uniform slender bar shown in Fig. 16 has length / and mass m. The bar is pinned
at point O and connected to a linear spring and viscous damper which have,
respectively, stiffness coefficient k and damping coefficient c, as shown in the figure.
The bar is subjected to the moment M = M, sin w,t. Determine the steady state
response of this system in the case of small oscillations.

Solution. It can be shown that the differential equation that governs the oscillatory
motion of this system is

I8 + cI?0 + (kI + mg/2) 16 = M, sin w;t

where I, = ml%/3 is the mass moment of inertia about point 0. The above equation
can be written in a form similar to Eq. 70 as

m6 + c.0 + k.8 = F, sin ot

where
m, = lo=ml?/3

c.=cl?

LlliLls
(.“

M = M, sin wgt

e | d

Fi16. 1.16. Damped angular oscillations.




32 1. Introduction

k, = kI* + mgl/2
I;‘e = Mo
The circular frequency o is defined as

oo [k [Hitma)l_ [3(ki+mg/2)
TNm, m?*3 ml

The critical damping coefficient C_ is
mi?  [3(kl + mg/2)

C.=2mw=2""
¢ = MW =273 ml

The damping factor £ can then be defined as

cl?

C. G
The steady state response can be written in this case as

0 = Oy f sin(wet — )

where
Fe MO
®0 = = ——
k., (kl+mg/2)1
1
ﬂ =

S =+ @2ré)?

Y =tan? (12132)

in which the frequency ratio r is

1.5 IMPULSE RESPONSE

An impulsive force is defined as a force which has a large magnitude, and acts
during a very short time duration such that the time integral of this force is
finite. Let the impulsive force F(t) shown in Fig. 17 act on the single degree of
freedom system shown in Fig. 18. The differential equation of motion of this
system can be written as

mxX + cX + kx = F(¢)

Integrating this equation over the very short interval (¢,, t,), one obtains

ty ty |71 |51
j mx dt+j cx dt+j kx dt=j F(t)dt (1.98)
t t t t

1 1 1 1
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FiG. 1.17. Impulsive force.

Since the time interval (¢, t,) is assumed to be very small, we assume that x
does not change appreciably. We also assume that the change in the velocity
% 1is finite. One, therefore, has

2
lim J cxdt =0

0L Jy

t
lim j kxdt=0

0ty Jiey

Therefore, if t, approaches t,, Eq. 98 yields

r mx dt = r F(t)dt (1.99)

1 1

Since X = dx/dt, Eq. 99 can be written as

%2 t;
J m dx =J F(t)dt (1.100)
% t

where X; and X, are, respectively, the velocities at ¢; and t,. Equation 100
yields

2

m(x, — X;) =J F(t)dt

31

F1G. 1.18. Damped single degree of
freedom system under the effect of
impulsive force F(t).
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That is,
1{"
AxX =X, — X, =aj F(t) dt (1.101)

151
where Ax is the jump discontinuity in the velocity of the mass due to the
impulsive force. The time integral in Eq. 101 is called the linear impulse, that
is, the linear impulse I is defined by

t
I=J F(tydt (1.102)
L3
In the particular case in which the linear impulse is equal to one, I is called
the unit impulse.
Equation 101 can be written as

I

m
This result indicates that the effect of the impulsive force, which acts over a
very short time duration on a system which is initially at rest, can be accounted
for by considering the motion of the system with initial velocity I/m and zero
initial displacement. That is, in the case of impulsive motion, we consider the
system vibrating freely as the result of the initial velocity defined by Eq. 103.
The free vibration of the underdamped single degree of freedom system shown
in Fig. 18 is governed by the equations

x(1) = Xe™ sin(w,t + 6) (1.104)
xX(t) = —EwXe “ sin(wst + @) + 0w Xe ¢ cos(wgt + 4)  (1.105)

where X and ¢ are constants to be determined from the initial conditions, w
is the natural frequency, ¢ is the damping factor, and w, is the damped natural

frequency
W=yl —&

As the result of applying an impulsive force with a linear impulse I at t = 0,
the initial conditions are

x(t=0)=0, x(t=0)=%

Since the initial displacement is zero, Eq. 104 yields
$=0

Using Eq. 105 and the initial velocity, it is an easy matter to verify that

1
e~ sin w,t (1.106)

x(t) = —

which can be written in compact form as

x(f) = IH(?) (1.107)



1.6. Response to an Arbitrary Forcing Function 35
where H(t) is called the impulse response function and is defined as

1
H(t) = —— %" sin oyt (1.108)
mwmy

Example 1.10

Find the response of the single degree of freedom system shown in Fig. 18 to the
rectangular impulsive force shown in Fig. 17, where m = 10 kg, k = 9,000 N/m,
¢ =18 N-s/m, and F, = 10,000 N. The force is assumed to act at time ¢t = 0 and
the impact interval is assumed to be 0.005 s.

Solution. The linear impulse I is given by

t; 0.005
I= J F(t)dt = J 10,000 dt = 10,000(0.005) = SO N-s
t

1 0

The natural frequency of the system w is given by

W= E = —9000 =30 rad/s
m 10

The critical damping coefficient C, is
C. = 2mo = 2(10)(30) = 600

The damping factor £ is

c 18 0,03
C. 600

The damped natural frequency wy, is
wg = w1 — & =30,/1 —(0.03)> = 29.986 rad/s
The system response to the impulsive force is then given by

I e
x(t) = ——e™ " sin w4t
maygy

50
" (10)(29.986)

= 0.1667¢"° sin 29.986¢

¢ (0:0330¥% i 29 986¢

1.6 RESPONSE TO AN ARBITRARY FORCING FUNCTION

In this section, we consider the response of a damped single degree of freedom
system to an arbitrary forcing fucntion F(t), shown in Fig. 19. The procedure
described in the preceding section for obtaining the impulse response can be
used as a basis for developing a general expression for the response of the
system to an arbitrary forcing function. The arbitrary forcing function F(t)
can be regarded as a series of impulsive forces F(7) acting over a very short-
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F(t)A}

= = 1

Fi1G. 1.19. Arbitrary forcing function F(t).

lived interval dr. The force F(z) then produces the short duration impulse
F(7) dz, and the response of the system to this impulse for all ¢ > 7 is given by

dx=F(t)dtH(t — 1) (1.109)
where H(t) is the impulse response function defined by Eq. 108. That is,
1
dx = F(t)dr- — e "9 sin w,(t — 1) (1.110)
may

In this equation, dx represents the incremental response of the damped single
degree of freedom system to the incremental impulse F(t) dz for t > 1. In order
to determine the total response, we integrate Eq. 110 over the entire interval

x@=fF@Mb4Mr (1.111)

0

or
t

x(t) = L F(t)e "9 sin w,(t — 7) dt (1.112)
mag jo

Equation 111 or Eq. 112 is called the Duhamel integral or the convolution
integral. It is important to emphasize, however, that in obtaining the convolu-
tion integral we made use of the principle of superposition which is valid only
for linear systems. Furthermore, in deriving the convolution integral, no
mention was given to the initial conditions and, accordingly, the integral of
Eq. 111, or Eq. 112, provides only the forced response. If the initial conditions
are not equal to zero, that is,

Xo=x(t=0)#0 andjor  x,=%(t=0)#0
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then Eq. 112 must be modified to include the effect of the initial conditions. To
this end, we first define the homogeneous solution and determine the arbitrary
constants in the case of free vibration as the result of these initial conditions,
and then use the principle of superposition to add the homogeneous function
to the forced response.

Special case A special case of the preceding development is the case of an
undamped single degree of freedom system. In this case, w; = w and £ = 0 and
the impulse response function of Eq. 108 reduces to

1
H(f) = —sin wt (1.113)
mo
The forced response, in this special case, is given by
1 t
x(t) = —J F(v)sinw(t —1)dt (1.114)
mw Jo

If the effect of the initial conditions is considered, the general solution is given
by

Xo . I .
x(t)=§gsma)t+xocosa)t+—j F@)sinow(t —1)dr (1.115)
0} mo Jo

Example 1.11

Find the forced response of the damped single degree of freedom system to the step
function shown in Fig. 20.

Solution. The forced response of the damped single degree of freedom system to
an arbitrary forcing function is

1 t
x{t) = — J F(t)e %™ sin wy(t — 1) drt
may Jo

F(®) Ar

Fy

i 4

F16G. 1.20. Step function.
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Fic. 1.21. Response of damped single degree of freedom system to a step forcing
function.

In the case of a step function, the forcing function F(¢) is defined as

Ft)=F,; t>0

that is,
1 1
x(t) = — J Foe @t 9 gin w,(t — 1) dt
mag Jo
F, ' .
=2 | et Igin @yt — 1) dt
maog Jo

K g et ,
i 7@ cos(@yt — )

where the angle y is defined as

o ¢
¥ = tan ( 1_52)

The response of this system 1s shown in Fig, 21.

Example 1.12

Find the forced response of the undamped single degree of freedom system to the
forcing function shown in Fig. 22.

Solution. The forced response of the undamped single degree of freedom system
to an arbitrary forcing function is given by

x(t)= — J' F(t)sinw(t — 1) dt

0
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F())4

i 4

151

F1G. 1.22. Forcing function F(t).

The forcing function F(t) shown in Fig. 22 is defined as
F(t)= Fot/t;, 0<t<ty
=F,, t>t,
Therefore, the forced response is given by
x(t)= ;16 [J: I%T sin ot — 1) dt + .[', F, sin ot — 1) dt:I

Using integration by parts, the response x(t) is given by

F, | tcosw(t —1)|" “coswft — 1 coswft — 1
xm:ﬁg[ ( )_J (=7,  coso—9
mw wt, 0 wt, )

t
'1]

0

_ K {cos ot —1t) sino{t-r1)

1 coswft—t
+___JJ}

mo o o'ty |, @ ®
Fy (1 4 sin w(t — t;) sin ot
T mo\o w’t, ot
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Problems

1L

1.2.

1.3.

14.

L.5.

L.6.

1.7.

1.8.

1.9.

A single degree of freedom mass—spring system consists of a 10 kgs mass sus-
pended by a linear spring which has a stiffness coefficient of 6 x 10*> N/m. The
mass is given an initial displacement of 0.04 m and it is released from rest.
Determine the differential equation of motion, and the natural frequency of the
system. Determine also the maximum velocity.

The oscillatory motion of an undamped single degree of freedom system is such
that the mass has maximum acceleration of 50 m/s*> and has natural frequency
of 30 Hz. Determine the amplitude of vibration and the maximum velocity.

A single degree of freedom undamped mass—spring system is subjected to an
impact loading which results in an initial velocity of 5 m/s. If the mass is equal
to 10 kgs and the spring stiffness is equal to 6 x 10> N/m, determine the system
response as a function of time.

The undamped single degree of freedom system of Problem 1 is subjected to the
initial conditions x, = 0.02 m and X, = 3 m/s. Determine the system response
as a function of time. Also determine the maximum velocity and the total energy
of the system.

A single degree of freedom system consists of a mass m which is suspended by a
linear spring of stiffness k. The static equilibrium deflection of the spring was
found to be 0.02 m. Determine the system natural frequency. Also determine the
response of the system as a function of time if the initial displacement is 0.03 m
and the initial velocity is zero. What is the total energy of the system?

The system shown in Fig. P1 consists of a mass m and a massless rod of length
1. The system is supported by two springs which have stiffness coefficients k; and
k,, as shown in the figure. Derive the system differential equation of motion
assuming small oscillations. Determine the natural frequency of the system.

If the two springs k, and k, in Problem 6 are to be replaced by an equivalent
spring which is connected at the middle of the rod, determine the stiffness
coefficient k, of the new spring system.

If the system in Problem 6 is given an initial angular displacement 8, counter-
clockwise, determine the system response as a function of time assuming that
the initial angular velocity is zero. Determine also the maximum angular
velocity.

In the system shown in Fig. P2,m = 5kg, k, = ks = kg = 1000 N/m, k, = k, =
1500 N/m, and k, = 3000 N/m. The motion of the mass is assumed to be in the
vertical direction. If the mass is subjected to an impact such that the motion
starts with an initial upward velocity of 5 m/s, determine the displacement,
velocity, and acceleration of the mass after 2 s.
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The system shown in Fig. P3 consists of a mass m and a massless rod of length
1. The system is supported by a spring which has a stiffness coefficient k. Obtain
the differential equation of motion and discuss the stability of the system.
Determine the stiffness coefficient & at which the system becomes unstable.

The system shown in Fig. P4 consists of a uniform rod which has length 7, mass
m, and mass moment of inertia about its mass center I. The rod is supported by
two springs which have stiffness coefficients &, as shown in the figure. Determine
the system differential equation of motion for small oscillations. Determine also
the system natural frequency.

A damped single degree of freedom mass—spring system has m =4 kg, k =
3000 N/m, and ¢ = 300 N-s/m. Determine the equation of motion of the system.

A damped single degree of freedom mass-spring system has m = 0.5 kg, k =
1000 N/m, and ¢ = 10 N -s/m. The mass is set in motion with initial conditions
Xo = 0.05m and x = 0.5 m/s. Determine the displacement, velocity, and accel-
eration of the mass after 0.3 s.

A viscously damped single degree of freedom mass—spring system has a mass m
of 2 kg, a spring coefficient k of 2000 N/m, and a damping constant ¢ of 5 N - s/m.
Determine (a) the damping factor &, (b) the natural frequency w, (c) the damped
natural frequency g, and (d) the spring coefficient needed to obtain critically
damped system.
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1.15.

1.16.
1.17.

1.18.

1.19.

1.20.

1.21.
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An overdamped single degree of freedom mass—spring system has a damping
factor £ = 1.5 and a natural frequency w = 20 rad/s. Determine the equation of
motion of the displacement and plot the displacement and velocity versus time
for the following initial conditions: (a) x, = 0, X, = 1 m/s; (b) x, = 0.05 m, X, =
0; and (¢} xq = 0.05 m, X, = 1 m/s.

Repeat Problem 15 if the system is critically damped.

A mass equal to 0.5-kg attached to a linear spring elongates it 0.008 m. Determine
the system natural frequency.

For the system shown in Fig. P5, let m=05kg, a=02m, [=04m, k =
1000 N/m. Determine the damping coefficient c¢ if the system is to be critically
damped. If the system has an initial angular velocity of 5 rad/s counterclockwise,
determine the angular displacement and angular velocity after 0.3 s. Assume
small oscillations.

For the system shown in Fig. P6, let m=0.5kg, [=0.5m, a=02m, and
k = 3000 N/m. Determine the damping coefficient ¢ if: (a) the system is under-
damped with & = 0.09, (b) the system is critically damped; and (c) the system is
overdamped with & = 1.2.

The system shown in Fig. P7 consists of a uniform bar of length I, mass m, and
mass moment of inertia I. The bar is supported by a spring and damper which
have stiffness and damping coefficients k and ¢, respectively. Derive the differ-
ential equation of motion and determine the system natural frequency and the
critical damping coefficient.

A damped single degree of freedom mass—spring system has a spring constant
k = 2000 N/m. It was observed that the periodic time of free oscillations is 1.95
and the ratio between successive amplitudes is 5.1 to 1.5. Determine the mass
and the damping coefficient of the system.
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It was observed that the damped free oscillations of a single degree of freedom
system is such that the amplitude of the twelfth cycle is 48%, that of the sixth
cycle. Determine the damping factor &.

In Problem 22, if the mass of the system is 5 kg and the spring constant is
1000 N/m, determine the damping coefficient and the damped natural frequency.

Show that, if the structural damping coefficient c, is very small, the logarithmic
decrement can be defined as
é ~ 7c,

A simple structure is found to vibrate as a single degree of freedom system. The
spring constant determined using static testing is found to be 2500 N/m. The
mass of the structure is 3 kg. By using a simple vibration test, the ratio of
successive amplitudes is found to be 1.1. Determine the structural damping
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1.26.

1.27.

1.28.

1.29.

1.30.

1.31.

1.32.

1.33.

1.34.

1. Introduction

coefficient and the equivalent viscous damping coefficient. Determine also the
energy loss per cycle for an amplitude of 0.08 m.

A single degree of freedom mass—spring system is such that an amplitude loss of
2%, occurs in every three full cycles of oscillation. Obtain the damping factor of
this system.

Develop the differential equation of motion of a single degree of freedom mass—
spring system that contains both viscous damping and Coulomb damping.

A single degree of freedom mass—spring system has a mass m = 9 kg, a spring
stiffness coefficient k = 8 x 10* N/m, a coefficient of dry friction u = 0.15, an
initial displacement x, = 0.02 m, and an initial velocity X, = 0. Determine the
number of cycles of oscillations of the mass before it comes to rest.

The following data are given for a damped single degree of freedom mass—spring
system: mass m = 6 kg, damping coefficient ¢ = 25 N-s/m, and stiffness coef-
ficient k = 5.5 x 10® N/m. The mass is subjected to a velocity-dependent force.
The mass has zero initial displacement and initial velocity of 1 m/s. Determine
the displacement and velocity of the mass after 0.01 s in the following two cases
of the forcing function F

(@ F=50%N; (b) F=400xN.

A single degree of freedom mass—spring system has the following parameters,
m=0.5kg k =2 x 10® N/m, coefficient of dry friction y = 0.15, initial displace-
ment x, = 0.1 m, and initial velocity x, = 0. Determine:

(1) the decrease in amplitude per cycle;

(2) the number of half-cycles before the mass comes to rest;

(3) the displacement of the mass at time ¢t = 0.1 s;

(4) the location of the mass when oscillation stops.

A spring—mass undamped single degree of freedom system is subjected to a
harmonic forcing function which has an amplitude of 40 N and frequency 30
rad/s. The mass of the system is 2 kg and the spring coefficient is 1000 N/m. Find
the amplitude of the forced vibration.

In Problem 31 find the complete solution in the following cases:

(@) xo=0,%,=0.

(b) xo =0.01 m, %, =0.

©) xo=0,%, =2m/s.

(d) xo =001 m, X, =2m/s.

In a single degree of freedom undamped spring—mass system, the mass m = 3 kg
and the stiffness coefficient k = 2 x 10> N/m. The system is subjected to a
harmonic forcing function which has an amplitude 60 N and frequency 30 rad/s.
The initial conditions are such that x, = 0.0 m and %, = 1 m/s. Determine the
displacement, velocity, and acceleration of the mass after t = 1 s.

A spring-mass system is subjected to a harmonic force which has an amplitude
30 N and frequency 20 rad/s. The system has mass m = 5 kg, and stiffness
coefficient k = 2 x 10 N. The initial conditions are such that x, = 0, X, = 2
m/s. Determine the displacement, velocity, and acceleration of the mass after 0.5,
1,1.5s.
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A damped single degree of freedom mass—spring system has a mass m = 3 kg, a
spring stiffness k = 2700 N/m, and a damping coefficient ¢ = 18 N-s/m. The
mass is subjected to a harmonic force which has an amplitude F, = 20 N and
a frequency w; = 15 rad/s. The initial conditions are x, = 1 cm and Xo=0.
Determine the displacement, velocity, and acceleration of the mass after time
t=05s.

Repeat Problem 35 for zero initial conditions, that is, Xo=0and x4 =0.
Repeat Problem 35 for the following two cases of the damping coefficient ¢
(a) ¢ =180 N-s/m; (b) ¢ =360 N-s/m.

For the system shown in Fig. P8, let m =3 kg, k, = k, = 1350 N/m, ¢ = 40
N-s/m,and y = 0.04 sin 15¢. The initial conditions are such that x, = 5 mm and
Xo = 0. Determine the displacement, velocity, and acceleration of the mass after
timet = 1s.

y = Y, sin ot —x 5
4 —>
k,
AV~
k,
m —"VVWW\—
c
1 l
— |
Q
Fic. P1.8

For the system shown in Fig. P9, let m = 3 kg, k, = k, = 1350 N/m, ¢ = 40
N-s/m, and y = 0.02 sin 15¢. The initial conditions are x, = 5 mm and %, = 0.
Determine the displacement, velocity, and acceleration of the mass after time
t=1s.

y X
7/ k,

——ANA——
/] k,
4 m A
j c y =Y, sin ot
—

(o] Q
SIS LSS

FiG. P1.9

Derive the differential equation of motion of the system shown in Fig. P10,
assuming small angular oscillations. Determine also the steady state response of
this system.
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?F = F, sin oyt
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1.41. In Problem 40, let the rod be uniform and slender with mass m = 0.5 kg and
] =0.5 m. Let k = 2000 N/m, ¢ = 20 N-s/m, and F = 10 sin 10¢ N. The initial
conditions are 8, = 0 and 0, = 3 rad/s. Determine the displacement equation of
the beam as a function of time.

1.42. Determine the forced response of the undamped single degree of freedom spring-—
mass system to the forcing function shown in Fig. P11.

F@© {L
F b
0 : ) i
Fic. P1.11
F(t) A
Fol
0 t, %t

FiG. P1.12
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1.43. Determine the forced response of the damped single degree of freedom mass—
spring system to the forcing function shown in Fig. P11.

1.44. Determine the response of the damped single degree of freedom mass—spring
system to the forcing function shown in Fig. P12.

1.45. Obtain the response of the damped mass—spring system to the forcing function
shown in Fig. P13.

F( A
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Lagrangian Dynamics

In the preceding chapter, the differential equations of motion of single degree
of freedom systems were developed using the vector approach of Newtonian
mechanics. Another alternative for developing the system differential equa-
tions of motion from scalar quantities is the Lagrangian approach where
scalars such as the kinetic energy, strain energy, and virtual work are used. In
this chapter, the use of Lagrange’s equation to formulate the dynamic differ-
ential equations of motion is discussed. The use of Lagrange’s equation is con-
venient in developing the dynamic relationships of multi-degree of freedom
systems. Important concepts and definitions, however, have to be first intro-
duced. In the first section of this chapter, we introduce the concept of the
system generalized coordinates. In Section 2 the virtual work is used to develop
the generalized forces associated with the system generalized coordinates. The
concepts and definitions presented in the first two sections are then used in
Sections 3-5 to develop Lagrange’s equation of motion for multi-degree of
freedom systems in terms of scalar quantities such as the kinetic energy, strain
energy, and virtual work. An alternate approach for deriving the dynamic
equations of motion using scalar quantities is Hamilton’s principle which is
discussed in Section 6. Hamilton’s principle can be used to derive Lagrange’s
equation and, consequently, both techniques lead to the same results. The use
of conservation of energy to obtain the differential equations of motion of
conservative systems is discussed in Section 7. In this section, general con-
servation theorems are developed and their use is demonstrated using simple
examples.

2.1 GENERALIZED COORDINATES

The configuration of a mechanical system is identified by a set of variables
called coordinates or generalized coordinates that completely define the loca-
tion and orientation of each component in the system. The configuration of
a particle in space is defined using three coordinates that describe the transla-
tion of this particle with respect to the three perpendicular axes of the inertial

48
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frame. No rotational coordinates are needed to describe the motion of the
particle and, therefore, the three translational coordinates completely define
the particle position. This simplified description of the particle kinematics is
the result of the assumption that the particle has such small dimensions that
a point in the three-dimensional space is sufficient to describe the position of
the particle. This assumption is not valid, however, when rigid bodies are
considered. The configuration of an unconstrained rigid body can be comple-
tely described using six independent coordinates, three coordinates describe
the location of the origin of the body axes and three rotational coordinates
describe the orientation of the body with respect to the fixed frame. Once this
set of coordinates is identified, the global position of an arbitrary point on the
rigid body can be defined. In this chapter and subsequent chapters, the vector
q will be used to denote the system generalized coordinates. If the system has
n generalized coordinates, the vector q is given by

a=[a 9 - 401" @21

where the superscript T indicates the transpose of a vector.

In this book we will assume that the generalized coordinates q, q,, ..., ¢,
are independent, that is, the number of system generalized coordinates is equal
to the number of system degrees of freedom.

Figure 1 shows some examples of vibratory systems. The system shown in

s

0\

(e)

FiG. 2.1. Generalized coordinates.
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Fig. 1(a) is a single degree of freedom system, and accordingly the vector of
generalized coordinates q reduces to a scalar. In fact q = g, = x. The con-
figuration of this system can be completely defined in terms of the generalized
coordinate ¢, . Figure 1(b) depicts a two degree of freedom system. In this case,
the system configuration is completely defined by the coordinates g, = x; and
g, = X,, that is,

9=[q ¢I"=[x; x,I"

Similarly, the vector of the generalized coordinates of the system shown in
Fig. 1(c)is
q=[q, ¢I"=[6, 6,1

The position of an arbitrary point p in this system can be written in terms
of these generalized coordinates. For instance, the horizontal and vertical
coordinates of point p shown in Fig. 1(c) are given by

x,=1,sin 0, + dsin 0,

y,= —l,cos 8, —dcos 0,

where d is the position of point p with respect to point O, measured along the
rod axis.

The system shown in Fig. 1(d) has more than two degrees of freedom. One
can verify that the vector of generalized coordinates of this system is given
by

9=[0, ¢ ¢1"=00, 6, 6,]

Perhaps, it is important to emphasize at this point that the set of generalized
coordinates ¢, 4,, - .-, 4, is not unique. For instance, the configuration of the
system shown in Fig. 1(c) can also be described by the generalized coordinates
g, = x; and ¢, = x, as shown in the figure. In many cases, simple relation-
ships can be found between the sets of generalized coordinates of the system
under consideration. For example, in Fig. 1(c) one can verify that

x, =1, sin §,
x2 = ll Sin 61 + lz Siﬂ 62

The inverse relationship can also be obtained as

or
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Observe that the coordinates 0, and 6, or x, and x, in the example of Fig. 1(c)
are independent, that is, they can be arbitrarily changed. Any coordinate
which can be expressed in terms of the other coordinates is not an independent
one and cannot be used as a degree of freedom. Similarly, a coordinate which is
specified as a function of time is not a degree of freedom since it has a specified
value and cannot be changed arbitrarily. For instance, consider the system
shown in Fig. 1(e) which has the two degrees of freedom ¢, = x and ¢, = 0.
If g, is specified as a function of time, say ¢, = x = X, sin ot where X, and
wy are, respectively, given amplitude and frequency, then the system has only
one degree of freedom which is g, = . The relationship g, = x = X, sin ot
can be considered as a kinematic constraint imposed on the motion of the
system. Consequently, every such kinematic constraint relationship eliminates
one of the system degrees of freedom. In other words, the number of system
degrees of freedom 1s equal to the number of coordinates minus the number
of kinematic constraint equations, provided that these kinematic constraint
equations are linearly independent.

—

Example 2.1

Figure 2 shows a two degree of freedom system. Discuss different alternatives for
selecting the generalized coordinates of this system.

Solution. Since the system has only two degrees of freedom, mainly the vertical
displacement and the rotation, only two generalized coordinates are sufficient to
identify the configuration of the system. As shown in Fig, 2, one set of coordinates
is given by

a=[0 .1"=0y o

where y, is the vertical displacement of the center of mass of the beam and 8 is the
angular oscillation of the beam. The coordinates y. and 8 can be used as the system
degrees of freedom since they are independent and are sufficient to define the
configuration of the system. For instance, given an arbitrary point p at a distance
I, from the center of mass of the beam, the vertical displacement of the arbitrary
point p can be expressed in terms of the coordinates y. and § as

Y, =Y.+ 1,sing

F1G. 2.2. Two degree of freedom system.
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As asecond choice for the generalized coordinates, one may select the following set:
q9=[g; ¢.1"=[y. O

where y, is the vertical displacement of the end point a. The coordinates y, and 8
are also independent and can be used to define the displacement of an arbitrary
point on the beam. The vertical displacement of the point p can be expressed in
terms of the generalized coordinates y, and 8 as

!
yp=ya+(§+lp)sin9

where ! is the length of the beam. Observe that the vertical displacement of the
center of mass y, which was previously used as a generalized coordinate can be
expressed in terms of the new set of generalized coordinates y, and 6 as

l
. =Y, +=sin
Ye =Y 2

An alternate set of generalized coordinates is also the following:

9=[q ¢1"=0Dn. »l"

where , is the vertical displacement of the end point b. In terms of these coordinates,
the vertical displacement of the center of mass and the arbitrary point p are given,
respectively, by

Yo — Ya

Ye )

12 +1
yp=ya+(yb—ya)/ ] 4

Also, the angular orientation 6 can be expressed in terms of the new set y, and y, as

Yo —Va
l

6 =sin! (_y,, _ y“)
!

Clearly, for a simple system such as the one shown in this example, there are an
infinite number of different sets of generalized coordinates. In many applications,
proper selection of the generalized coordinates can significantly simplify the dy-
namic formulation.

sin 6 =

2.2 VIRTUAL WORK AND GENERALIZED FORCES

In this section, the important concept of the virtual work is introduced and
used to provide definitions for the generalized forces associated with the
system generalized coordinates. As will be seen in the following section, the
definition of the generalized forces is an important step in the Lagrangian
formulation, wherein the dynamic equations of motion are formulated in
terms of the generalized coordinates.
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Since the generalized coordinates are sufficient to completely identify the
configuration of a system of particles, the position vector of an arbitrary
particle in the system can be expressed in terms of the generalized coordinates.
This relationship can be written in a functional form as

r=r(qy, 4z --->4a) = ¥(Q) (2.2)

where r is the position vector of an arbitrary particle in the system, and
q=1[q, 9, - q,]" is the vector of generalized coordinates which are as-
sumed to be independent.

It is important at this point to introduce the concept of the virtual displace-
ment which refers to a change in the configuration of the system as the result
of an arbitrary infinitesimal change in the vector of system generalized co-
ordinates g, consistent with the forces and constraints imposed on the system
at the given instant of time t. The displacement is called virtual to distinguish
it from an actual displacement of the system occurring in a time interval At,
during which the time and constraints may be changing. For a virtual change
in the system coordinates, Eq. 2 yields

0
or =—r6q1

0 0
+ﬁ—r—6q2 + +—r<5q,l 2.3
0q,

0q, 04,

where dr is the virtual change in the position vector of Eq. 2, and dg; is the
virtual change in the generalized coordinate g;. Equation 3 can be writtenin a
compact form as

2 5% (24)

Let F be the vector of forces that act at the point whose position vector is
defined by the vector r of Eq. 2, then the virtual work due to this force vector
is defined by the dot product

OW =F-ér = Flor (2.5
which upon using Eqgs. 3 and 4 yields

9 F
ow=F T g+ F F sg, -+ FT 5,
0q, 04, 04,
vy s 2.6)
—j=1 0g; U '

Now we define the generalized force Q; associated with the jth system gen-
eralized coordinate g; as

or
dq;’

j

Q,=F"— j=12...,n Q.7)

and, accordingly, the virtual work of Eq. 6 can be expressed in terms of the
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generalized forces Q; as
OW = Q16q; + 0209, + - + @404,

= 21 0;6q; (2.8)
I=
which can be written in a vector form as
W = Ql4q (29
where Q is the vector of generalized forces defined as
Q=[0; 2 - QT (2.10)

Example 2.2

Derive the generalized forces due to the spring and damper and the external force
F(t) of the damped single degree of freedom system shown in Fig. 3.

Solution. For this single degree of freedom system, the vector of generalized
coordinates g reduces to a scalar given by

qy = Xx
that is
ox = d8q,

The forces that act on this system are shown in the figure and given by

f=F({t)—kx —cx
The virtual work is then defined as

OW = fox = (F(t) — kx — cx)dx
Since in this example x = ¢, and x = 4,, in terms of the generalized coordinate g,,
the virtual work W can be written as
OW = (F(t) — kq; — cq,)0q,
= 0,04,

where Q, is the generalized force associated with the generalized coordinate ¢, and
defined as
Q= F(t) — kg, — ¢4,

cx
F(n)
‘—.
—_—r
‘—.
kx
(b)

L F1G. 2.3. Single degree of freedom system.
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Fic. 2.4. Two degree of freedom system.

Example 2.3

For the two degree of freedom system shown in Fig. 4, obtain the generalized forces
associated with the generalized coordinates 4, = x; and ¢, = x;.

Solution. As shown in the figure, the following force
fi = =kixy — ey %y + ka(xy — x1) + €%, — %) + Fi(9)
acts at a point whose displacement is x; = g,. The force f, given by
o= —kalxy — %) — ca(%; = %) + F5(1)

acts at a point whose displacement is x, = g,. Therefore, the virtual work oW is
given by
oW = f,0x, + f,0x,

Using the fact that x, = q,, X, = §,, X, = q,, and X, = §,, the virtual work éW
can be expressed in terms of the generalized coordinates as

W = {—kyqy — ¢;dy + k(g2 — 1) + ¢2(3, — 41) + Fi(8)} g,

+{=ka(q; — q1) — 2@, — 41) + F,(t)}dq,
or
W = {Fy(t) — (ky + k2)gy — (cy + €2)q + k2q; + €242}0q,

+ {F,(t) — kyq; — €245 + k2qy + 24,16,

Example 2.4

For the three degree of freedom pendulum system shown in Fig. 5, obtain the
generalized forces associated with the generalized coordinates ¢, = 8,4, = 8,,and
g5 = 05, where F and M are defined as

F=[F Fz]T, M=[M M, Ms]T
Solution. The position vector of the point of application of the force F is given by

the vector
. L l;sin 8, +1,sin 8, + l3sin 6,
“1r] 1 = cos8 +1,cos 8, + 15 cos B5)

where I,, I,, and 1, are the lengths of the rods. The virtual change in the position
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F1G. 2.5. Three degree of freedom system.

vector r can be written as
5r = 1, cos 6,60, + 1, cos 8,60, + 1, cos 0,60,
~ |1, sin 8,66, + 1, sin 6,66, + I, sin 6,56,

which can be written as

P ory | |lycosf I,cos8, I3cosb, gzl
T lor] | lsin6, I,sin6, Iysinf, ?
56,

The virtual work of the component M; of the moment is M,56;. Therefore, the virtual
work W of the force vector F and the moment M is given by

SW = FTor + M'60
where
60 =1[60, 68, 6651

The virtual work éW is then given in a more explicit form by

o6
SW=[F, F] L cc?s 0, |, c?s 0, L c'os 0, 60;
lisin, l,sinf, Il3siné,

60,
66,
+[M, M, M,]| 0,
86,

= [M1 + ll(Fl Ccos 01 + F2 Sin 01) M2 + lZ(Fl COoS 02 + F2 Sin 02)

80,
M; + I3(F; cos 8; + F, sin 65)]| 66,
80,
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which can also be written as

36,

oW=[0, 0, 0;]fé6, =QT50
56,

where the generalized forces Q,, Q,, and Q, associated, respectively, with the
generalized coordinates 6,, 8,, and 6, are defined as

Q, =M, + ,(F, cos 8, + F, sin 8,)
Q, =M, + L,(F, cos 8, + F, sin 6,)
Q3 = My + I3(F cos b, + F, sin 6;)

2.3 LAGRANGE’S EQUATION

In this section, we utilize the concepts introduced in the preceding section to
develop Lagrange’s equation of motion. In the analysis presented in this
section, we use a system of particles. Nonetheless, the obtained Lagrange’s
equation can be applied to the dynamics of rigid bodies as well, since a rigid
body can be considered as a collection of a large number of particles.

In the following discussion, we assume that the system consists of n,, parti-
cles. The displacement r' of the ith particle is assumed to depend on a set of
generalized coordinates g;, where j = 1, 2,..., n. Hence

ri = ri(qh qas oo o5 qp> t) (211)

Differentiating Eq. 11 with respect to time using the chain rule of differentia-
tion yields

G or or ot or
r—a_(hq1+6_(12q2+ +a—q”qn+a

n or or'
=Y T a4+ 2.12
jﬂa%%+az (2.12)
The virtual displacement ér can be expressed in terms of the virtual change
of the generalized coordinates as
si=3 Tog @.13)
jZi 0g; !
The dynamic equilibrium of the particle can be defined using Newton’s second
law as
P=F (2.14)

where p’ is the vector of linear momentum and F is the vector of the total
forces acting on the particle i. The linear momentum vector p’ is defined
as
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where m' is the mass of the particle i which is assumed to be constant.
Consequently,

p' = m¥ (2.15)
Substituting Eq. 15 into Eq. 14 yields
mt — F' =0
which yields
(mt — F)Tor' = 0 (2.16)

By summing up these expressions for the particles and using the definition of
or' given by Eq. 13, one obtains

'Z(mr <Z Zr 5q,> 0

ji=1

which can also be written as

n M or

Y, ), (mE —F)f <a_ 5q,-) =0 (2.17)
=1 i=1 qj

Define the generalized force Q; associated with the generalized coordinate g; as
N

=Y FT__ 218

9 i; 34, (2.18)

n, ar np d i~'Tari ood ari
T~ ) - L S 'f"TA i 2.1
szi (m f 5‘1;) iZ'l |:dt (m ' ‘3‘11') " <an‘ &

It is, however, clear from Eq. 12 that

or  or
= (2.20)
0q; 0q;
Furthermore,
d[or L S & )
—(—)= Z — Gt = (2.21)
Substituting the results of Eqs. 20 and 21 into Eq. 19 yields
oo M dl o
mli:lT_ — i e 1mlr l' lmll’.lTl’.l
i=1 0q; i=idt [aq]( )} j(z :
% d (0T oT!
=Y —|—]—-—— 2.22
side (5%) aq; 222

where T' is the kinetic energy of the particle i defined as
T! = imip'T¢ (2.23)
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The kinetic energy of the system of particles is given by

T=Y T (2.24)

i

£

]
—

Therefore, Eq. 22 can be written in terms of the kinetic energy of the system
of particles as

mooor  d[éT\ OT
mfl —=_| |- — 225
;1 0g; dt(%‘) 0g; 22
Substituting Eqgs. 18 and 25 into Eq. 17 yields
x| d[foT\ oT
= j—-==~0,186g.=0 2.26
£lal5)-5 o 020

Since the generalized coordinates g4, q;, -.-, ¢, are assumed to be linearly
independent, Eq. 26 yields a set of n equations defined as

d(oT\ 0T )
E( ) Q;=0, j=12,...,n

o) a4
or
dfoT oT
NN [ — —_—— = N '——— ,2,..., 227
dt(aqj) " Q, j=1 n (2.27a)

This equation is called Lagrange’s equation of motion. Clearly, there are as
many equations as the number of generalized coordinates. These equations
can be derived using scalar quantities, mainly the kinetic energy of the system
and virtual work of the applied and elastic forces. The use of Lagrange’s
equation for developing the differential equations of motion for single and two
degree of freedom systems is demonstrated by the following examples.

Example 2.5

Using Lagrange’s equation, develop the differential equation of motion of the single
degree of freedom system given in Example 2 and shown in Fig. 3.

Solution. The system of Example 2 has one degree of freedom and, accordingly,
only one differential equation results from the application of Lagrange’s equation
which can be stated in this case as

d(oT\ 0T _
a\ax) a2

It was shown in Example 2 that the generalized force Q is given by
Q=F(t)— kx —cx

The kinetic energy of this system is given by

T = imx?
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which yields
or | dfoT\ . nd 6T_0
s il ) =M% a Pl

Using Lagrange’s equation, one obtains

mX = F(t) — kx — cx
or
mx + cx + kx = F(t)

which is the same differential equation obtained for this system by applying New-
ton’s second law.

r Example 2.6

Using Lagrange’s equation, derive the differential equations of motion of the two
degree of freedom system given in Example 3 and shown in Fig. 4.

Solution.  Since the system has the two degrees of freedom g, = x, and g, = x, as
generalized coordinates, the application of Lagrange’s equation yields the two

equations
d[oT oT
) -5 =0
dt\0q, 0q,

d (0T oT 0

dt\og,) dq, °*
where T is the total kinetic energy of the system and Q; and Q, are the generalized
forces associated, respectively, with the system generalized coordinates. The kinetic

energy T is defined as
. .. q]m 0 }[4
myd3 = 3[4, ‘12][01 m][ql]
2 |L42

It was shown in Example 3 that the generalized forces Q, and Q, are given by
0, = Fi(t) — (ky + k3)q; — (cy + €2)d; + k2qy + €34,

Q2 = F(0) —kyq, — 24, + kaqy + €54,

T =

N

ml‘ﬁ +

=

By using the definition of the kinetic energy, one obtains

oT . d (/0T . oT
a2 = Mg, a2 | T Mgy, =0

5q1 a 5(11 aql
oT . d (ar) s oT
A, m ] v el B ] =
o0, 1 a\ag, P2 g,

Substituting into Lagrange’s equation for ¢, and g,, yields, respectively, the
following two differential equations:

my§y = Fy(t) — (kg + k3)q;, —(c; + ¢2)4; + k2q; + €24,

myGy = Fy(t) — kaqy — €245 + kg, + €24,
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or
mG; +(cy + €3)4y — €24, + (kg + k3)qy — kaq, = Fi(2)
mydy + €24; — €24y + kaqy — kaqy = F(1)

which can be written in a matrix form as

["‘1 0][éx]+[01 +¢; _Cz][41]+[k1 +k, “kz][41]=[F1(t)]
0 my]lg, —C; ¢ 142 —k, ky Jlqe2 F,(2)

which is the same matrix equation that can be obtained for this two degree of
freedom system by applying Newton’s second law.
L

Example 2.7

Using Lagrange’s equation, derive the differential equation of motion of the two
degree of freedom system shown in Fig. 6. Use the assumption of small oscillations.

Solution. We select x and 6 as the system generalized coordinates, that is,
q=[x 61
The kinetic energy of the system is
T = $mx? + m %2 + 16?

where m, is the total mass of the rod, % is the absolute velocity of the center of mass
of the rod, and I is the mass moment of inertia of the rod about its mass center,
that is,
Ie m, 2

12

where [ is the length of the rod. The absolute velocity of the center of mass of the

rod can be expressed in terms of the generalized velocities as

WO L

XX+ 0
¢ 2

where the assumption of small oscillation is utilized.

F1G. 2.6. Pendulum with moving base.
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Thekinetic energy T can then be written in terms of the generalized velocities as

A
T =4mi* + %m,(;& + 05) +316?

I, 2\ .
=i(m + m)x* + m,EJEO + %(1 + m,z)(?z

1. .
=im+m)z? + m,iJ&O +41,0?

ire palmEm m(l/2) || x
- i ej[m,a/z) Io J[OJ

where I, is the mass moment of inertia of the rod about point O and is given by
2
Ip=T1+ o
The virtual work of all the forces acting on the system is given by
OW = [F(t) — kx — cx]6x — m.gdy,
where g is the gravitational constant, and dy, is the virtual displacement of the
center of mass in the vertical direction which is given by

sin 6560

N

oy, =

Therefore,

l
SW =[F(t) — kx — cxX]éx — mg 5 sin 666

= 0,0x + 0,00

where Q, and Q, are the generalized forces associated, respectively, with the gen-
eralized coordinates x and 8 and defined as

0, = F(t) — kx — cx

l
Qp = —mgs sin 6 = —m,gio

The application of Lagrange’s equation yields the following two equations:

dfomy_or_,
dt\ox) ox =*

d (6T\ oT _
dt\ 36 i

Differentiation of the kinetic energy with respect to time and with respect to the
generalized coordinates yields
T

l.
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d(oT . l. oT
(E<E>=(m+m,)x +m,§0, F™ =0
oT l . d[oT l .
— = —X I 0, —y— = —X 0
% m,2x+ 0 dt(&o) m,2x+Io
oT
=0
00

Substituting these equations in Lagrange’s equation and using the expressions
for the generalized forces yields

l.
m+m)x+m_-0=F({) —kx —cx

!, - l
m,ix + I,0 = —m,gEG

or

l.
(m+m)x + m,EG +cx + kx = F(t)

l - l
m—%+ 1,0 + m,gEG =0

which can be written in a matrix form as
m+m, m(/2)]i % ¢ 0] x k 0 x| 1F@
my 1, 6] o ollé|Tlo meun|le]| 0]

Remarks Lagrange’s equation as defined by Eq. 27a states that the gen-
eralized external force Q; associated with the jth generalized coordinate is
equal to the generalized inertia force associated with the same coordinate.
This generalized inertia force is defined in terms of the system kinetic energy as

dfoT\ 0T
==V = ‘=1,2,..., 227b
©@)=7 ( aq) e n (227b)
Therefore, Lagrange’s equation as defined by Eq. 27a can be written as
(Q); =0, j=12,...,n (2.27¢)

Note that the generalized inertia force (Q;); was originally defined by Eq. 25 as

i

oo 0
(@) =2, mitT (2.27d)
i=1 0q;
which is the same as (see Eq. 20)
o O
(@)= i m'im—l: (2.27¢)
i=1 04;
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Therefore, in the Lagrangian formulation, one can use Eq. 27b, Eq. 27d, or Eq.
27¢ to obtain the generalized inertia forces associated with the system gen-
eralized coordinates. These equations can be applied to systems of particles as
well as rigid-body systems. In rigid-body dynamics, there are inertia forces as
well as inertia moments. Therefore, in the case of a system that consists of
particles and rigid bodies, Eqgs. 27d and 27¢ must be modified to

;) S i o4 ;00
Di= Y miT— + |:m FT < 4 [ ] 2.27f
(@)= 3 m¥Ton 4 ) | miT o+ 19 270
and
I - X I SO L
D=y miT 4+ Y | miT e 4 1'0*_,] 2.27
@)= 3, m¥" o 21[ it .27y

where r! is the vector of coordinates of the center of mass of the rigid body i,
6' is its angular orientation, m’ and I’ are, respectively, its mass and mass
moment of inertia about the center of mass, and n, is the total number of rigid
bodies in the system.

In order to demonstrate the use of the equations presented in this section
in the case of rigid-body systems, we consider the system shown in Fig. 6. It
was shown in the preceding example that the use of Eq. 27b leads to the
following generalized inertia forces associated with the coordinates x and 6,
respectively

Q) = (m+m)x+m,é@

! v
Qi) = m;5 X + 1,0

where m is the mass of the block, m, and [ are, respectively, the mass and length
of the rod, and I, is the mass moment of inertia of the rod about point O.
Without linearizing the kinematic relationship, the coordinates of the center
of mass of the rod can be written as

x+£sin0

Ty !
¢ —icos0

Differentiating these kinematic equation once and twice with repect to time
leads to the velocity

. 1
X+ 0-cos
S
rc.—_ . = l .
Ye éisinH
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and the acceleration

5&+9£cos€-—é2£sin0

. [ 530] 2 2
rc = " =
Ye ) l

6—sin 6 + 6> cos 0

2 2
Note that
or, ot i1
ox  Ox 1o
I
—cos 8
or, ok, |?
0 a0 |1 . o
5 sin

Therefore, the use of Eq. 27f leads to

0x il - 00
). = mx— i+ 16—
(Ql)x mx ax + ml'rc ax + ax
Since 8 is an independent coordinate, 06/0x = 0 and the preceding equation
leads to

(@)= ms + miT o
"+9lcosﬂ—02£sin0 !
xTr3 2 ]
=mx + m,
élsin6+ézlcose 0
2 2

. 1 1.
=(m+m)x + m,6§ cos 6 — m'02§ sin 6
Assuming small oscillations, the generalized inertia force associated with the
coordinate x becomes

l.

(@) = (m + m)% + m, 0
which is the same generalized inertia force previously obtained. Similarly, the
generalized inertia force (Q;), associated with the coordinate 8, can be obtained

using Eq. 27f as

L 0x LpOr. .00
Q) = mx% + m,f, 0 + 16%
= m,fT arc + 10

]
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which upon using the definition of ¥, and Jr_/06 yields

"+(§lc s0 921 i BT lcosB
X 2 0 Esln E )
Qi) = m, | | + 10
Al " I
0251n0+020050 2smB

2

l 7. .
= m,)'c'icos(?+ m,ZH + 10

! ..
= m,)’é5 cos 8 + I,0

where I, = I + m,(I%/4).
As in the case of the preceding example, we assume small oscillations. In
this case cos 8 ~ 1, and consequently (Q;), reduces to

l .
Qo = mri)‘é + 16
which is the same as the generalized inertia force obtained by using the kinetic
energy.
Note also as the result of Eq. 20, the generalized external force Q; can also
be written as

mo . OF
= FzT_
QJ i; 061,

2.4 KINETIC ENERGY

As was shown in the preceding section, one alternative for formulating the dy-
namic equations is to obtain an expression for the kinetic energy of the system
and use it with Lagrange’s equation, as defined by Eq. 27a. In this section, the
formulation of the kinetic energy using vector and matrix notation is discussed.

System of Particles In many applications, such as the examples pre-
sented in the preceding section, the position vector of the particle i in the
system can be expressed in terms of the generalized coordinates as

ri = ri(qb q2a L] qn) (228)
and the velocity vector as
l,_,._ér‘_ +6r*_ +._'+ari_
= 34, q: 34, q:2 5;”‘1;;
n ort
=Y —g 2.29
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which can be written using matrix notation as

4
. Fi i i i q
f=[JAfi - Q} : (230)
0q, 0q, 0q, ]| :
Gn
This equation can be written in a compact form as
i’ = Big (2.31)
where
. [er or 6r‘}
B = o — 2.32
b%ah 04, 232
q=[a, 4 - ] (2.33)
The kinetic energy of the particle can then be written as
T! = imitT# (2.39)

where m' is the mass of the particle i. Substituting Eq. 31 into Eq. 34 yields
T = mi(B9)" (B9
=1m'q{"BTB'q = }{"(m'BTB)q (2.35)

The kenetic energy of the system of particles can also be obtained as

Z’“ g“ % T(miBiTBi)q

= 447 3, (mBTBYG

which can be written as
T =14"Mq (2.36)

where M is the mass matrix of the system of particles, defined as
M=Y (mBTB) 2.37)
i=1

Clearly, the kinetic energy of Eq. 36 is a quadratic function in the generalized
velocity vector ¢. The mass matrix M is symmetric and may be constant or
may depend on the system generalized coordinates.

Rigid Bodies The kinetic energy of rigid bodies can also be expressed in
a form similar to Eq. 36. For instance, for a rigid body i in the system, let x{
and y! be the x- and y-coordinates of the center of mass of the body and let
6’ be the angular orientation of the body. The kinetic energy of the body can
be written as

T = im'3¥ + Im'y¥ + 319" (2.38a)
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where m and I' are, respectively, the mass and the mass moment of inertia of
the body. The mass moment of inertia is defined with respect to the center of
mass of the body. Equation 38a can also be written as
m 0 0][x
Ti=30 yi 6700 m 0|y

0 0 [I]é
= 1™ (2.380)
where . o
g =[x y. 01
and
m 0 0
Mi={0 m O
0 0 F

The absolute velocities X/, yi, and §; can be expressed in terms of the gen-
eralized velocities as

5 Ox;
x:: = q;
j; a‘Ij !
i w0y
ye= j; aq} J
LT
=Y 24
i;l aqj U
That is,
i =B (2.38¢)
where the matrix B'is a 3 x n matrix defined as
[ ox!  ox! ox! ]
oq; 0q, aq,
| oyl oyl 0y!
B =|_-2°¢ LA (2.38d
oq, 04, oq, )
08t 06 o9
| 09, Oq, 0q,, |

Substituting Eq. 38c into Eq. 38b leads to an expression for the kinetic energy
in terms of the generalized velocities as

Ti = %QTBiTMiBiq

which can also be written as
T! = 1§™4 (2.39a)
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where M is the mass matrix of the rigid body defined as
M’ = B™!B! (2.39b)

The kinetic energy of a system of rigid bodies is
iy
=24 4M

where n, is the total number of bodies in the system.
The system kinetic energy can also be written as

T =1} [Z M‘}q =34"™g

where M is the system mass matrix defined as

1

o

T=

[l
-
NI —

M= M
i=1

In both cases of systems of particles and rigid bodies, the kinetic energy is
a quadratic function in the system velocities. The kinetic energy is, therefore,
a homogeneous, second degree quadratic form in the velocities 4y, 45, .. ., 4,
The mass matrix M is said to be the matrix of the quadratic form. A quadratic
form is said to be positive (negative) if it is equal or greater (less) than zero for
all the real values of its variables. A positive (negative) quadratic form is said
to be positive (negative) definite if it is equal to zero only when all its variables
are equal to zero. A positive (negative) quadratic form which is equal to zero
for some nonzero values of its variables is said to be positive (negative)
semidefinite. A quadratic form which can be positive or negative for the real
values of its variables is said to be indefinite. The matrix of quadratic form is
said to be positive (negative) definite, positive (negative) semidefinite, or in-
definite according to the nature of the quadratic form.

Since there can be no motion of particles and rigid bodies while the kinetic
energy remains equal to zero, the kinetic energy is always a positive definite
quadratic form. Consequently, the mass matrix is always positive definite.
Therefore, the mass matrix is nonsingular, its determinant has always nonzero
value and its inverse exists.

Vector Form of Lagrange’s Equation Using the quadratic form of Eq.
36, Lagrange’s equation can be expressed in a vector form. First, we introduce
the foliowing notation:

oT .
5= T=dM (2.40)
o _r (2.41)
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where vector subscript implies differentiation with respect to this vector.
Using this notation, one can then write Lagrange’s equation in the following
vector form:

d

E(T")T —(T)"=Q (242
or

d

MO —(T)T=Q (243)

where Q is the vector of generalized forces associated with the generalized
coordinates and defined as

Q=[0; ¢ - QI (2.44)
Observe also that Lagrange’s equation can also be written compactly as
Q.' =Q

where Q, is the vector of the generalized inertia forces expressed in terms of
the kinetic energy as

d oo
Qi = 2 (M§) — (T

Example 2.8

Using Lagrange’s equation, derive the differential equation of motion of the system
shown in Fig,. 7.

Solution. The position vectors of the two masses are given by
U LN l, sin 6,
1 —1, cos 8§,
2 X |_ lysin 6, + 1, 5in 6,
V2 —l,cos 8, — 1, cos 6,
The velocity vectors are given by
o Xy _ élll cos 8, _ lycosf, O 6:?1 ~ Bl
1 0,1, sin 6, l,sing, 0][86,
o l:;'cz _ élll cos 0, + 6:?212 cos 6, _ lycos 8, 1,cos0, 6:?1
V2 0,1, sin 6, + 6,1, sin 6, lising, I,siné, || 6,
=B2%§

where




24. Kinetic Energy

F1G. 2.7. Double pendulum.

and the coefficient matrices B! and B? are given by
B = licos8, 0O
Iysing, O
B = |:l1 cos 8, I, cos 02]

" |1,sin@, I,siné,

The kinetic energy of the system is

2 N
T=Y T'=

2
Z ml'l'.iTl'.i
i=1 i=1

B =

m i1TE + im, #2Ti?

qul BITqu + %quz B2TB2q
4"[m,B'"B' + m,B*"B?]§
M4

N o N N

where the mass matrix M is defined as

M = m,B'"B! + m,B*TB?
—m licosB, Il sin8 |[l,cos8, O
I 0 I;sinf, O
m licosB, I sin@ |[I cosB, 1I,cos0,
*|1,cos8, 1,sin6, ||, sin8, I,sin6,
_ m 2 0 N m, 12 m,l, 1, cos(f, — 0,)
0 0 m, 1,1, cos(0, — 6,) m, 12

_ (my + my)l my 1,1, cos(6, — 0,)
| myl, 1, cos(8, — 6,) m,l3

!
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The virtual work of the forces that act on the system is given by
SW = —m, gdy, — m,gdy, + M, 66, + M,40,
where the virtual displacements dy, and dy, are
dy, =1, sin 6,60,

8y, =1, sin 6,60, + I, sin 6,40,
That is,

SW = —mgl, sin 6,86, — m,g(l, sin 6,60, + 1, sin 6,60,)
+ M, 66, + M,40,
= (M, ~mgl, sin 0, — m,gl, sin 6,)86, + (M, — m,gl, sin 6,)60,
which can be written as
OW = Q4,80, + 05,80, = Q8¢

where Q,, and Q,, are, respectively, the generalized forces associated with the
coordinates 8, and 8, and are given by

Q= [QOl] _ [Ml —mygl, sin ; — m,gl, sin 01]
052 M, — m,gl, sin 0,

Having determined the kinetic energy and the generalized forces, one can use
Lagrange’s equation. To this end, we evaluate the following:
d{oT\ d d .
Bl Il P =—.TM="TM .TM
dt(@(;) W= @M =M+a
That is,
d .
(T = Md + Mg

where M is the matrix

M = 0 "’"2’1’2(91 — 6,) sin(6, — 6,)
- —’"21112(91 - éz)Sin(01 —-6,) 0

Therefore,

d(oT\' [ (m +my)} m, 1,1, cos(8; — 6,)]] 6,
dt\oq) | m,l1; cos(8, — 6,) m, 13 6,
_ I:’"zll’zéz(f?l - (?2) sin(6; — 92)]
m,l,1,0,(0, — 0,) sin(6, — 6,)
One can also show that
oT\" _ (T = —m,1,1,6,6, sin(8, — 8,)
oq) Y | myl1,0,6,sin0, — 6,)

Substituting into Lagrange’s equation of motion given by Eq. 42 or 43, one obtains
the differential equations of motion of this system.
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2.5 STRAIN ENERGY

In the preceding sections, the generalized elastic forces of the springs were
obtained using the virtual work. These forces can also be obtained using
the strain energy expression. For example, in the single degree of freedom
mass—spring system shown in Fig. 3, the strain energy due to the deformation
of the spring is given by

U = $kx? (245)

By using this expression for the strain energy, the generalized force of the
spring can simply be defined as
ou

0= —5-= —kx (2.46)

For this system, one can write Lagrange’s equation of motion in the following

form:
d{oT oT _
a<6_x> - (6_x> =040, 2.47)

where Q is the vector of all generalized forces excluding the spring force. Using
Eq. 46, Eq. 47 can be written as

d(orT oT ou -
iloe) (&) ()¢ 249

In general, one may write Lagrange’s equation in the case of n generalized
coordinates in the following alternate form

d{oT\ 0T dU

) -+ =0, i=12 ..., 249
dt( aq,) ta—=0, n (249)
where U = Ulqy, 4,, - .., 4,) is the strain energy function that depends on the
system generalized coordinates. Keeping in mind that the differentiation of

the scalar strain energy function with respect to the generalized coordinate
vector q = [q; 4, 45 ** q,]" leads to a row vector, that is,

ou oU du ou

—=Uy=— — - —1, 2.50

== o 239
Eq. 49 can be written using vector notation as

d(oT\" [oT\" [oU\"

iw) -GG -e e

where Q = [0, @, -+ 0,]" is the vector of all generalized forces excluding
the elastic forces which are accounted for using the strain energy function
U.

We have previously shown that the kinetic energy function T can be
expressed as a quadratic form in the vector of system generalized velocities.
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One can also show that the strain energy function U of linear systems can be
expressed as a quadratic form in the vector of generalized coordinates. In fact
U can be written as

U =1q"Kq (2.52)
where K is the symmetric stiffness matrix of the system given by
kl 1
ky, k,; symmetric
K=| = 77 (2.53)
knl kn2 o knn

Consequently, the term dU/dq in Lagrange’s equation of Eq. 51 is the fol-
lowing row vector:

aU u : )
Q== TK=[2) kgy 3 kg Y, "fan]
q j=1 j=1 j=1

Since the stiffness matrix is symmetric, that is, K = K”, one has

T 3 k..q.
Q,= (a_u) —Kq= ,; ek (2.54)

n
Z knid;
| j=1 i

where k;; = k;;. It is important, however, to emphasize that, while the kinetic
energy is always a positive-definite quadratic form in the velocities, the strain
energy can be a positive-semidefinite quadratic form in the coordinates. This
situation occurs when the system has rigid-body degrees of freedom. The
motion of such a system can occur without any change in the potential energy.
The stiffness matrix of such a system is always singular and the system is said
to be semidefinite. The dynamics of the semidefinite systems will be discussed
in more detail in the following chapter.

Example 2.9

Using the strain energy function, determine the stiffness matrix of the two degree
of freedom mass—spring system shown in Fig, 4.

Solution. The strain energy of the spring &, is
U, = 3k x} = 3kiq3
The strain energy of the spring k, is

U, = 3k, (x; — x,)* = 3k,(q2 — q,)°
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The total strain energy of the system is
U=U + U, = tk,qi + 3k,(q, — q1)°
=3(ky + ky)at — koq1q; + 3kaq3

which is a quadratic form in the generalized coordinates ¢, and g, and can be

written as
(ky + k) —k
U =ilg ‘12][ ! g 2|0
—k, k, qz

=19'Kq

where K is the stiffness matrix defined as

K: kl +k2 _k2
—k2  ky

which is the same stiffness matrix obtained in Example 6 using the virtual work.

2.6 HAMILTON'S PRINCIPLE

In this section, we discuss another alternate approach for deriving the differ-
ential equations of motion from scalar energy quantities. One of the most
applicable variational technique is Hamilton’s principle which states that

5J (T—V)dz+fzawmdz=o 2.55)

1 3]

where T is the system kinetic energy, V is the system potential energy, and
oW, is the virtual work of the nonconservative forces. Hamilton’s principle
is sometimes written in the following form:

5f2Ldz+f SW..di =0 (2.56)

1 1

where L is called the Lagrangian and defined as
L=T-V (2.57)

Hamilton’s principle of Eq. 55 or its alternate form of Eq. 56 states that the
variation of the kinetic and potential energy plus the line integral of the virtual
work done by the nonconservative forces during any time interval between ¢,
and ¢, must be equal to zero.

The potential energy V is defined as the strain energy minus the work done
by the conservative forces, that is,

V=U-W, (2.58)

where W, is the work done by the conservative forces. One may define the
virtual work of all forces, conservative and nonconservative, as

SW = OW, + oW, (2.59)
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Substituting Egs. 58 and 59 into Eq. 55 leads to the following alternate form
of Hamilton’s principle:

1y ty
5f (T—U)dt+J‘ SWdt =0 (2.60)
t t

1

When applying Hamilton’s principle it is assumed that the system co-
ordinates are specified at the two end points ¢, and ¢,, that is,

oq(t,) = dq(t;) =0 (2.61)

or
0q,(t;) = 6q,(t;) =0

04,(ty) = 0q,(t;) =0 (262
0q,(t;) = 0q,(t2) =0

Relationship Between Hamilton’s Principle and Lagrange’s
Equation It is important to emphasize at this point that the use of
Hamilton’s principle is equivalent to the application of Lagrange’s equation.
In fact Hamilton’s principle can be used to derive Lagrange’s equation of
motion. To this end we write

f2 f2 2 (0T oT
= = —0q + — & .
5L T dt L OT dt L (aq q+a(.1 q)dt (2.63)

Using integration by parts, the second term in the preceding equation yields

2 (0T oT 12 24 (0T
L <6q> 14=\a ), 7 ), @\aq)%?

Using the assumption of Eq. 61, the preceding equation reduces to

2 (0T 24 (0T
ZVeqdt=—| (== :
L (aq) qdt L dt(&(’])éth (2.64)

Substituting Eq. 64 into Eq. 63 yields
fz 209T d (0T
5J Tdt= J [- — f(fﬂéq dt
1 ., LOQ dt\0q
f2 2 (oU
o Udt= — |oq dt (2.66)
ty 1 aq

1y t
J SW dt = J Q"5q dt 2.67)
t t

1

2.65)

—

Similarly,

where Q is the vector of generalized forces.
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Substituting Eqs. 65~67 into Hamilton’s principle of Eq. 60 yields

wloT 40T\ oU
DR Il I = 2.68
L [aq dt(%) aq”’}s“‘“ 0 263

If the coordinates ¢4, ¢5, ..., g, are independent, the integrand in Eq. 68 must
be identically zero. This leads, after rearranging terms, to the following fami-
liar form of Lagrange’s equation:

—

d (0T\T oT\T JUNT
a(?ﬁ) - (a—q> ¥ (a) =Q (269)

Use Hamilton’s principle to derive the differential equation of motion of the single
degree of freedom system of Example 2.

Example 2.10

Solution. The system kinetic energy is
T = imx?

The system strain energy is
U = 1kx?

The virtual work of all forces, excluding the spring force, that act on this system is
OW = F(t)0x — cxdx
Using Hamilton’s principle of Eq. 60, one has
ts t,
5j (T—U)dt+j Wdt=0
ty ty

where

t; t2
d J (T-V)dt=94 J (Emx? - 1kx?) dt
ty ty

t
= J (mxox — kxdx) dt
ty
which, by integrating by parts the first term, leads to

t2
5J (T — U)dt = mxdx
ty

ts t2
- j (mxdx + kxdx) dt
ty t

Substituting this expression and the expression of the virtual work into Hamilton’s
principle and using Eq. 61 lead to

2
j (mx + kx — F(t) + cx)oxdt =0
t

Since dx is an independent coordinate, the above equation leads to
mx + ¢cx + kx = F(t)

which is the same equation of motion obtained in Example S.
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F1G. 2.8. Two degree of freedom system.

Example 2.11

Use Hamilton’s principle to derive the differential equations of motion of the system
shown in Fig. 8.

Solution. 'The kinetic and strain energies of the system are given by
T =3imx3 + dm, %3
U =3k xt + Sha(x; — x,)?
The virtual work of the damping and external forces is given by
OW = —¢,%,0x; — ¢3(%y — %,)0(x; — x,) + F,0x, + F,0x,

The variation of the time integral of (T — U) can be obtained as

ty (53
d J (T—-U)ydt=9¢ J Gm %} + dmy %5 — 3k x} — 3k, (x, — x,)*] dt
1 1

t
= J [m X, 6%, + my%,0%; — kyx,0x, — ky(xy — x,)6(x; — x,)] dt
ty

By integrating by parts and using the assumption of Hamilton’s principle that the
displacements are specified at the end points ¢, and t,, one obtains

ty f
6J (T—U)dt=J‘ [—mX,6x, —my%,8x, — k;x,6x,
ty 51
= ky(xy — x)0(x; — x,)] dt
By rearranging the terms, one obtains
1y 12
6J (T—UV)dt = —J {[m %, + (ky + ky)x, — kyx,]6x,
n n

+ [my%; + kyxy — kyx,10x,} dt

Using this equation and the expression of the virtual work §W, Hamilton’s principle
yields

t; [
5f (T—U)dt+J‘ SWdt =0
ty t

1
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That is,

_j {Im %, + (ky + ko)xg — kyx;]0x; + [my%; + kyx, — kyx,10x,} dt

+J‘ [—ec X 0x; — cy(%, — X%, )0(x, — xy) + Fidx; + F,0x,]dt =0

which yields, after rearranging terms,

J‘ [m %, + (c; + ¢)%, — %, + (kg + ky)x; — kpx, — F;]0x, dt

1

tz
+ j [m, %, + ¢y%; — c%; + kyxy — kyx; — F;]10x,dt =0
t

1

Since x, and x, are assumed to be independent coordinates, the preceding equation
leads to the following two differential equations:

mixy +(cy + €)%y —~ €% + (kg + kp)x; — koxp = Fy

mzxz + ch'z - ch'l + k2x2 - kle = Fz

2.7 CONSERVATION THEOREMS

In this section, a special case of the preceding development is considered. This
is the case of conservative systems in which all the forces acting on the system
can be derived from the potential function V. In this case

SW,, =0 (2.70)

Substituting this equation into Hamilton’s principle of Eq. 55, one obtains
5[ (T—V)dt=0 2.7

or equivalently

5 J "Ldt=0 2.72)

1

where L = T — V is the Lagrangian of the system.
Clearly, for a conservative system Lagrange’s equation reduces to

d(aL aL_O =12 273
dt\og,) g, ji=12,...,n (2.73)
or

dfoL\ oL .

a(@)‘a@’ i=12.,m (2.74)
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Observe that the total time derivative of the Lagrangian L is given by
= (0L oL )
—q; (2.75)
; <6q, ¥ o
Substituting Eq. 74 into Eq. 75, one obtains

dL_i oL, 4oLy
it~ A oY T a\ag)?

" d (0L
2.76
i‘: dt (aq, ) 279
This equation can be rewritten as
dL d 6L _
. dt = 6q1
or equivalently
d » 0L
—\L—) —¢}= .
it fga)-o @
Since the potential energy V is independent of the velocity, one has
oL 0T
ol (2.78
0q; 0q; )

Substituting this equation into Eq. 77, one gets

( Z i q,) (2.79)

That is,

(2.80)
Z‘ 6q1

where H is a constant called the Hamiltonian. Equation 80 is valid for any
conservative single or muliti-degree of freedom system. The Hamiltonian H
can be written in a more convenient form using the following identity:

2.81)
Z a 59 (
Substituting this equation into Eq. 80 and using the fact that L = T — V, one

obtains
H=—-(T-V-2T)=T+V (2.82)

which implies that the Hamiltonian is equal to the total energy of the system.
Since, for conservative systems, the Hamiltonian H is constant, one has
dH

5= (T +V)= (2.83)
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This equation can be used to develop the dynamic equations of motion of
conservative single and multi-degree of freedom systems. This demonstrated
by the following examples.

r Example 2.12

Use the method of conservation of energy to derive the equation of free vibration
of the single degree of freedom system of Example 2 assuming that the damping
coefficient is equal to zero.

Solution. The Hamiltonian of the system is given by
H=T+V=4m%? + L1kx?
Applying Eq. 83, one obtains

——=mxX + kxx =0
dt

This equation can be rewritten as
(m% + kx)x =0
Since x is not equal to zero for all values of ¢, one must have
mi+kx=0

which is the equation of undamped free vibration of the single degree of freedom
system.

—

Example 2.13

Use the method of conservation of energy to derive the differential equations of the
free undamped vibration of the system in Example 8.

Solution. The kinetic energy of this system is
T =4im %2 + im,x2
and the strain energy is given by
U=V =3%kx{+k(x;, —x,)?
The Hamiltonian of the system is
H=T+V=3mx}+imyx] + 3k, x} + $ky(x, — x,)?
The application of Eq. 83 leads to

dH - - . .
' Mm%y Xy +myXy Xy + kyxy X; +ky(x; — x;) (%, — %))
=0

This equation can be rewritten as

[mi Xy + kyxy — ky(xp = x1)1%; + [ma%; + ky(x, — x,)]%, = 0
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Since %, and x, are independent velocities, their coefficients in the above equation
must be equal to zero. This leads to the following two differential equations of
motion for the undamped two degree of freedom system:

myXy + (ky + ky)x; — kyx, =0

mzx‘z + kzxZ - kl.xl = 0

2.8 CONCLUDING REMARKS

In this chapter, a brief introduction to the subject of Lagrangian dynamics was
presented. The important concepts of the generalized coordinates, virtual
work, and the generalized forces are first introduced. These concepts are then
used to derive Lagrange’s equation from Newton’s second law. The final form
of Lagrange’s equation is presented in terms of scalar energy quantities such
as the strain and kinetic energies. The quadratic forms of the kinetic and strain
energies are also examined and used to define the system mass and stiffness
matrices. Hamilton’s principle which represents an alternate approach for
deriving the dynamic equations of motion using scalar quantities was also
discussed. It was also shown that Lagrange’s equation or Hamilton’s principle
can be used to develop conservation theorems that can be used to derive the
differential equations of motion of conservative systems.

The development of Lagrange’s equation using the vector equation of
Newton’s second law given by Eq. 15, consists of several steps. It is important
to emphasize at this point that, at the end of each intermediate step, the
resulting equations can be used to derive the dynamic equations of the me-
chanical system. Equation 16, for example, is the well-known principle of
virtual work in dynamics. This important equation can be written as

oW, = oW, (2.84)
Y4 R,
Ll
0
\f_ »X R, .
my,
mI,1 18
[ — -
. = mx,
9 M

(a) (b)

Fic. 2.9. Application of the principle of virtual work in dynamics.
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where 0W is the virtual work of the inertia forces and W, is the virtual work
of the applied forces. The virtual work of the workless constraint forces is
equal to zero and, consequently, such forces do not appear in Eq. 84. Equation
84, even though it is an intermediate step in deriving Lagrange’s equation,
represents a powerful tool which can be used to develop the equations of
motion of mechanical systems. The use of Eq. 84 can be demonstrated by
considering the simple pendulum shown in Fig. 9(a). The free-body diagram
as well as the inertia-force diagram are shown in Fig. 9(b). The position of the
center of mass of the rod can be expressed in terms of the degree of freedom
of the system 6 as

. I
sin 6, Vo= 7 cos 0
It follows that

0x, = é cos 8460, oy, = é sin 866

1 .
xc=5cos0, yc=—2—sm0

The components of the acceleration of the center of mass are

16 . .
5c'c=gcos0—§0"sm0

16 I,
yc=§0sin0+§0"cos0

The virtual work of the inertia forces and moments can then be written as

SW, = mx 6x, + my,dy, + 1650

l. L . l
—m(iecosﬂ—ie smB)(EcosBéB)

l. . ., I .
+m<§0sm0+50 cos0)<§sm060)
+ 16560

This equation can be simplified and rewritten as
N2 . .
oW, = m(i) B(cos? 6 + sin® §)60 + 1656
A% ..
={m{-) +1
(1) + ]
The virtual work of the external forces is given by

oW, = —mgdy, = —mgé sin 856
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Observe that the virtual work of the reactions R, and R, is equal to zero since

the virtual change in the position vector of point O is equal to zero. Therefore,
the application of Eq. 84 leads to

1\? v ! .
[m(§> + I} 000 = —mg5 sin 866

1,6 + mg% sinff =0 (2.85)

which leads to

where

l 2
Ip=1+ m<5> (2.86)

Equation 85 can also be obtained by the direct application of Newton’s second
law or Lagrange’s equation. It is derived in this section using the principle of
virtual work in dynamics. Equation 86 is the parallel axis theorem which states
that the moment of inertia about an arbitrary axis is equal to the moment of
inertia about a parallel axis passing through the center of mass plus the total
mass of the body multiplied by the square of the distance between the two
axes. Equation 86 can also be derived using the kinetic energy of the system.
In the example shown in Fig. 9, the kinetic energy is

T = imx? + my? + 416 (2.87)

If %, and y, are expressed in terms of the generalized velocities, Eq. 87 yields

3 2 ) 2
T=4im (g cos 0> +im (g sin 0> + 1162

il
N

o 1\? ) .
mf? (§> [cos? 0 + sin? 8] + 116?
Since cos? 8 + sin? § = 1, the preceding equation leads to

1\? .
i = 1]6?
() -1
= %109.2

where I, is defined by Eq. 86.

T
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Problems

2.1.

22

23.

24.

2.5.

2.6.

2.7

The single degree of freedom system shown in Fig. P1 consists of a mass m, a
damper ¢, and two springs k, and k, connected in series. Develop expressions
for the kinetic and strain energies of this system, Obtain also the virtual work of
the damping force. Use these energy and work expressions to develop the
equations of free vibration of the system.

Figure P2 depicts a single degree of freedom system which consists of a mass m, a
damper ¢, and two springs k; and k, which are connected in parallel. Derive the
equation of motion of this system using Lagrange’s equation.

Obtain the dynamic equation of free vibration of the system shown in Fig. P3 by
using Lagrange’s equation.

FiGc. P22 FiG. P2.3

The single degree of freedom system shown in Fig. P4 is subject to a base
excitation defined by the harmonic function y. Use Lagrange’s equation to derive
the differential equation of motion of this system.

Determine the differential equation of motion of the system shown in Fig. P§
using Hamilton’s principle.

Derive the differential equation of motion of the single degree of freedom system
of Problem 5 using the principle of virtual work in dynamics.

Use Lagrange’s equation to derive the differential equation of motion of the
torsional system shown in Fig. P6.
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y = Y, sin wgt H - H(

k
i i o M}' = Y, sin eyt
—
77777777777
FiG. P24 FiG. P25
ANNNNN\N
o(:)
Dl’ Il’ GI
I m 1,1
D,, lz, G, c
3—-’3—0
4
FiG. P2.6 FiG. P2.7

2.8. Obtain expressions for the kinetic and potential energies and the virtual work
for the system shown in Fig. P7 in the following two cases:

(a) small angular rotations,
(b) finite angular rotations.

Derive the equations of motion in the two cases using the principle of virtual
work in dynamics.

2.9. Obtain the differential equation of free vibration of the single degree of freedom
system shown in Fig. P8. Assume small oscillations.

4 m I 1

= 7

Fic. P2.8



2.10.

211,

2.12.
2.13.
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FiG. P2.9 Fic. P2.10

The system shown in Fig. P9 consists of a rigid massless bar of length I, + I,,and
two masses m; and m, which are rigidly attached to the bar. Obtain the differ-
ential equation of free vibration of this system by using Lagrange’s equation. Use
the assumption of small oscillations.

Use the principle of virtual work in dynamics to derive the differential equation
of free vibration of the single degree of freedom system shown in Fig. P10. Use the
assumption of small oscillations.

Verify the results obtained in Problem 11 by using Hamilton’s principle.

For the system shown in Fig. P11, determine the mass and stiffness matrices us-
ing, respectively, the kinetic and strain energies. Use the energy expressions and
Lagrange’s equation to develop the matrix equation of motion of this system.

my

m;

Fic. P2.11 Fic. P2.12
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2.14.

2.15.

2.16.

217.

2. Lagrangian Dynamics

Fic. P2.13 FiG. P2.14

Using the assumption of small oscillations, obtain the differential equations of
motion of the double pendulum shown in Fig. P12 using Lagrange’s equation.

Derive the differential equations of motion of the two degree of freedom system
shown in Fig. P13 using Lagrange’s equation. Assume small oscillations.

In the system shown in Fig. P14, AB is a massless rod which pivots freely about
apinconnection at A. If the generalized coordinates are selected to be the angular
orientation of the rod 6 and the displacement x, of the mass m,, obtain the
differential equations of this system using Lagrange’s equation. Use the assump-
tion of small oscillations.

By using Lagrange’s equation, derive the equations of motion of the two degree
of freedom system shown in Fig. P15.

m,

2
1

2

v

F(t) = Fy sin wgt

Fic. P2.15 FiG. P2.16
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2.18. In the system in Fig. P16, AB is a rigid bar which pivots freely about a pin
connection at A. At equilibrium the bar AB is in a horizontal position. Derive
the differential equation of motion of this system using Lagrange’s equation.

2.19. Derive the differential equations of motion of the two degree of freedom system
shown in Fig. P17 using Lagrange’s equation.

Fic. P2.17

2.20. Using Hamilton’s principle, obtain the differential equations of motion of the
system shown in Fig. P15.

2.21. Obtain the differential equations of motion of the system shown in Fig. P18 using
Hamilton’s principle.

M)

\) m, 1,1
/

)

my

my

FiG. P2.18

2.22. Using Hamilton’s principle, obtain the differential equations of motion of the
system shown in Fig. P19.

2.23. Obtain the differential equation of motion of the oscillatory system shown in
Fig. P20 using Lagrange’s equation.
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) Yo sin at
—>

ky k,
oy, ML m,

[@] Q Q

FiG. P2.19 Fi6. P2.20

2.24. Use Hamilton’s principle to derive the equations of motion of the system shown
in Fig. P20.

2.25. Use the principle of virtual work in dynamics to derive the equations of motion
of the system shown in Fig. P15.

2.26. Obtain the differential equations of motion of the system shown in Fig. P16 using
the principle of virtual work in dynamics.



3
Multi-Degree of Freedom Systems

In this chapter, the methods of vibration analysis of single degree of freedom
systems presented in the first chapter are generalized and extended to study
systems with an arbitrary finite number of degrees of freedom. Mechanical
systems in general consist of structural elements which have distributed mass
and elasticity. In many cases, these systems can be represented by equivalent
systems which consist of some elements which are bulky solids which can be
treated as rigid elements with specified inertia properties while the other
elements are elastic elements which have negligible inertia effects. In fact, the
single degree of freedom systems discussed in the preceding chapters are
examples of these equivalent models which are called lumped mass systems.

We have shown in the preceding chapters that a single degree of freedom
system exhibits motion governed by one second-order ordinary differential
equation while a two degree of freedom system exhibits motion governed by
two second-order ordinary differential equations. It is expected, therefore, that
a system having n degrees of freedom exhibits motion which is governed by
a set of n simultaneous second-order differential equations. Examples of these
systems are shown in Fig. 1.

In Section 1 of this chapter, the general form of the second-order ordinary
differential equations of motion that govern the vibration of multi-degree of
freedom systems is presented. The use of these equations is demonstrated by
several applications presented in Section 2. In Section 3, the undamped free
vibration of multi-degree of freedom systems is discussed and it is shown that
a system with n degrees of freedom has n natural frequencies. Methods for
determining the mode shapes of the undamped systems are presented and the
orthogonality of these mode shapes is discussed in Section 4. In this section,
we also discuss the use of the modal transformation to obtain » uncoupled
second-order ordinary differential equations of motion in terms of the modal
coordinates. Sections 5 and 6 are devoted, respectively, to the analysis of
semidefinite systems, and the conservation of energy in the case of undamped
free vibration. In Section 7, the forced vibration of the undamped multi-degree
of freedom systems is discussed. While in Section 8 the solution of the equa-
tions of motion of viscously damped multi-degree of freedom systems is ob-

91
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(b)

FiG. 3.1. Examples of multidegree of freedom systems.

tained. In this section, the case of proportional damping is considered, while
the case of general viscous damping is covered in Section 9. In Section 10, the
use of the modal truncation techniques frequently used in order to reduce the
number of degrees of freedom is discussed. Sections 11 and 12 are devoted to
the computer implementation of the methods presented in this chapter.

3.1 EQUATIONS OF MOTION

In this section, the general form of the equations of motion that govern the
vibration of multi-degree of freedom systems is presented. Using matrix nota-
tion, the matrix equation of motion of the multi-degree of freedom system is
given by

Mi+Ci+Kq=F 3.1

where M, C, and K are, respectively, the mass, damping, and stiffness matrices,
q is the vector of coordinates, and F is the vector of forces that act on the
multi-degree of freedom system. If the system has n degrees of freedom, the
vectors q is given by

9=[g1 9. = 4] (3.2)

and the mass, damping, and stiffness matrices, and the vector F are given in
a more explicit form as
myy Myy 7 My,

My My 70 My,

M = 3.3)

My My, - My,
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- —

€11 €2 7 €y

c=| 2 7 O (3.4)
_cnl cn2 crm..
—ku ki ku:

k| kK2 ok (35
_knl kn2 krm_

and
F=[F F, - FI" (3.6)

where my;, ¢;;, and k5, 6, j = 1, 2, ..., n, are, respectively, the mass, damping,
and stiffness coefficients.

Special Cases Equation 1 is the general form of the matrix equation that
governs the forced damped vibration of the multi-degree of freedom system.
The equations of motion of the free damped vibration can be obtained from
Eq. 1 by letting F = 0, that is,

Mi+Cq+Kq=0 (3.7a)
which can be written in a more explicit form as
my my ccomy, g €11 €12 7 C ||
i e B e N | s
m‘nl m;.z o My 1L 4, Cit Caz " Candldn
ki, ki, - k|l g, 0
ol R ko ka2 O (3.7b)
b ke kwllad Lo
Furthermore, if we assume the case of free undamped vibration, Eq. 7 reduces to
M{i+Kq=0 (3.8a)
or
my, my; ccomy, || Gy ki, ki, kol 41 0
e Rl | ) S B T
My My 0 my, qn knt kpz kg én 0

Similarly, the case of undamped forced vibration can be described by the
following matrix differential equation

Mij + Kq=F (3.92)
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which can also be written in a more explicit form as

my my; o omy, |l 4 kiy kyp o k|l aa F
My My - My, || 4, + kyy kyy o k|| 42 — F, (3.9b)
mnl mn2 T mnn qn knl kn2 o knn qn Fn

3.2 APPLICATIONS

The use of Newton’s second law and Lagrange’s equation in deriving the
differential equations of motion of several multi-degree of freedom systems is
demonstrated by the following examples.

Rectilinear Motion Figure 2(a) shows a multi-degree of freedom system
which consists of n masses connected by springs and dampers. Observe that
the system has n degrees of freedom denoted as x,, x,, ..., x,, which can be
written in a vector form as

x=[x; x; - x]J' (3.10)
Let F be the vector of forces that act on the masses, that is,
F=[F, F, -+ E]1' 3.11)

The free-body diagrams of the masses are shown in Fig. 2(b). By direct
application of Newton’s second law, it can be verified that the equations of
motion of the masses are given by

m¥; = —kix;y +ky(x; —x1) — Xy + 0%, — X)) + Fy
myX, = —ky(x; — x;) + k3lx; — x3) — c,(; — X;) + ¢c3(¥3 — X;) + F,
Fi(t) Fy(1) Fi(t) F.(1)
kg kz _" Ll "‘. _’k; 1 k _’ L'-nl
“1 iy €y m! €3 Cil om m,
B 2 Nyt D

i+1 " n+
F777 7777777777777 7777777777777 7777777777777 7777 72
(a)

Fi(r)
kilx; — x;-y) —> kivi(Xiey — X))
m; = —t—P mX;
Pa— —
% — Xi-y) Civi (X1 — X))

(b)

F1G. 3.2. Multidegree of freedom rectilinear system.
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mX; = —ki(x; — X;y) + Kigy (e — X)) — (% — Xi-y)
+ (X — X)) + F;
Mm%, = —k, (X, — Xpoy) — ka1 X — Co(Xp — Xpot) — Cuui X, + F,
which can be rearranged and written as
my %y + (g + €)%y — €% + (ky + ko)xy — kyxy = F )
maXy + (€3 + €3)X; — Xy — CaXy + (ky + ka)x; — kyxy — kyx3 = F,
mX; + (€ + Ciag)% — €%y — Cipy Xy + (ki + ki )% — kX — ki Xy = F [
Mo Xy + (€ + Cos1)Rn — CuXpoy + Ky + K1), — KpXpoy = F, |
(3.12)
These equations can be written in a matrix form as
M +Cx+Kx=F (3.13)
where the vectors x and F are defined by Egs. 10 and 11, and
(my, my, o omy, m, 0 0 --- O
M=| M2 M T M 0 0 O
[ My My o m] LO 0 0 - om
(kyy ks kys ki,
K = k21 k22 k23 k2n
LKy Kknz  Knz Ko
[k, +ky, —k, 0 0
_ —k, k2+.-k3 —‘k3 0 (3.15)
0 0 0 k., +.k,,+1
[c11 ¢ €13 Cin
C-= €21 C?z C23 Can
u_cnl C;2 Cn3 Cnll
(¢, +¢, —c, 0 0
_| e cz%‘-c3 —C3 0 (3.16)
L 0 0 0 Cn +.Cn+1
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One may observe the symmetry of the mass, stiffness, and damping matrices
of Egs. 14, 15, and 16, respectively.

The differential equations of motion of Eq. 13 obtained from the application
of Newton’s second law can also be obtained using Lagrange’s equation. To
this end, the system kinetic energy, strain energy, and the virtual work of
nonconservative forces are defined as

T =4m %} + dmy%5 + - + dmxF + - + sm, %2 (3.17)
U=23kx?+1k,(x, — x>+ + 3k, — %) + - + 3k, X2 (3.18)
OW =F 6x, + F,6x, 4+ - + F0x; + -+ + F,0x, — ¢ X, 0x,
— %y — X1)0(xy — x1) — o — (% — X;_1)0(x; — x;_1)

e Gy XyO%, (3.19)

For this multi-degree of freedom system, Lagrange’s equation can be stated as

d{oT\ oT dU .
a<~a_..x._;>—é;;+a_x'=Ql, 1—1,2,...,n (320)

where Q; is the generalized force associated with the coordinate x;. In order
to determine Q; we rewrite Eq. 19 in the following form:

W =[F, —(c; + )% + ¢3%,10x; + [F; — (c; + ¢3)%5 + 5%,
+€3%3]0x, + -+ [F— (¢ + Ciay) X + CiXyoq + Cip1 X1 10X + 0
+ [F, — (¢, + Cpi1)Xp + CpXp-110x, (3.21)
from which we can define the following:
Q,=F —(c; +¢c3)%; + 3%,

Q. =F, —(c; + c3)%; + €% +¢3%;

| (3.22)
Qi =F — (¢4 civ)Xi + Xy + €y Xy

Qn = Fn - (cn + C”+1)x” + cnxn—l

One can also verify that

d (0T 07
— ol =m3x i = 3.
ph ( 63&,-) o, m;%;, i=12....,n (3.23)



3.2. Applications 97

and
ou )
%, =(ky + ky)x; — kpx,
1
ou
F (ky + k3)x; — kyx; — kax;
2
U (3.24)
o (ki + kig)x; — kixig — kipy Xi44
ou
a‘ = (kn + kn+1)xn - knxn—l

Substituting Egs. 22—24 into Eq. 20 leads to the following set of n second-order
differential equations:

N

myXy + (kg + ky)xy — kpxy, = Fy —(¢q + €)% + €,%;

mz.‘x‘z + (kz + k3)x2 - kle - k3x3 = Fz - (Cz + 63))32 + sz'l + C3X3

mX; + (ki + ki )x; — kixioy — ki Xy = F — (6 + €)X + 6% s

+ Cit1 Xt

mnjén + (kn + kn+1)xn - knxn—l = Fn - (cn + cn+1)xn + cnxn—l J
(3.25)

which are the same set of equations given by Eq. 12.

Angular Oscillations Figure 3(a) shows a set of n masses which are
rigidly connected to massless rods which have length I. The rods are pinned
at their ends as shown in the figure. Let T = [T, T, ‘-~ T,]" be the vector of
external torques that act on the rods. By using the free-body diagram shown
in Fig. 3(b) and applying Newton’s second law or D’Alembert’s principle with
the assumption of small angular oscillations, one can verify that the differ-
ential equations of motion of the masses are given by

m 120, = —m,glf, — k120, + k,1%(0, — 0,) — ¢, 120, + c,1?(6, — 6,) + T,
my1?8, = —myglb, — k126, — 61) + k3l1%(6; — 6,) — ¢, 1%(0, — 6,)
+e3l%0; -0+ Ty
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kil(6; — 6:1) kisi b1 — 6)

@ myl6,
Cil(éi - é«'—l) Ci+ll(éi+l - éi)
m;g

(b)

F1G. 3.3. Angular oscillations.

m;l26, = —mgl6, — k,1*(6; — 1) + kix11%(614 — 6;) — Cilz(é:‘ - éi—l)
+ Ci+1lz(éi+1 - 0;) + T
mnlzé.n = _mnglen - knlz(en - On—l) - kn+1120n - Cnlz(én - én—-l) - Cn+llzén

+ 1T,
These equations can be rearranged and written as
m 20, + (c; + ¢)I%0, — ¢, 120, + [(ky + k)I> + m,gl16, — k120, = T,
my 120, + (c, + c3)I20, — ¢, 120, — c3120, + [(ky + k3)I + mygl]6, — k, 126,
— k31?0, =T,

ml20; + (c; + )16, — 126y — ¢y 1200y + [(K; + kiyy)I + m;gl]6;
_kilzei—l - ki+1120i+1 =T

mnlzgn + (Cn + Cn+1)120.n - Cnlzén—l + [(kn + kn-!—l)l2 + mngl]en - knlzen—l
=T,
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which can be written in a matrix form as
MO+CO+KO=T
where 0 is the vector of angular oscillations given by
0= [01 02 gn]T
and the mass, damping, and stiffness matrices, M, C, and K are given by
m* 0 0 0 ]
0 mi* 0 0
M=| 0 0 myl? 0
0 0 0 m,l 2_
(e, + )17 —c,l? 0 0 ]
_c212 (CZ +C3)12 —C312 0
C= 0 —C312 (C3 +C4)12 0
|0 0 0 (cn + Cart)1? |
[k, + k)12 + mygl kI 0 0 ]
—k, 12 [ty + k)2 + mygl] —ky? 0
K= 0 —kyl? (ks + k)i + mygl] - 0
| 0 0 0 Lk + k)1 + mygl] |

It is important to emphasize at this point that, in the case of angular
oscillations, appropriate units must be used for the mass, damping, and
stiffness coefficients. For example, the units for the mass coefficients must
be kilogram -square meters (kg-m?), for the damping coefficients newton-
meters-seconds (N-m-s), and for the stiffness coefficients newton - meters

(N-m).

The differential equations of motion of the system shown in Fig. 3(a) can
also be obtained by applying Lagrange’s equation. To this end, the system
kinetic and strain energies in the case of small oscillations are defined as

T=4m 1202 + 1m, 1262 + - + LmJ267 + - + Lm, 120

=1 i mjlzéjz
25
U =5k 0207 + 3k, 120, — 6,)* + -+ + 3 k1206, — 6,_,)* + -+~
+ %knlz(gn - On—l)z + %kn-%-llzonz

The virtual work of the nonconservative forces acting on the system is given
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by
OW=T,00, + T,00, + - + T,00, + - + T,80, — c,126, 0,
- Czlz(éz - 91)5(02 —0,)—- - Cilz(éi - 61—1)5(05 =8
- Cnlz(én - én—l)a(én - én—l) - Cn+llzén5én

It is left to the reader to show that the use of the kinetic energy, strain energy,
and virtual work given above in Lagrange’s equation leads to the same
differential equations of motion obtained by applying Newton’s second law.

Torsional Oscillations Figure 4(a) shows a set of n disks connected by
massless shafts. The disk i in the system has mass moment of inertia I; and is
subjected to an external torque T;. Figure 4(b) shows the free-body diagrams
of the disks. The application of Newton’s second law leads to the following n
differential equations of motion:

119‘1 = —k,0, + k6, —0)+ T,
Izé.z = —ky(0, — 6,) + k3(0; — 0,) + T,

L6 = — k6, — 6,-1) + ki1 (04 — 6) + T;

Iné;l = _kn(en - On—l) - kn+10n + T;l

where 0, is the torsional oscillation of the disk i and k; is the torsional stiffness
of the massless shaft i defined as

QNN

T 1,

k6, ei_li@kmwm —6) @
©

Fic. 3.4. Torsional oscillations.
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in which G,, J;, and I; are, respectively, the modulus of rigidity, the second
moment of area, and the length of the shaft i. Observe that the preceding n
differential equations can be written in the following matrix form

MO+ KO=T
where
0=1[6, 0, 61"
T= [Tl T, E]T
I, 0 0 0
M| 0 B O 0
0 0 0 1,
and _ _
kl + kz _kz 0 0
_kz kz + k3 ‘k3 0
K = 0 _k3 k3 + k4 0
|0 0 0 e + Ky |

The differential equations of motion for the torsional system shown in Fig. 4(a)
can also be obtained by using Lagrange’s equations. For this system, the
kinetic energy, strain energy, and virtual work are defined as

T=31,67 + 31,6} + - + 1167 + - + 11,62
U=3ki0 +3ks0, —0) 4+ +3ki04y — 0, + - + 3k, 4,07
oW =T,00, + T,00, + --- + T,00; + --- + T,40,
These scalar energy and work expressions can be used with Lagrange’s equa-

tion in order to obtain the n second-order differential equations of motion of
the n-degree of freedom torsional system shown in Fig. 4(a).

Example 3.1

The torsional system shown in Fig. 5 consists of three disks which have mass
moment of inertia, I; = 2.0 x 103kg-m? I, = 3.0 x 103kg-m?,and I; = 40 x 103
kg-m? The stiffness coefficients of the shafts connecting these disks are k, =
12 x 105N m, k, = 24 x 10° N-m,and k; = 36 x 10° N-m. The matrix equation

FiG. 3.5. Three degree of freedom torsional system.
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of motion of the free vibration of this system is given by

Mi +K0=0
where, in this example, M, K, and 0 are given by
1, 0 0 10 00
M=|0 I, 0|=2x10*| 0 15 0 |kg-m?
L0 0 I 0 0 2
k, —k, 0 1 -1 0
K=| -k ki+k, —k, |=12x10°] ~1 3 -2IN'm
L 0 —k2 k2+k3 0 —'2 5

8=[6, 0, 6,

in which 6y, 6,, and 8, are the torsional oscillations of the disks.

3.3 UNDAMPED FREE VIBRATION

In the preceding sections, the general form of the matrix differential equation
of motion of the forced damped vibration of multi-degree of freedom systems
was presented. In this section, the important special case of the undamped free
vibration of the multi-degree of freedom system is examined.
In the case of undamped free vibration of multi-degree of freedom systems,
Eq. 1 reduces to
Mij +Kq=0 (3.26)
In like manner to the case of single degree of freedom systems, we assume a

solution in the form
q = A sin(wt + ¢) 3.27)

where A is the vector of amplitudes, w is the frequency, and ¢ is the phase
angle. Differentiation of Eq. 27 twice with respect to time leads to

§= —o’Asin(ot + §) (3.28)
Substituting Egs. 27 and 28 into Eq. 26 leads to
—w*MA sin(ot + ¢) + KA sin(ot + ¢) =0
which leads to
KA — 0°MA =0 (3.29)

Natural Frequencies Equation 29 which is sometimes called the stan-
dard eigenvalue problem can be considered as a system of homogeneous
equations in the vector of unknown amplitudes A. This equation can be
written in the following form:

[K — »*M]A = 0 (3.30)
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This equation has a nontrivial solution if and only if the coefficient matrix is
singular, that is,
K — M| =0 (3.31)

This equation is called the characteristic equation and can be written in a more
explicit form as

2 2 2 2

kg —@?my; ki —o'my, ki3 —o®m ki, — o°my,
2 2 2 2

kyy — 0Pmyy kyy — 0'my,  kyy — @0'mys kyy — @°my,
2 2 2 2 _

kyy —@?my; kyy —w’my, ki — o mas ki — 0°my,l =0 (3.32)
2 2 2 2

knl — WMy, kn2 — WMy, kn3 — WMy knn — WMy,

The above equation leads to a polynomial of order n in w?, that is, the
term of highest order in this polynomial is (w?)". The roots of this polynomial
denoted as w?, w3, ..., »? are called the characteristic values or the eigenvalues.
If the mass matrix M is positive definite and the stiffness matrix K is either
positive definite or positive semidefinite, the characteristic values 0l w3,...,
o? are real nonnegative numbers. The square roots of these numbers, o, ®,,
..., 0, are called the natural frequencies of the undamped multi-degree of
freedom system. That is, a system with n degrees of freedom has n natural
frequencies. Special cases are the cases of single degree of freedom systems.

Mode Shapes Associated with each characteristic value ;, there is an
n-dimensional vector called the characteristic vector or the eigenvector A,
which can be obtained by using Eq. 30 as follows:

[K — 02M]A, =0 (3.33)

This is a system of homogeneous algebraic equations with a singular coeffi-
cient matrix since w? is one of the roots of the polynomial resulting from
Eq. 32. Therefore, Eq. 33 has a nontrivial solution which defines the eigen-
vector A, to within an arbitrary constant. The eigenvector (amplitude) A, is
sometimes refered to as the ith mode shape, normal mode, or principal mode of
vibration.

As a generalization to the procedure used in the first volume for the case
of the two degree of freedom systems, we may write the general solution in the
case of undamped free vibration of the multi-degree of freedom system as

q=o;A;sin(of + ¢;) + a,A, sin(w,t + @5) + - + 0, A, sin(w,t + )

e

%A, sin(w;t + ¢;) (3.34)

I

i=1

where «; and ¢, i =1, 2, ..., n, are 2n arbitrary constants which can be
determined from the initial conditions.
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Initial Conditions By differentiating Eq. 34 with respect to time, one
obtains

iawA cos(w;t + ¢;) (3.35)

Let q, and §, be, respectively, the vectors of initial displacements and veloci-
ties. Substituting these initial conditons into Eqgs. 34 and 35, one obtains

qo == Z a,-Ai Sln ¢" (336)
i=1
qo - Z Otia)iAi CoS ¢i (337)
i=1
We may define the following two constants:
a;, = o; sin ¢, i=12..,n (3.38)
b; = o, cos ¢, i=12,...,n (339
In terms of those constants, Eqs. 36 and 37 can be written as
= Z aiAi (340)
i=1
4o = ), biwA, (3.41)
i=1
which can be written in a matrix form as
P2 =q, (3.42)
Pob =4, (3.43)
wherea = [a; a, -~ a,]",b=[b, b, --- b,]7, and ® and ® are the matrices
(w0, 0 0 -+ 0
0 w, 0 - 0
o={0 0 w; - 0 (3.44)
0 0 0 ,
Od=[A, A, A,]
’_All A21 Anl
_ | A A A (3.45)
L Aln A2n e Ann

Clearly, the columns of the matrix ® are the eigenvectors. The matrix @ is
called the modal matrix.

Equations 42 and 43 represent a system of 2n linear algebraic equations
that can be solved for the vectors of unknowns a and b. If the number of these
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equations is large, numerical techniques can be used on digital computers
to solve this system of equations. Once the vectors of the 2n unknowns
a=[a; a, -~ a,]"and b= [b, b, --- b,]" are determined the constants «;
and ¢; of Egs. 38 and 39 can be calculated from the following relationships:

= /a +b}, i=12..,n (3.46)

g=tan'=  i=12..,n (347

SN

These constants can be substituted into Eqs. 34 and 35 in order to determine
the displacements and velocities as functions of time.

—
Example 3.2

In the torsional system of Example 1, the symmetric mass and stiffness matrices
were given by

I, 00 10 0
M=|0 I, 0[=2x10*[0 15 0 |kg-m?
_() 0 I, 00 2
[k, =k 0 1 -1t 0
K=| -k k+k, -k, |=12x10° -1 3 —2|N'm
|0 —ky,  ky+ks 0 -2 5

and the governing equation of motion of the free vibration is
Mb + K6 =0
We assume a solution in the form

8 = A sin(wt + ¢)

By substituting this assumed solution into the differential equation, one obtains

[K—-o’M]A =0
Substituting for the mass and stiffness matrices, we get
1 -1 0] 1o o
6 x 10°| —1 3 -2|-0?x10%|0 15 0] |A=0
0 -2 5 00 2

which can be rewritten as

1 -t 0] 1o 0
-1 3 =2|-p|0 15 0|]A=0
0 -2 5| 00 2

This system has a nontrivial solution if the determinant of the coefficient matrix
is equal to zero. This leads to the following characteristic equation:

B2 —5582+75—2=0
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which has the following roots:
B, =03516, B, =1606, fy=3542

Since w? = 6008, the natural frequencies associated with the roots §,, 8,, and B;
are given, respectively, by
o, = 14.52rad/s, ©,=31.05rad/s, and w;=46.1rad/s

For a given root B, i = 1, 2, 3, the mode shapes can be determined using the
equation

1-8 -1 0 Ay 0
1 3-158 -2 |l4,|=]|0
0 -2 5=28 || 4, 0

which, by partitioning the coefficient matrix, leads to

-1 B-158) -2 |{f42]|_|0O
[ JA“+[ -2 5—2@“&J‘[J

Ay 1 5-2p
S As
A 3B -135B+ 11| 2

Using the values obtained previously for §;, i = 1, 2, 3, we have

or

(A, [0.649

A” = 0302:|A11 for , =14.52rad/s
<13} LY

(45, ] [ —0.607

A“ = 0679:|A21 for w, = 31.05 rad/s
L4234 L™

[A,] [-254 ]

= A for w;=46.1rad/s

Ay | | 24387 :

Since the mode shapes are determined to within an arbitrary constant, we may
assume A;; = 1, for i = 1, 2, 3. This leads to the following mode shapes:

—Allq —1

Ay =] A, | =]0649
| A | 0302
(4] [ 1]

A, =| 4, | =] —0607
| Ay | | —0.679
EE

Ay={ Ay |=]| —254
| A5 | [ 2438

The modal matrix @ is then defined as
1 1 1
®=0649 —0607 -—2.54
0302 -0.679 2438

Figure 6 shows the modes of vibration of the system.
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F1G. 3.6. Mode shapes.
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3.4 ORTHOGONALITY OF THE MODE SHAPES

An important property of the mode shapes is the orthogonality. In fact this
property guarantees us the existence of a unique solution to the system of
algebraic equations given by Eqgs. 42 and 43. In this section, we discuss this
important property which can be used to obtain a set of n decoupled differ-
ential equations of motion for the multi-degree of freedom systems. These
decoupled equations are expressed in terms of a new set of coordinates called
modal coordinates defined using the modal matrix which is sometimes refered
to as the modal transformation.

For the ith and jth natural frequencies ; and w; and the ith and jth mode
shapes A; and A, Eq. 33 can be written as

KA; = 0?MA,; (3.48)
KA; = o} MA; (3.49)

Premultiplying Eq. 48 by the transpose of the vector A; leads to
ATKA; = 0} ATMA, (3.50)

Taking the transpose of Eq. 49 and postmultiplying the resulting equation by

the vector A,, we obtain
A}KTAE = wJZA}MTA‘

Since the mass and stiffness matrices are symmetric, the preceding equation
leads to
ATKA, = 0} ATMA, (3.51)
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Subtracting Eq. 51 from Eq. 50 yields
(0} — w})ATMA; =0 (3.52)

If ? and wf are distinct eigenvalues, that is, w? # a)jz, and M is a positive-
definite matrix, we conclude from Eq. 52 that

ATMA, =0  fori#j
#0 fori=j

(3.53)

That is, the eigenvectors associated with distinct eigenvalues are orthogonal
with respect to the mass matrix. The positive definiteness of the mass matrix
guarantees that ATMA, is not equal to zero for the nonzero vector A;. There-
fore, we may write Eq. 52 as
ATMA; =0 fori #j
(3.54)
=m; fori=j
where m; is a real positive scalar.
The mode shapes are also orthogonal with respect to the stiffness matrix.
This can be proved by writing Eqs. 48 and 49 in the following alternate form:

1
MA = KA (3.55)
1

Following similar procedure to the one used to prove the orthogonality of the
mode shapes with respect to the mass matrix, one can easily verify that
ATKA; =0  fori#j

3.57
= ki fori =] ( )

where k; is a nonnegative scalar.

Linear Independence of the Mode Shapes The orthogonality with
respect to the mass or stiffness matrix can be used to show that the mode
shapes of a multi-degree of freedom system are linearly independent. That is,
any of these mode shapes cannot be written as a linear combination of the
others. The linear independence is a very important property which assures
us that the modal matrix of Eq. 45 has a full rank and accordingly a solution
of Egs. 42 and 43 does exist.

The set of vectors A, A,, ..., A, are said to be linearly independent, if the
following relationship,

BiAi + BAy+ -+ A+ + BA, =0 (3.58)

where B;,i = 1,2,..., n, are scalars, holds only when the scalars g, ,, ..., B,
are all identically equal to zero. In order to prove that this is indeed the case,
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we premultiply Eq. 58 by ATM and use the orthogonality conditions of
Eq. 54 to obtain
BATMA, = Bim; =0

Since m; is not equal to zero, we conclude that

ﬁi=0

foranyi=1,2,...,n That is, the mode shapes of the multi-degree of freedom
system are indeed linearly independent. Accordingly, the modal matrix @ of
Eq. 45 has a full rank and is thus nonsingular.

In proving the orthogonality conditions, it was assumed that the eigen-
values w? and w? are distinct. In some engineering applications, however, the
case of repeated roots may be encountered. This is the case in which two or
more eigenvalues are equal. For a general eigenvalue problem, the eigenvectors
associated with repeated roots may or may not be linearly independent. Let
o? be an eigenvalue with multiplicity s, that is, ®?, w2, ..., w2 ,_, are equal
eigenvalues. If the rank of the matrix [K — w?M] is equal to n — s where n is
the number of the system coordinates, it can be proved that the system of
equations

[K — 0wM]A, =0

has s nontrivial linearly independent eigenvectors A,, A, ., ..., A,+,_;. If the
rank of the matrix [K — w?M] is greater than n — s, the vectors A, A,,, ...,
A,,,_; associated with the repeated eigenvalues are not totally independent.
In this case, the number of linearly independent eigenvectors is less than the
number of the system coordinates. Fortunately, if the mass matrix M and the
stiffness matrix K are real symmetric, it can be shown [ 7] that the eigenvectors
associated with repeated eigenvalues are linearly independent.

Modal Transformation The orthogonality of the mode shapes can be
used to obtain a set of n uncoupled second-order differential equations in
terms of a new set of coordinates called modal coordinates. Each of the
resulting equations is similar to the equation of the single degree of freedom
system.

For convenience, we reproduce the following matrix equation of motion of
the undamped free vibration of the multi-degree of freedom system:

Mj+Kq=0 (3.59)
We now make the following coordinate transformation:

q=oP
¢11 ¢12 ¢13 ¢1n P1

¢?1 ¢22 ¢23 e ¢2n 1?2 (3603)

b ba b o b || P
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That is,
q; = Z P (3.60b)
=1

where ®@ is the modal transformation defined by Eq. 45, and P is the vector
of modal coordinates. Differentiating Eq. 60 twice with respect to time and
substituting into Eq. 59 yields

MoP + KOP =0 (3.61)
Premultiplying this equation by ® yields
O™OP + ®'KOP =0 (3.62)

Using the orthogonality of the mode shapes with respect to the mass and
stiffness matrices (Eqs. 54 and 57), the above equation yields

M,P+K,P=0 (3.63)
where ~
ATMA, 0 o - 0 ]
0 ATMA, O 0
M,=®0'™M®=| 0 0 ALMA, 0
| 0 0 0 ATMA,
m, 0 0 0]
0 my O 0
=lo o my - O (3.64)
0 0 0 m, |
and -~
ATKA, O 0 0
0 ATKA, 0 0
K,=0'Kd=| 0 0 ATKA, -+ 0
0 0 0 - ATKA,
—kl 0 0 e 07
0 k, 0 - 0
=10 0 ky =+ O (3.65)
(0 0 0 - k]

Observe that M, and K, are diagonal matrices. The matrix M, is called the
modal mass matrix and the matrix K, is called the modal stiffness matrix. The
scalars m; and k; defined by Egs. 54 and 57 are called, respectively, the modal
mass and stiffness coefficients.
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Owing to the fact that the modal mass and stiffness matrices M‘p and K, are
diagonal, the modal coordinates in Eq. 63 are not coupled. That is, Eq. 63
contains n uncoupled second-order ordinary differential equations which can
be written as

mP +kP=0, i=12..n (3.66)

This equation is similar to the equation of motion of the undamped single
degree of freedom system. Furthermore, it is clear from Eq. 48 that the natural
frequency ; can be obtained using the equation

o? = KA, (3.67
© T ATMA, 67)
or equivalently
k.
2 _ N
wi = m (3.68)

That is, the square of the natural frequency of a mode is equal to the modal
stiffness divided by the modal mass; a relationship which is similar to the
definition used in the case of single degree of freedom systems.

The solutions of the differential equations of Eq. 66 take the form

P =Csin(wt +¢), i=12...,n (3.69)

in which C; is the amplitude and ¥, is the phase angle. The constants C; and
y; can be determined from the initial conditions on the modal coordinates.
These initial conditions can be obtained using the transformation of Eq. 60,
that is,

P, =® g (3.70)

where P, is the vector of the initial values of the modal coordinates, gy is the
vector of the given initial displacements, and ® ! is the inverse of the modal
matrix. Similarly,

P,=®4, (3.71)

That is, the initial modal coordinates and velocities can be determined once
the initial displacements and velocities are given. The constants C; and y; can
be expressed in terms of the initial modal coordinates and velocities as

C= (ﬁ)z + Py (3.72)

¥; = tan™! @i (3.73)

i0

The jth physical coordinate can then be determined using Eqgs. 60 and 69 as

4= 3 8iP= Y, $iCsin(oit + %) (3.74)
i=1 i=1
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Inverse of the Modal Matrix In Egs. 70 and 71, the initial modal
coordinates and velocities are expressed in terms of the inverse of the modal
matrix. The orthogonality of the modal matrix with respect to the mass or
stiffness matrices can be used to define the inverse of this matrix. From Eq.

64 we have
O™ =M,

where M, is a diagonal matrix whose inverse can be easily obtained. Pre-
multiplying the preceding equation by the inverse of the matrix M,, one
obtains

M, ®™MD =1
where I is the n x n identity matrix. By postmultiplying the above equation
by @71, we get

M ®'™MDD ! = ¢!

or

o' =M,'0'M
This equation is useful in defining the initial modal coordinates and velocities
given in Egs. 70 and 71.

Normalized Mode Shapes In many situations, it is desirable to normal-
ize the mode shapes with respect to the mass matrix or with respect to the
stiffness matrix. In order to normalize the mode shapes with respect to the
mass matrix, we divide each mode shape by the square root of the correspond-
ing modal mass coefficient, that is,

A _ A i=12 n
Jm JAIMA, 77

where A, is the mode shape i normalized with respect to the mass matrix. It
is clear that

Aim =

AT MA, = %MMAi —1

That 1s,
OIMD,_=1

where lisann x nidentity matrix, and @, is the modal matrix whose columns

are the mode shapes which are normalized with respect to the mass matrix.
We also observe in this case the following

1 .
ALKA,, = —ATKA, = 5 = 2
m;

i

that is,
OIKD, =0,

where o, is a diagonal matrix whose diagonal elements are the square of the
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system natural frequencies, that is,

[(w? 0 0 - 0
0 w? 0 - 0
o,=| 0 0 w} - 0
[0 0 0 - @

The mode shapes can also be normalized with respect to the stiffness matrix.
To this end, we divide each mode shape by the square root of the correspond-
ing modal stiffness coefficient, that is,

where A, is the ith mode shape normalized with respect to the stiffness matrix.
Clearly, in this case we have

1

ATKA, = EA,TKA,- =1
ALMA, = ATMA, =" =
is is_ki i i_k.'-wiz
and, accordingly,
OIKd, =1
OIMD, = o,

where @, is the modal matrix whose columns are the mode shapes normalized
with respect to the stiffness matrix, and @, is the matrix

o2 0 0 - 0
0 w2 0 - 0
o= 0 0 1w - 0
0 0 0 - 1/o?

The matrix @, is said to be orthonormal with respect to the mass matrix,
while the matrix @, is said to be orthonormal with respect to the stiffness
matrix.

Example 3.3

In Example 2, the mass and stiffness matrices were given by

1 0 O
M=2x10*0 15 O [kg'm?
00 2
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1 -1 0
K =12x 10%} -1 3 —2IN'm
0 -2 5

The natural frequencies were found to be w; = 14.52 rad/s, w, = 31.05 rad/s, and
;3 = 46.1 rad/s and the modal matrix
1.000 1.000 1.000
®=|0649 —0.607 —2.541
0.302 ~0.679 2.438

This modal matix is orthogonal with respect to the mass and stiffness matrices. One
can show the following:

1814 0 0 m 0 0
M,=@®™M®O=2x10*l0 2475 0 |={0 m, O
0 0 22573 0 0 m,
3828 0 0
K,=®'™K®O=2x10°{0 238 0
0 0 4977
ki, 0 0] [w?m 0 0
=[0 k, O|=| 0 @wlm O
0 0 k 0 0 wm,

where m; and k; are, respectively, the modal mass and stiffness coefficients.

The modal matrix can be normalized with respect to the mass matrix M or with
respect to the stiffness matrix K. For example, in order to make the modal matrix
orthonormal with respect to the stiffness matrix, for each mode shape A, we use the
following equation:

Ais= Ai
JATKA,
That is,
[ 1.000 0.1143
A As ! 0.649 | = 1072{ 0.0742
BT T ATKA. 87497 x 102] o | '
ATKA, 8T 10Y 40 0.0345
[ 1.000] [ 0.0458]
A, = A _ ! 0607 | = 1072} —0.0278
25 = = 2] TV = -V
VAIKA, 2L8SXA0T o | 00311
R . [ 1.000] [ 00102]
A=t = —2.541 | = 1072| —0,0259
s T 97949 x 107
VAKA; 91989 x 107 g | | 00249

The new modal matrix which is orthonormal with respect to the stiffness matrix is

then given by
0.1143  0.0458  0.0102

®, =1072} 00742 ~0.0278 —0.0259
0.0345 —0.0311 0.0249
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One can show that
OIKD, =1

where I is the 3 x 3 identity matrix, that is, the modal stiffness coefficients are all
equal to one. One can also show that

4743 0 0 lw? 0 0
OIMD, =107%| 0 10372 0 = 0 1wz O
0 0 0.4705 0 0 1wl

Similarly, if the modal matrix is made orthonormal with respect to the mass matrix,
one has

OTM®D, =1
and
0.2108 0 0 w} 0 0
OTKD, =103 0 0964 0 =0 w} O
0 0 2.1254 0 0 o

That is, the modal mass coefficient m; = 1 for i = 1, 2, 3 and the modal stiffness
coefficient k; = w?,i =1, 2, 3.

Example 3.4

In this example, we consider the free vibration of the system in the preceding
example as the result of the initial conditions

0.1 10
0, =|005|rad and 6,=| 15]rad/s
0.01 20

The equations of motion of this system in terms of the modal coordinates are
given by Eq. 66. The solution of these equations are given by Eq. 69 and the
arbitrary constants are defined by Eqs. 72 and 73. The initial modal coordinates
and velocities can be obtained using Egs. 70 and 71. It is required, however, in these
equations to evaluate the inverse of the modal matrix. We have previously shown
that

o' =M,'®0™

By using this equation and the results of the preceding example, the inverse of the
modal matrix ® ! may be written as

02755 0 0 1000 0649 0302|[20 0 ©
o' =|0 0202 0 1000 —0.607 —0679([0 30 0

0 0 002215 | 1.000 —2541  2438]{0 0 40

[0.551 0537 0333

=| 0404 —0368 —0.549

0044 —0169 0216
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The initial modal coordinates are given by

0551 0537  0333][0.1 0.085
P,=®10,=| 0404 —0.368 —0.549|| 005|=| 0017 |rad
0044 —0.169 0216 ] 0.01 -0.002
and the initial modal velocities are
0551 0537 0333][ 10 20.225
P, =®7'0,=] 0404 —0.368 —0.549 || 15| =] —12.460 |rad/s
0044 —0169 0216 f 20 2.228

Using the initial modal coordinates and velocities, the modal coordinates can be
defined by using Eq. 69, or its equivalent form given by

Py .
P,-=P,-ocosw,-t+4°smw,-t, i=1273

i

which yields
P, 0.085 cos 14.52¢ + 1.393 sin 14.52¢

P=| P, | =| 0.017 cos 31.05¢t — 0.401 sin 31.05¢
P, —0.002 cos 46.1t + 0.048 sin 46.1¢

The physical coordinates 8 can then be obtained using the relationship

0=0P

Special Case As was pointed out earlier, in order to determine the initial
conditions of the modal coordinates P, and P,, it is not necessary to obtain
the inverse of the modal matrix shown in Egs. 70 and 71. If the number of
degrees of freedom is large, an LU factorization of the modal matrix can be
used to solve for the initial modal coordinates and velocities. The ortho-
gonality of the mode shapes with respect to the mass or stiffness matrices can
also be used as an alternative to find the inverse of the modal matrix. In this
later case, as shown previously, the inverse of the modal matrix can be
expressed in terms of the inverse of the diagonal modal mass matrix as

o' =M,'0'™™M

where M, is the diagonal matrix defined in Eq. 63. Therefore, the initial
conditions associated with the modal coordinates can be obtained using Egs.
70 and 71. These two equations yield

MpPO = d)TMqo
M, P, = ®™Mq,

Using these equations, one can show that if the vectors of initial coordinates
g, and initial velocities ¢, are proportional to a given mode shape, then the
multi-degree of freedom system will oscillate in this mode of vibration, a case
which is equivalent to the vibration of a single degree of freedom system. In
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order to demonstrate this, let us consider the special case in which g, and §,
are proportional to the mode shape i. One can then write q, and §, as

Qo = d, A,
Go = dy A,

where d, and d, are proportionality constants. Therefore, the initial condi-
tions associated with the modal coordinates can be expressed as

MpPO = dl QTMAI'
M,P, = d,®™MA,

Because of the orthogonality of the mode shapes with respect to the mass
matrix, one can easily verify that the preceding equations yield

dim;, j=i
m;Fo = {01 J j#i
and

- dzm', ] - l
P = i
m] Jjo {0’ ]# l

d, j=1i

0’ j # i

dz, ] = l

0’ j # i
which implies that among the equations

mJR’+k]R’=0, j=1,2,...,n

which yields the following:

Py

Po

only one equation which is associated with mode i has a nontrivial solu-
tion and the vibration of the multi-degree of freedom system is indeed equiva-
lent to the vibration of a single degree of freedom system. Therefore, every
mode shape can be excited independently. Similarly, one can show that if the
vector of initial coordinates or velocities is proportional to a linear combina-
tion of m mode shapes where m < n, only m mode shapes are excited and only
m equations associated with m modal coordinates have nontrivial solutions.
In this special case, the motion of the n-degree of freedom system is equivalent
to the motion of an m-degree of freedom system.

3.5 RIGID-BODY MODES

There are situations in which one or more of the eigenvalues may be equal to
zero. This is the case of a semidefinite system. The eigenvector associated with
the zero eigenvalue corresponds to a rigid-body mode of vibration. That is,
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the system can move as a rigid body without deformation in the elastic
elements. In this case, the stiffness matrix is positive semidefinite and, con-
sequently, its determinant is equal to zero. By using Eq. 68, one may rewrite
Eq. 66 for mode k as

Pk + a)ka = 0
If w, = 0, which is the case of a rigid-body mode, the preceding equation leads
to )

Pk = 0

which can be integrated to obtain the modal coordinate as

P.=Pot + Py

where P, and f’ko are, respectively, the initial modal coordinates and velocities
associated with the rigid-body mode.
Observe that for the rigid body mode k, Eq. 33 reduces to

KA, =0

Since K is a singular matrix, the preceding system of equations has a nontrivial
solution, that is, there exists a nonzero vector A, such that

ATKA, =0

and, accordingly, there is no change in the strain energy of the system as the
result of the rigid-body motion. Observe also that the rank of the stiffness
matrix must be equal to the number of degrees of freedom minus the number
of the rigid-body modes of the system. Consequently, the equation KA, = 0
has as many independent nontrivial solutions as the number of the rigid-body
modes of the system. Perhaps, it is important to emphasize at this point that
while A{KA, = 0 for the rigid-body mode k, ATMA, is not equal to zero.
However, the equation
wIATMA, = AJKA,

is satisfied since w, = 0. Nonrigid-body modes are sometimes refered to as
deformation modes. The complete solution of the equations of free vibration
can thus be expressed as a linear combination of the rigid-body and deforma-
tion modes.

For the purpose of demonstration, consider the four degrees of freedom
system shown in Fig. 7. The equation of motion of this system can be de-
veloped using any of the techniques discussed in the preceding chapter. To
this end, we use the principle of virtual work in dynamics. For this system, the
virtual work of the inertia and applied forces can be written in the case of
small oscillations as

oW, = m X, 0x; + m,X, 0x, + m3%X; 6x5 + my%, Ox,
OW, = —kyxy 0%y — ky(xy — X1) 6(x5 — X1} — m3g 8ys — mug by,
where x5, x4, y3, and y, in the case of small oscillations are given by
X3=x1+lsin91 le +101

X, =X, +1Isinf, = x,+ 16,
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F1G. 3.7. Semidefinite system.

y3 = —lcos b,
ya = —lcos b,
The coordinates X, and %, in the case of small angular oscillations are
Xy =%, + 10,
Xy =%, + 16,
Therefore, the virtual work of the inertia forces is given by
OW, = m, %, 6%, + my%, 0x, + ms(%, + 16,) 6(x, + 16,)
+ my(%, + 16,) 8(x, + 16,)
=[(m; + m3)%, + myl0,] 6x; + [(m, + my)%, + my16,] 6x,
+ msl(% + 16,) 860, + myl(%, + 16,) 66,

which can be written in a matrix form as

(m; + my) 0 msl 0 b

0 (my+my) O m,l || %,

W = 6 o
oW, =[x, dx, 60, 66,] ny 0 ml* 0 B,
0 m,l 0 ml*|| b,

=6q'Q

where q =[x, x, 0, 6,]7, and Q; is the vector of generalized inertia forces
given by

(m; + my) 0 myl 0 %,
Q = 0 (my+my) O myl xz
i my] o m2 0 ||6,

0 m,l 0 ml*|| b,
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The virtual work of the generalized applied forces is
oW, = —k,;x, 0x; — ky(x; — x;) 0(x; — x{) — m3gl0, 60, — m,gl0, 50,
= —[(k; + ky)x; —k;x,] 0x; — (kyx; — kyx,) 0%,
- mygl8, 68, — m g8, 50,
which can be written in a matrix form as

(ky +k;) —k, O 0 Xy
—k, k, 0 0 X,

0 mygl O 0,

0 0 0 myglllé,

SW, = —[6x, Ox, 08, 56,]

=4q"Q.
where Q, is the vector of generalized applied forces defined as
(kl + k2) —k2 0 0 X
0 0 mygl O
0 0 0 myygl

Q.=

o=

1

s

2
The principle of virtual work in dynamics states that
5W; = oW,

Since the coordinates x,, x,, 0;, and 8, are independent, one has as the result
of the application of the principle of virtual work in dynamics

Qi = Qe
which leads to the differential equation
Mi+Kq=0
where the mass matrix M and the stiffness matrix K are
[ (my + m3) 0 myl 0
M = 0 (my+my) O , myl
msl 0 msl 0
|0 m,l 0 myl?
_(kl + k2) _k2 0 0
K< —k, k, 0 0
0 0 mgl O
| 0 0 0 mgl

Observe that in this system, there are inertia coupling terms between the
translational and rotational coordinates, while there are no elastic coupling
terms. Observe also that the stiffness matrix is positive definite and it is
nonsingular. Therefore, the system shown in Fig. 7 has no rigid-body modes.
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Any possible motion leads to a change in the system potential energy which
in this case is a positive-definite quadratic from.

Let us consider now the case in which the effect of gravity is not considered.
In this case, the stiffness matrix becomes

_ _kz kz 0 0
K= 0 0 00
0 0 00

Observe that the rank of the stiffness matrix is reduced by two since there are
only two linearly independent rows in this matrix. Therefore, the stiffness
matrix is singular, its determinant is equal to zero, and the potential energy
becomes a positive semidefinite quadratic form. That is, there exist possible
configurations of the system, different from the zero configuration, such that
the system potential energy is equal to zero. In fact, for this system, as the result
of neglecting the effect of gravity, there are two rigid-body modes. The natural
frequencies associated with each of these modes can be determined using the
characteristic equation and is precisely equal to zero. The associated mode
shape can be determined using the equation

[K - w!M]A; =0
Since w; = w, = 0, the above equation for i = 1, 2 reduces to
KA, =0, i=1,2

Recall that the rank of the 4 x 4 stiffness matrix is two. One is then guaranteed
that the preceding matrix equation has two linearly independent solutions.
These two linearly independent solutions can be written as

0 0
0 0
A= 11 A, =0, 0
0 1

where a; and «, are arbitrary nonzero constants. The physical interpretation
of these two solutions is that when the gravity effect is neglected, the rods
connected to the masses m, and m, can have independent rigid-body rotations
without any change in the system potential energy. That is

ATKA, =0, i=1,2

Observe also that a linear combination of the vectors A; and A, can still be
selected as an eigenvector, for example, one may choose A, and A, as

0 0
0 0
Al =a1 1 . Az = az

0 oy
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with «,, a,, and «, as constants. These two vectors can also be used as the
rigid-body modes since they are linearly independent and satisfy the equation
KA, = 0,i = 1, 2. Observe that the condition AJKA; = 0 remains valid, while
ATMA, # 0 (i = 1, 2) since the kinetic energy is always positive definite. Ob-
serve also that the orthogonality conditions

i k4 . . . . — 1, 2, 3, 4

ATKA, = 0,}’ AL b

are still in effect.

F Example 3.5

We consider the system of Example 1, when k; = 0. This is the case in which the
shaft is free to rotate about its own axis. In this case, the stiffness matrix is given by

kl “_kl 0 1 —1 0
K=| —k; ki+k, —k,|=12x105 -1 3 —2|N'm
0 -k, k 0 -2 2

Note that the stiffness matrix in this case is singular. It is clear that the sum of the
second and third rows is the negative of the first row. Consequently, the rows of
the stiffness matrix are not linearly independent. The rank of this matrix is equal
to two and, therefore, the system has one rigid body mode. The mas matrix,
however, remains the same and is given by

I, 00 10 0
M={0 I, 0[=2x10*|0 15 0|kg-m?
0 0 I 00 2

The matrix equation of the free vibration of this system is given by
M6 +K6=0

By assuming a solution in the form of Eq. 27, we obtain the following standard
eigenvalue problem:

[K — 0*MJA =0
in which the determinant of the coefficient matrix can be written as
1-8  —1 0
-1 3-158 -2 |=0
0 -2 2-28

where f = ©?/600. Therefore, the characteristic equation can be written in terms
of B as
Bl —-B)(B-3)=0

which has the following roots
B =0, B.=1 and B;=3
The corresponding natural frequencies are
o, =0, w, = 24.495rad/s, and w5 = 42.426rad/s
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Observe that the first natural frequency @, corresponds to a rigid-body mode. In
order to obtain the mode shapes, we use the following equation:

1-4 -1 0 A;y 0
-1 3-156 -2 |la,|=|0f i=123
o -2 20-f)]la,| o

which, by partitioning of the coefficient matrix, leads to the following equation:
-1 3158 -2 A; 0
Ail + ﬂz i2 —
0 =2 20 -B) LA 0
3-156 -2 |[42]_[1],
-2 21-p)f[4s] 0]
That is,

|:Ai2 _ 1 20-84) 2 ,
Al 20-B)3-158)—4 2 B-158)]0]"

For the rigid-body mode, f, = 0 and, accordingly,

IR HH HAE R

That is, in this mode of vibration all the disks have the same amplitude which
implies that the system moves as one rigid body. For the second and third natural
frequencies, one has the following deformation modes

4,,] —1[o 2 [t 0

[An] 4 [2 1.5][0} h [—0.5] 2
A5, ] —-1[-4 2 71 -20
|:A33] 2[ 2 —1.5][0] 3 [ 1.0] 3

We may assume that 4;; = 1 fori = 1,2, 3. The resulting modal matrix is given by
1.0 1.0 1.0

®=110 00 -20
10 —-05 1.0

or

Figure 8 shows the modes of vibration of the system examined in this example.
Observe that

1 -1 01]10
ATKA, =12 x 10°[1.0 1.0 1.07| —1 3 -21]110}=0
0 -2 21110

while
1 0 0410
ATMA, =2 x 10°[10 10 1.0]|/0 15 0|10 }|=9x10°
00 2]]10

that is, the modal stiffness coefficient associated with the rigid-body mode is equal
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Y

Fic. 3.8. Modes of vibration of the semidefinite system.

to zero, while the modal mass coefficient is not equal to zero. Therefore, if the system
vibrates freely in its rigid-body mode, the strain energy is equal to zero while the
kinetic energy is not equal to zero. Observe also that ATMA, = 0, and ATKA, = 0,
fork=2,3.

3.6 CONSERVATION OF ENERGY

Using the modal expansion, it can be shown that in the case of the undamped
free vibration of the multi-degree of freedom systems, the sum of the kinetic
and potential energies is a constant of motion. To this end, we write the kinetic
and potential energies of the muiti-degree of freedom system as

T=34'Mg
U=3q'Kq

By using the modal transformation, the kinetic and potential energies can be
expressed in terms of the modal variables as

T = iPT®O"MOP
= %PTMPP

U = 1P"®'KOP
=1pP7K,P

where M, and K, are, respectively, the diagonal modal mass and stiffness
matrices, and P is the vector of modal coordinates. In terms of the modal mass
and stiffness coefficients m; and k;, the kinetic and potential energies can be
written as

T=1im¢P¢2
2 &
1 & 2
245

In the case of free vibration, the modal coordinates and velocities are harmonic

i i 1 z

e 18 I I
: { |2 3 | |
| | 18 I3 l l
1 l 12 18 l I
L | i* 3 2 jor 3 12 ]
3 2 1 1 i

opour pIryL
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functions given by
Pi = Ci Sin(wit + l//,)
P, = Cio; cos(w;t + )
Substituting these two equations into the expressions of the kinetic and

potential energies, one obtains

T= m;Crw? cos*(w;t + )

(NS T
=

1
1 - 2 ain2
U = 5 Z kiCi sSin ((Dlt + l//,)
i=1
Adding these two equations and keeping in mind that k; = m,w?, one obtains
T+ U=Y kCHcos*(w;t + ;) + sin*(w;t + ¢;)]
i=1

which can simply be written as
i=1

or, alternatively,

T+U=Y moC?
i=1

That is, the sum of the kinetic and potential energies of the conservative
multi-degree of freedom system is constant. Observe that the modal mass and
stiffness coefficients as well as the natural frequencies depend on the inertia
and stiffness characteristics of the system. The constants C;, however, can be
determined by using the initial conditions.

Rayleigh Quotient Inthe preceding sections, it was shown that the vibra-
tion of the multi-degree of freedom system can be represented as a linear
combination of its mode shapes. However, a multi-degree of freedom system
can vibrate at one of its mode shapes only if this mode is excited. Let us assume
that the system is made to vibrate freely at its ith mode shape. In this case,
the sum of the kinetic and potential energies of the system can be written as

which implies that

, ki ATKA,
sy = =

T m; T ATMA,

That is, the square of the natural frequency associated with the mode i can be
written in a form of quotient where the numerator is proportional to the
potential energy, while the denominator is proportional to the kinetic energy.
This quotient is called the Rayleigh quotient.

If the vibration of the multi-degree of freedom system is described by an
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arbitrary vector q, the Rayleigh quotient can be written as

q'Kq
q'Mq
Observe that if q is parallel to any of the eigenvectors, the Rayleigh quotient
is precisely the eigenvalue associated with this eigenvector. In the general case,

however, q can be expressed as a linear combination of the linearly in-
dependent mode shapes as

R(q) =

q= i oA,
=1

If we assume that the mode shapes are made orthonormal with respect to the
mass matrix, that is

ATMA, =1,
the Rayleigh quotient can be written as
" G2ATKA,
q'Mq

3 a?ATMA,
i=1

o
1
n
of
=1

3

Since w; < W, < w3 < w,, one has

o]

13

wio? + ol + -+ 2wk

af +o 4+ +a

-
[l

MS M
K
=~

i
-

il +a + - +02)
3 2 7 — W
(x1+a2+"'+(x,,,

2
1

for any integer m, that is, the minimum value of the Rayleigh quotient is the
square of the natural frequency associated with the fundamental mode of
vibration. If, however, the shape of the ith mode can be assumed, the Rayleigh
quotient can be used to provide an estimate of the square of the natural
frequency corresponding to this mode. In practical applications, this is seldom
done for high-frequency modes, since the shape of these modes cannot be
assumed with good accuracy. Therefore, the Rayleigh quotient is often used
to obtain an estimate for the fundamental frequency of the system, since in
many applications the configuration of the fundamental mode can be assumed
with sufficient accuracy.

In order to demonstrate the use of the Rayleigh quotient to predict the
fundamental frequency, the system of Example 1 is considered. The mass and
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stiffness matrices of this three degree of freedom system were found to be

1 0 0
M=2x10%[0 15 0|kg-m?
0 0 2
1 -1 0
K=12x10°] —1 3 -2|N'm
0 -2 5

Let us assume that the deformation of the system in its first mode can be
described by the harmonic function sin(nx/2/). Using this function and assum-
ing that the distances between the disks are equal, one has an estimate for the
elements of the first mode shape as

nl
Ay =sin— = 1.00
11 szl

. n2/3y . o=m
A, = Sin-—— =sinz = 0.8660
(75 I+
A= smT = smg =0.5
Therefore, a rough estimate of the first mode shape is
1.00
A, =10.8660
0.50

In this case, one has
1 -1 01f1.00

ATKA, =12 x 10°[1 08660 0.5]f —1 3 —21]08660

0 -2 51105
=1243 x 10°
1 0 0100
ATMA, =2 x 1031 08660 0.5]|0 1.5 0 ][ 0.8660
0 0 2]]05
=5.2499 x 103

Therefore, an estimate for the fundamental frequency using the Rayleigh
quotient can be obtained as

ATKA 12.43 x 10°
2 AL — 2
DT ATMA, 52499 x 10° ~ 23677 x 10
which yields w; = 15.387 rad/s. The exact fundamental frequency evaluated
in Example 2 is 14.52 rad/s. That is, with a rough estimate for the first mode
shape, the error in the obtained fundamental frequency using the Rayleigh
quotient is less than 6 percent.
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3.7 FORCED VIBRATION OF THE UNDAMPED SYSTEMS

In this section, the forced vibration of the undamped multi-degree of freedom
systems is discussed. The general matrix equation which governs the vibration
of such systems is given by

Mi+Kgq=F (3.75)

where M and K are the symmetric mass and stiffness matrices of the system,
q is the vector of the displacements, and F is the vector of the forcing functions.
Equation 75 is a set of n coupled differential equations which must be solved
simultaneously. When the number of degrees of freedom is very large, deter-
mining the solution of these equations becomes a difficult task. An elegant
approach to overcome this problem is by using the modal superposition
technique discussed in the preceding sections. In this technique, the vector of
displacements is expressed in terms of the modal coordinates using the modal
transformation matrix. That is, the displacement vector is written as a linear
combination of the mode shapes. By utilizing the orthogonality of the mode
shapes with respect to the mass and stiffness matrices, n uncoupled differential
equations of motion can be obtained. These equations can be solved using
similar techniques to the ones used in the solution of the equations of motion
of single degree of freedom systems.

By using the mode superposition technique, the displacement vector q is

expressed as

where P is the vector of modal coordinates, and @ is the modal transformation
matrix whose columns are the mode shapes of the multi-degree of freedom
systems. Differentiation of Eq. 76 twice with respect to time yields

ij=op (3.77)
Substituting Egs. 76 and 77 into Eq. 75 yields
M®P + KOP = F

Premultiplying this equation by the transpose of the modal transformation
matrix, one obtains
O"™MPP + O'KOP = O'F (3.78)

which can be rewritten as
M,P+K,P=Q (3.79)

where M, K, and Q are, respectively, the modal mass and stiffness matrices,
and the vector of modal forcing functions defined as

M, = ®"™M® (3.80)
K, = KO (3.81)
Q=0'F (3.82)

By using the fact that M, and K, are diagonal matrices and by using the
definition of the elements of M, and K, given by Egs. 64 and 65, Eq. 79 can
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be written in the following alternate form:
mP+kP=Q, i=12..,n (3.83)

where Q, is the ith element in the vector Q.

The differential equations given by Eq. 83 have the same form as the
differential equations that govern the vibration of the undamped single degree
of freedom systems. As discussed in Chapter 1, the solution of the differential
equations given by Eq. 83 can be expressed as

PiO .
P{t) = P,y cos w;t + — sin w;t
@i (3.84)

1 t
+—J Q.(7) sin w{t — 7) dr, i=12...,n
mo; Jo

where P, and P,; are the initial conditions associated with the ith modal
coordinate. Having determined the modal coordinates from Eq. 84, the vector
of displacements q can be obtained using Eq. 76.

Example 3.6
Find the response of the system of Example 1 to the step load given by
1
F()=10*| 2 [N'm
4

Assume that the system is to start from rest and neglect the damping effect.

Solution. 1In order to be able to use Eq. 79, we first evaluate the vector of modal

forces Q defined by Eq. 82 as
Q=0'F

Using the modal matrix ® obtained in Example 2, the vector Q is given by
1.0 0.649 0302 )1
Q=®F=|10 —0607 —0679 |[2}x10*
1.0 —2.54 2438 |1 4
3.506
=10*| —2.930
5.670
The equations of motion can then be written in terms of the modal coordinates as
mP+kP=0Q, i=123

wherem;and k;,i = 1,2, 3, are, respectively, the modal mass and stiffness coefficients
defined in Example 3. Since Q; is constant, one can easily verify that the solutions
of the above equations, in the case of zero initial conditions, are given by

Qi

P= E(l — cos w;t)
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Using the results of Examples, 2 and 3, we have

P, 0.0463 (1 — cos 14.52¢)
P=|P,|=| —00062(1 — cos 31.05¢)
P, 0.0006 (1 — cos 46.1¢)

The vector of torsional oscillations @ is given by

1.0 1.0 1.0 P,
0=0P=(0649 -0.607 —2.54 P,
0302 —-0.679 2438 || Py

P, + P, + P,
= | 0.649P, — 0.607P, — 2.54P,
0.302P, — 0.697P, + 2.432P,

3.8 VISCOUSLY DAMPED SYSTEMS

We considered thus far the free and forced vibrations of undamped multi-
degree of freedom systems. It was shown that, for the undamped system, the
eigenvalues and eigenvectors are real. This is not, however, the case when
damping is included in the mathematical model. In general, for a viscously
damped multi-degree of freedom system, the eigenvalues and eigenvectors can
be complex numbers. Even though in many applications damping is small, its
effect on the system stability and system response in the resonance region may
be significant.

The general matrix equation that governs the vibration of the viscously
damped multi-degree of freedom system is given by

Mi +Cq+Kq=F (3.85)

in which C is the damping matrix defined as

€11 €12 €13 " Cyp
€21 €z Ca3z *°° €y
C=lcy €3 €33 ¢y (3.86)
L cnl cn2 cn3 e Crm n

In general, ®"C® is not a diagonal matrix. Consequently, the use of the
modal coordinates does not lead to a system of uncoupled independent
differential equations. In the remainder of this section, we will consider an
important special case in which the damping matrix is proportional to the
mass and stiffness matrices. In this special case, a system of uncoupled dif-
ferential equations expressed in terms of the modal coordinates can be ob-
tained. The case of a general damping matrix is discussed in the following
section.
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Proportional Damping 1If the damping matrix can be written as a linear
combination of the mass and stiffness matrices, the matrix C takes the form

C=aM + K (3.87)
where o and § are constants. Substituting Eq. 87 into Eq. 85 yields
M{ + (@M + pK)q + Kq=F (3.88)

The vector of displacement q can be expressed in terms of the modal co-
ordinates by using the mode shapes of the undamped system as

q=OP (3.89)

where ® is the modal transformation matrix and P is the vector of modal
coordinates. Substituting Eq. 89 into Eq. 88 yields

M®P + (xM + fK)®P + KOP = F (3.90)
Premultiplying this equation by @7, one obtains
O"™MOP + ®T(«M + SK)DP + ®TKOP = O'F (3.91)

Using the orthogonality of the mode shapes with respect to the mass and
stiffness matrices yields

M,P+CP+KP=Q (3.92)
in which
M, = ®"M® (3.93)
K, = ®'K® (3.94)
C,=®"@M + fK)® = oM, + K, (3.95)
Q=9'F (3.96)

Observe that because the matrix C is assumed to be a linear combination of
the mass matrix M and the stiffness matrix K, the modal damping matrix C, is
diagonal. The elements on the diagonal of this matrix are denoted as ¢;, i =
1,2, ..., n. The modal damping coefficient c; can be expressed in terms of the
modal mass and stiffness coefficients m; and k;, respectively, by using Eq. 95 as

c; =am; + pk; (397
Equation 92 can be then written as n uncoupled differential equations as
mP. +ch+kP=Q, i=12..n (3.98)

These equations are in the same form as the differential equation of motion
which governs the forced vibration of damped single degree of freedom
systems. This equation can be also written in the following form

P+ 2¢,0.P. + 0P, = ; (3.99)

1
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where the modal damping factor £, is defined as

¢

Gi= (3.100)

2m,~a),~
As discussed in the case of the single degree of freedom systems, the solution
of Eq. 99 will depend on the modal damping factor &;. In the case of an
underdamped system in which &; < 1, the solution of Eq. 99 is given by
P . P.
P,(t) = e %“"[P,, cos wt + msin wyt]
Wy;

+ J 0@kt —dn,  i=12..n (3.101)
0

where P, and P, are, respectively, the initial modal coordinate and velocity

associated with mode i and
g =01 =& (3.102)

—&iw;t

hl(t) = Sin wdit (3103)

m;Wy;

in which wy; is the damped natural frequency of mode i,and h; is the unit impulse
response associated with the ith mode of vibration.

The concept of proportional damping discussed in this section can also be
used in cases in which the damping is small. Even though in these cases the
resulting modal damping matrix is not diagonal, a reasonable approximation
can be made by neglecting the off-diagonal terms. The matrix C, can then be
considered as a diagonal matrix and a set of independent differential equations
expressed in terms of the modal coordinates can be obtained. This approxima-
tion is acceptable in many engineering applications, since structural damping
is usually small. Furthermore, there are several experimental techniques which
can be used to determine the modal damping factor &; associated with the ith
mode shape. In the case in which the approximation of the proportional
damping cannot be made, the technique described in the following section can
be used.

3.9 GENERAL VISCOUS DAMPING

The assumption made in the preceding section that the damping matrix is
proportional to the mass and stiffness matrices enables us to use the modal
transformation matrix to decouple the equations of motion. The procedure
outlined in the preceding section led to n uncoupled differential equations
expressed in terms of the modal coordinates. Each of these equations is similar
to the differential equation of motion of the viscously damped single degree
of freedom system.

In this section, we discuss the case of a general viscous damping matrix
which cannot be expressed as a linear combination of the mass and stiffness
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matrices. To this end, we define the state vector y as

y= q (3.104)
[ 4 |
Clearly, the state vector has dimension 2n. Differentiation of this vector with
respect to time leads to

. |4
Y=\|. (3.105)
| 4 ]
Premultiplying Eq. 85 which governs the vibration of a viscously damped
multi-degree of freedom system by the inverse of the mass matrix leads to

j+M!Cq{+M'Kq=M"'F
which can be written as
j=-M'C{—M'Kq+M'F

This equation with the following identity
i=1q
where I is an n x n identity matrix leads to

L ]

which can be written compactly as
¥=By + R() (3.106)

in which the state vector y is defined by Eq. 105 and the 2n x 2n matrix B
and the 2n-dimensional vector R(t) are given, respectively, by

0 I
B= [—M‘lK —M—lc] (3.107)
R@) = [M(_)l F] (3.108)

Free Vibration If the viscously damped multi-degree of freedom system
is vibrating freely, the vector of forcing functions F is identically zero, and
accordingly

RH=0 (3.109)
Equation 106 then reduces to

y =By (3.110)
To this equation, we assume a solution in the form

y = Ae” (3.111)

where in this case, the vector A has dimension 2n and p is a constant.
Differentiating Eq. 111 with respect to time leads to

§ = pAe” (3.112)
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Substituting Egs. 111 and 112 into Eq. 110 yields
uAet = BAe"

which leads to
[B—ullA=0 (3.113)

where I in this equation is a 2n x 2n identity matrix. Equation 113 is an
eigenvalue problem in which the coefficient matrix

H=B-ul (.114)

is called the characteristic matrix.
Equation 113 has a nontrivial solution if and only if the determinant of the
coefficient matrix is equal to zero, that is,

IH|=|B— ulj=0 (3.115)

This equation defines a polynomial of order 2n in u. The roots of this poly-
nomial, which may be complex numbers define the eigenvalues p, y,, ..., fa,.
Associated with each eigenvalue y;, there exists an eigenvector A; which can
be determined to within an arbitrary constant using Eq. 113 as

BA; = u;A; (3.116)
In this case, the modal matrix is defined as
D=[A, A, - A,] (3.117)
It can be verified that
O 'BO=p (3.118)

where @ is the 2n x 2n modal matrix whose columns consist of the 2n
eigenvectors A;, i = 1,2, ..., 2n, and p is a diagonal matrix whose diagonal
elements are the eigenvalues, that is,

FI‘1 O 0 --- 0
0 u, 0 - 0

p={0 0 puy - O (3.119)
[0 0 0

Note that, for any integer r, the following identity holds:
OB =y
The modal transformation of Eq. 117 can be used to obtain 2n uncoupled
first-order differential equations. To this end, we write
y = OP (3.120)

and
y = oP (3.121)

where P is a 2n-dimensional vector. Substituting Egs. 120 and 121 into
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Eq. 110 yields

®P = BOP
or
P = o 'BOP
which upon using Eq. 118 can be written as
P=ppP (3.122)

This is a system of 2n uncoupled first-order differential equations which can

be written as .
Pl=,’thl’ i=1,2,--.,2n (3.123)

The solution of these homogeneous first-order differential equations is simple
and can be obtained as follows. Equation 123 can be written as

dpP;

=P

dt ﬂl i
or

dp,

— = dt

P Hi
which upon integration yields

InP,=pt + C, (3.129)

where C, is the constant of integration.
An alternate form of Eq. 124 is

Pi = etitgCo
Using the initial conditons, one can show that e = P, and consequently,

P; = Pyett (3.125)
where P, is the initial condition associated with the coordinate P;. These initial
conditions can be obtained by using Eq. 120 as

Po = O_lyo (3.126)
where y, is the state vector which contains the initial displacements and
velocities. Having determined the 2n coordinates of Eq. 125, the displacements

and velocities of the multi-degree of freedom system can be obtained using
the transformation of Eq. 120.

Forced Vibration Equation 106 describes the forced vibration of vis-
cously damped multi-degree of freedom systems. This equation with Eqs. 120
and 121 can be used to obtain 2n uncoupled differential equations. To this
end, we substitute Eqgs. 120 and 121 into Eq. 106. This yields

®P = BOP + R()

or
P =® 'BOP + & 'R()
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which upon using Eq. 118 can be written as
P=pP+Q (3.127)

where the matrix p is defined by Eq. 119 and Q =[Q, Q, *** Q,,]" is the

vector
Q=0'R (3.128)

Equation 127 is a set of 2n uncoupled first-order differential equations which

can be written as ‘
Pi=[liPi+Qi, i= 1, 2,..., 2n (3129)

The solution of these equations is given by
t
P. = e"Py + J "t IQ (1) dr, i=1,23..2n (3.130)
0

Define the diagonal matrix T, as

ettt Q) o - 0
0 e 0 0
T,t)=] 0 0 ¢ -+ 0 |=e™ (3.131a)
| 0 0 0 e el‘z::’_J
and
T,(t,7) = e*™™ (3.131b)
or more generally
T, (t, 1) = et (3.131¢)
The matrix T, (f) can also be expressed in a series form as
2 3
Tl(t)=e"‘=l+tu+~2—'u2+§—'u3+"' (3.131d)

In terms of the matrix T, Eq. 130 can be written as

t

P=T,)P, + ‘[ T, (t — 7)Q(z) dr (3.132)
0

This equation is expressed in terms of the vector of modal coordinates P. In

order to obtain the space coordinates and velocities, we use Eqgs. 120, 126, and

128 and multiply Eq. 132 by the modal matrix @ to obtain

t
y = OP = OT,® 'y, + J OT,(t — )@ 'R(x) dt
0
which can be written compactly as

t

y = T()yo + j T(t — )R (z) dt (3.133)

0
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where T is called the state transition matrix and is defined as
T =0T, 0! (3.134)

The state transition matrix which plays a fundamental role in theory of linear
dynamic systems satisfies the following identities:

T(tl’ tl) =1=T(0)
T(t5, t,) = T(ts, £2)T(t5, 1)
Ty, 2)T(ts, 81) =1

[T(t,, £,)17" = T(t,, ty)
T(e,)T(,) = Tty + £5)

where I is the identity matrix.

lllustrative Example In order to demonstrate the use of the state transi-
tion matrix in the vibration analysis of mechanical systems, a simple viscously
damped single degree of freedom system is considered. The equation of motion
of such a system is given by

mj + c§ + kq = F(t)

where m, ¢, and k are, respectively, the mass, damping, and stiffness coefficients,

F(t) is the forcing function, and q is the degree of freedom of the system. The

differential equation of the system can also be written in the following form
k c., F@

§g=——q——4+—
m m m

F()

= —0?q — 2w+ —
m

where o is the natural frequency of the system and & is the damping factor,

that is
k ¢
“’—\/%’ S

One can, therefore, define the state equations as

L e

From which the matrix B and the vector R(¢t) of Eq. 106 can be defined as

0 1
B= [—wz —2{(0]
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The characteristic matrix H of Eq. 114 can then be defined for this system as
H=B— gl

N,
| —w? —2{&)—#]

which defines the characteristic equation as

| 7H# 1
HI = -’ —26&)—;1\

=puQéw +p) + 0? =0
This is a quadratic equation in ¢ which can be simply written as

w4+ 2op+ 0’ =0
The roots of this equation are

p=—¢o+w /-1
py=—tw—w /& -1

The eigenvector A; associated with the eigenvalue g, can be obtained by using
Eq. 113 or Eq. 116. In this case one has

—H; 1 Ay
B—ulI]A, = =0
: wllA; I:_wz —2{w — #J [Au:l

A = WAy

which yields

That is, the eigenvector A, can be written as

Ai=[1], l—_—1,2
Hi

and the modal matrix @ of Eq. 117 is
1 1
®=[A;, A,]= [ ]
Hy Ky
It follows that ®~! is the matrix

ol
B2 —pl—py 1

which must satisfy the identity of Eq. 118. The state transition matrix T is
given in this example by

T = q)Tl q)—l

e PO e e
T —play m]l 0 e |l -y 1
1 ettt — et etdt gttt
My — iy [ﬂxﬂz(eu" — ) et — #1‘3‘“‘]
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It is left to the reader as an exercise to show that the use of Eq. 125 and 133
leads, respectively, to the free and forced vibration solution obtained in
Chapter 1 in the analysis of the single degree of freedom systems.

3.10 COORDINATE REDUCTION

We have shown in the preceding sections that the solution of the equations
of motion of the multi-degree of freedom system can be expressed in terms of
the modal coordinates. It was also shown that the generalized forces asso-
ciated with the modal coordinates can be obtained by premultiplying the
vector of externally applied forces by the transpose of the modal matrix. That
is, the frequency contents in a generalized force associated with a certain mode
depend on the frequency contents in the externally applied forces. Clearly, if
the modal force has a frequency close to the natural frequency of the corre-
sponding mode, this mode of vibration will be excited and this mode will have
a significant effect on the dynamic response of the system. Quite often the
frequency content in a given forcing function has an upper limit and accord-
ingly mode shapes which have frequencies higher than this upper limit are not
excited. Therefore, the effects of these modes on the dynamic response of the
system can be ignored. In this case, the multi-degree of freedom system can be
represented by an equivalent system which has a smaller number of degrees of
freedom determined by the number of the significant low-frequency modes of
vibration. If the multi-degree of freedom system has only one significant mode
of vibration, the system can be replaced by an equivalent system which has
only one degree of freedom. Similarly, the multi-degree of freedom system can
be represented by a two degree of freedom system if only two modes are
significant. The procedure of eliminating insignificant modes is called modal
truncation.

Consider a system which has n degrees of freedom and assume that only m
modes of vibration are significant, where m < n. We have previously shown
that the vibration of the n degree of freedom system is governed by n second-
order ordinary differential equations which can be written in the following
form:

Mi + Cq + Kq = F(?) (3.135)

where M, C, and K are, respectively, the n x n mass, damping, and stiff-
ness matrices, and q and F are, respectively, the n-dimensional vectors of
displacements and externally applied forces. Let ®, be the modal matrix
which contains only the m significant modes of vibration, that is, ®, has n
rows and m columns and accordingly it is not a square matrix. The elimination
of insignificant mode shapes can be expressed mathematically as

q=opP (3.136)

where the vector of modal coordinates P consists in this case of m elements.
Substituting Eq. 136 into Eq. 135 and premultiplying by the transpose of the
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modal matrix ®, one obtains
®'MO P + ®TCO,q4 + ®TK®,P = ®TF(r) (3.137)

Assuming the case of proportional damping, and utilizing the orthogonality
of the mode shapes with respect to the mass and stiffness matrices, Eq. 137

can be rewritten as
M,,f’ + C,,P +K,P=Q (3.138)

where M, C,, and K, are square diagonal matrices with dimension m x m,
and q is the m-dimensional vector of the modal coordinates.

Equation 138 has m second-order uncoupled differential equations which
can be solved for the m modal coordinates as discussed in the preceding
sections. The n-dimensional vector of actual displacements can be recovered
by using the transformation of Eq. 136.

r Example 3.7

For the three degree of freedom torsional system discussed in Example 2, it was
shown that the mass and stiffness matrices are given by

20 0
M=10*10 30 0|kg m?
00 4

1 -1 0
K=12x10°] —~1 3 -2|N'm
0 -2 5

The modal matrix @ for this system is given by

1.000 1.000 1.000
®=10649 —0.607 —2.541
0.302 —0.679 2438

The equation of motion of the undamped system is
MO +K6=F

where 0 is the vector of the torsional oscillations of the system. It was also shown
that the natural frequencies of this system are w, = 14.52 rad/s, w, = 31.05 rad/s,
and @, = 46.1 rad/s. If we assume that the frequency content in the forcing function
F is not in the resonance region of the third mode, we may ignore this mode by
deleting the third column of the modal transformation ®. In this case, the reduced
number of degrees of freedom m is equal to two and the new modal transformation
@, is given by

1.000  1.000
@, =|0649 —0607
0302 —0.679

By using Eq. 136, the system equations of motion can be expressed in terms of the



3.11. Matrix-Iteration Methods 141

modal coordinates as
MPP +K,P=Q

where M, and K, are 2 x 2 diagonal matrices defined as

3628 0 m, 0
M, = ®/M®, = 10° =
p=®ME =10 [0 4.95] [0 m2:|

7656 0 k, 0
K, = ®TK®, = 10° =|!
»= KO =10 [o 47.72:| [0 k2:|

where m; and k;, i = 1, 2, are the modal mass and stiffness coefficients. The gen-
eralized modal force vector Q is a two-dimensional vector defined by

Q=0F

Similarly, if the upper limit on the frequency content in the forcing function is
much below the second natural frequency of the system, we may replace the three
degree of freedom system by an equivalent single degree of freedom system. This is
the case in which we ignore the second and third modes of vibrations. In this case,
the modal transformation is reduced to a column vector defined as

1.000
D, = 0.649
0.302

and accordingly, m = 1. Using this modal transformation the equation of motion
of the equivalent single degree of freedom system is given by

mxﬁx+k1ﬁ1=Q1
where m; = 3.628 x 103 k, = 7.656 x 10°, and @, is the scalar defined by
0= (b;rF

3.11 MATRIX-ITERATION METHODS

The methods presented thus far for the vibration analysis of multi-degree of
freedom systems require the evaluation of the mode shapes and natural fre-
quencies of the system. The solution to the vibration equations can then be
expressed in terms of these linearly independent mode shapes. If the number
of degrees of freedom is very large the solution of the characteristic equation
to determine the natural frequencies is not a simple task. In these cases, the use
of the numerical methods is recommended.

It was shown in the preceding sections that the equations of the free
undamped vibration of the multi-degree of freedom system can be written as

M{j+Kq=0 (3.139)
We assumed a solution for this equation in the form
q = A sin(wt + ¢) (3.140)
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which upon substitution into Eq. 139 leads to

®*MA = KA (3.141)
If the mass matrix is assumed to be nonsingular, Eq. 141 can be written as
»*A =MKA (3.142)
which can be written compactly as
JA =HA (3.143)
in which
i=w? (3.144a)
H,=MK (3.144b)

Equation 143 is referred to as the stiffness formulation of the eigenvalue
problem of the multi-degree of freedom system. Observe that in this formula-
tion, the lowest eigenvalue corresponds to the lowest natural frequency in the
system.

Alternatively, if the stiffness matrix of the system is nonsingular, Eq. 141
leads to

0’ KIMA = A
which can be written compactly as
uA = H;A (3.145)
where
p= & (3.146a)
H; =K'M (3.146b)

Equation 145 is referred to as the flexibility formulation of the eigenvalue
problem of the multi-degree of freedom system. In this formulation, the
lowest eigenvalue corresponds to the highest natural frequency of the
system.

In the following, we discuss some numerical methods which can be used to
determine the eigenvalues and eigenvectors of the system using either the
stiffness or the flexibility formulation.

Matrix-Iteration Method This method is an iterative procedure which
is sometimes refered to as the Stodla method. It can be used with either the
stiffness or the flexibility formulation. When it is used with the stiffness
formulation, the solution converges to the mode shape which corresponds to
the highest eigenvalue, or equivalently the highest natural frequency. On the
other hand, if the flexibility formulation is used the solution converges to the
mode shape which corresponds to the highest eigenvalue which corresponds
in this case to the lowest natural frequency.
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In the remainder of this section, the matrix-iteration method is discussed
using the flexibility formulation of Eq. 145. In this method, a trial shape
associated with the lowest natural frequency is assumed. We denote this trial
shape which should represent the best possible estimate of the first mode as
A, ,, where the first subscript refers to the mode number and the second sub-
script refers to the iteration number. In the following discussion, we assume
that the first element in A, is equal to one, that is,

1
T (AIO)I
A= 3.147
(A10), (3147

In the matrix-iteration method the vector A, is substituted into the right-
hand side only of Eq. 145. This yields

Ay, =ﬂ111§11 =HfAA10 (3.148)

Since the eigenvalue g is not known at this stage, we select A,, such that its
first element is equal to one. This in turn will automatically define u,,. If A,
is the same as A, o, then A is the true mode shape. If this is not the case, we
substitute A, , in the right-hand side only of Eq. 145. This leads to

A,= ﬂllez = Hfliu

= iH&Aw (3.149)
Ky

If A, , is the same or close enough to A, ,, convergence is achieved, otherwise
A,, is substituted into the right-hand side of Eq. 145 to determine A ;. This
processAcontinues until A, ;18 close enough to Al(j—l) for some integer j. The
vector A ; then defines the first mode shape and the scalar y,; defines the first
(highest) eigenvalue. This eigenvalue corresponds to the lowest natural fre-
quency which can be determined by using Eq. 146a as

1
W, = [— (3.150)
Hyj

Clearly, the stiffness formulation can be used if the interest is in determining
the higher mode of vibration.

Convergence It can be proved that the iterative procedure described in
this section converges to the first mode shape of vibration of the system. Let
A, A,, ..., A, be the linearly independent true mode shapes of the multi-
degree of freedom system. Since these mode shapes are linearly independent
any other n-dimensional vector can be expressed as a linear combination of
these mode shapes. Therefore, the initial guess A, can be written in terms of
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these mode shapes as

Alo = alAl + azAz + -+ a,,A,,

=) A, (3.151)
k=1
where a,, «,, ..., a, are scalar coefficients. Since the mode shapes can be

determined to within an arbitrary constant, the iteration procedure described
in this section leads to the following relationships:

Alj = HfAl(j—-l) = Hf(HfAl(j—Z))
=HjA,, (3.152)
Substituting Eq. 151 into Eq. 152, one obtains

—H{ Z Ay
k=1
k=1

It is clear from the eigenvalue problem of Eq. 145 that
HA, = A,
If both sides of this equation are multiplied by H;, one obtains
H?A, = u H;A, = piA,
If we multiply both sides of this equation again by H;, we get
HEA, = i2HA, = A,
One, therefore, has the following general relationship:
HiA, = pjA, (3.154)
Substituting this equation into Eq. 153 yields

= kZ akH Ak Z k”iAk (3.155)

in which
By >l > 3> > Yy

Clearly, as the number of iterations j increases, the first term in the summation
of Eq. 155 becomes larger in comparison with other terms. Consequently, A
will resemble the first true mode A, that is,

n

A= Z oAy = ay Ay (3.156)

k=1

as j increases.
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B Example 3.8

145

For the torsional system of Example 1, the symmetric mass and stiffness matrices

are given by

103

0
M= 3
0
K =12 x 105{

S O N

b O O

In order to use the flexibility formulation, one has to find the inverse of the stiffness

matrix as
) 11
S
72 x 10°
2
The matrix H; of Eq. 145 is given by
11
H=K'M= ! 5
T 3600 5

5
5
2

N NN

75 4
75 4
3 4

Based on the initial guess, we assume the trial shape of the first mode as

1
0.8
04 |

A=

Substituting this trial shape into the right-hand side of Eq. 145, one obtains

11 75 47
5 75 4
2 3 4

A= Hft‘ilo = %0—0

which can be used to define A, 4, and o, as

1.00

- 18.6

A =106774 |, Uy = 3600 = 5.1667 x
0.3226

1 { 18.6

08 {=—| 126

0.4 3600 6

1073, ;= 13912rad/s

Substituting the vector A, into the right-hand side of Eq. 145

11 75 4] 100 { 17.3709
Ap=HA,=——| 5 75 4] 06774 | =—| 113709
3600 3600
2 3 41103226 6 5.3226
which yields
1.000
R 17.3709 .
A12 =] 0.6546 N Hia = W = 4.8253 x 10 ) Wiy, = 14.3959 rad/S
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Using A |, as the new trial vector, we obtain

11 75 47[1.000 | 17.1351

As=HA,=——1| 5 75 4[|06546 | = -—— 11.1351
3600

3600\ 5 3 41]0.3064 5.1894

which defines A 5, pt, 3, and @, 5 as

A 1.000 17.1351 _
Ris=| 06498 |, pyg=-e oo =478 X 107wy = 144947 rad)s
0.3028

Observe that the matrix-iteration method is converging to the solution obtained
in Example 2. If we make another iteration, we have

11 75 47[1.000 . 17.0847

Aa=HA,=——| 5 75 4]]06498 | = —| 11.0847
3600 3600

2 3 41]03028 5.1606

which defines A 4, 1,4, and @, as
1.000

Al4= 0.649 |, Bia =
0.302

17.0847

oo = 47458 X 1070 @y, = 14516 rad)s

Analysis of Higher Modes In order to prove the convergence of the
matrix-iteration method to the mode shape associated with the lowest natural
frequency, we utilized the fact that our initial estimate for the trial shape can
be expressed as a linear combination of the linearly independent true mode
shapes. Clearly, the convergence will be faster if the trial shape is close to the
shape of the first mode. Furthermore, this method is more efficient if the
natural frequencies are widely separated, since in our analysis of convergence
we have made the argument that the jth power of the first eigenvalue is much
higher than the jth power of the other eigenvalues.

In order to determine the second mode of vibration, we simply eliminate
the dependence of our trial shape on the first mode of vibration. By using a
similar argument to the one we previously made we can prove that this trial
shape will converge to the second mode of vibration, since the jth power of
U, for largej, is assumed to be much higher than the jth power of 5, ug, .. ., i,

Let us assume that the trial shape for the second mode A, can be expressed
as a linear combination of the true mode shapes, that is,

n
Ay =) wnA, (3.157)
k=1
where a,, 5, ..., %, are constant scalars. In order to eliminate the dependence

of the trial shape on the first mode of vibration, we use the orthogonality
condition. Since the mode shapes are orthogonal with respect to the mass
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matrix, one has

MMMO=MM[ZaMJ

k=1
=a,ATMA, + 1,ATMA, +--- + 0,ATMA,
=a;ATMA,

If the trial shape is assumed to be independent of the first mode of vibration,
the preceding equation reduces to

ATMA,, =0 (3.158)
This is a scalar equation, which can be written as
bi(A0)1 + by(Azg)s + - + by(As0), =0 (3.159)

where b,, b, ..., b, are constant scalars, and (4,,), is the kth element of the
trial shape A,,. The constant scalars by, b,, ..., b, are assumed to be known
at this stage, since the first mode is assumed to be known. These constants are
simply given by

b'=[b, b, -+ b]=AIM (3.160)

Dividing Eq. 159 by b,, one obtains
(A20)1 = $12(A20)2 + 813(A20)3 + *** + 51,(A20)n (3.161)

in which the first element in the trial mode shape is expressed as a linear
combination of the other elements, and

by
b,’
In addition to Eq. 161, one has the following simple equations:

(Azo)z = (Azo)z

k=2,3,...,n (3.162)

Sip = —

(Azo:)s = (Azo)sl‘ (3.163)
(Az0)n = (AZO)n
Combining Egs. 161 and 163 one obtains
A, =S4, (3.164)
where S, is called the sweeping matrix of the first mode and is given by
[0 S12 S13 Sy,
o1 0 - 0
$;=/0 0 1t - 0 (3.165)
(0 0 0 - 1

In Eq. 164, the dependence of the trial shape on the first mode is eliminated.
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When Eq. 164 is substituted in the right-hand side of Eq. 145, one obtains
Ay = Hfsﬂizo
This leads to the following iterative procedure:
Ay =HS, A, (3.166)
This iterative procedure will converge to the second mode of vibration, thus

defining u,, and A,. The scalar p, can then be used to determine the second
natural frequency.

In order to determine the third mode of vibration using the matrix-iteration
method, the depenence of the trial shape on the first and second modes must
be eliminated. To this end, we use the following two orthogonality conditions:

ATMA,, = 0 (3.167b)

Using these two conditions the first two elements in the trial-shape vector A,
can be expressed in terms of the other elements in a manner similar to Eq. 161.
This leads to the sweeping matrix S, which has the first two columns equal
to zero. That is, the form of this sweeping matrix is as follows:

[0 0 Si3 Sia §1n—
0 0 553 S " g

S,=l00 0 1 - 0 (3.168)
00 0 0 - 1|

Observe that the sweeping matrix S; of Eq. 165 has a column rank n — 1, and
the sweeping matrix S, of Eq. 168 has a column rank n — 2.

Using the sweeping matrix S,, one can define the trial-shape vector which
is independent of the first and second modes as

By substituting this equation into Eq. 145, one obtains
Ay = Hfszsao

This leads to the iterative procedure, which can be expressed mathematically

as
As;=HS,A,, (3.170)

In order to determine an arbitrary mode i using the matrix-iteration
method, one has to determine the sweeping matrix S;_; using the following

orthogonality relationships:

AL 1MA;,=0
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By using the sweeping matrix S;_,, Eq. 170 can be generalized for the ith mode

as X
A =HS,_ Ay (3.171)

This iterative procedure converges to the ith mode since the dependence of
the trial shape on mode 1,2, ...,i — 1 has been eliminated using the sweeping
matrix S;_;.

Example 3.9

In Example 8 it was shown that the first mode of vibration of the torsional system
of Example 1 is given by
1.000

A, =] 0649
0.302

In order to determine the second mode, we use the orthogonality condition of
Eq. 158
ATMA,, =0

The vector b of Eq. 160 is given by
200
b"=ATM =[1.000 0.649 0.302]1{0 3 0 x 10°
0 0 4
=103 [2.000 1947 1.208]
Therefore, s,,, kK = 2, 3, of Eq. 162 are defined as
[s;, Si3]=[—09735 —0.604]
The sweeping matrix S; of Eq. 165 is given by
0 515 Sq3 |0 -09735 -0604

S,={0 1 0 [=|0 1 0
0 0 1 0 0 1
Therefore,
: F11 75 470 -09735 —0.604
HS =—21| 5 75 4{{0o 1 0
3600_ 23 41lo o 1

[0 —3.2085 —2.644
0 26325 0980
[0 1.053 2792

1
3600

We may assume the following trial shape for the second mode:

1.0
Ay,=|-10
-1.0
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which leads to

: [0 —32085 -—2644 1.0
A2,=Hf51820=m 0 26325 0980 || —1.0
[0 1053 2792 || —1.0
: 5.8525
= 2e00] 36125
| —3.845

This vector can be used to define A,,, i;;, and w,, as

1.000
- 5.8525
A21 = _0.61726 N Hoy = W = 1.6257 hd 10—3, Wy = 24.8016 rad/S

—0.65698

For the second iteration, we substitute A, into the right-hand side of Eq. 166. This
yields ~

. 0 32085 —2.644 1.00

Ay, =HS, A, =——|0 26325 0980 || —0.61726

3600 [0 1053 2792 || —0.65698

| 3.71175

=——| —2.2688

3600 | —2.4843

which defines A,,, j1,,, and ,, as
1.000
R,, =] —06103 |, pu,,= 3—3761—;—5 =1.0326 x 1073,  ®,;, =31.119 rad/s

—0.6683

For the third iteration, we have
0 —3.2085 -—2644 1.000

A =HS A= 0|0 26325 0980 || ~06103
0 1053 2792 || —0.6683

| 3.725
——| —22615
36001 _ 2.509

Using this vector, A3, 4,3, and ,; can be defined as

1.000

- 3.725
A,y =| —0.607 |, P23 = ——— = 1,034 x 1073, @43 = 31.087 rad/s
3600
—-0.673
Another iteration shows that
1.000
A,, =] —0606 |, @,4 = 31.05 rad/s

—0.678
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Comparing these results with the result of Example 2 demonstrates the convergence
of this method to the true second mode of vibration.

In order to use the matrix-iteration method to determine the third mode, we use
the two orthogonality conditions of Egs. 167a and 167b. This leads to the following

The second iteration yields

1.000
~2.5537
24515

-~

A32 =

s

J3; = 47059 x 1074,

00 0.4093
S;=10 0 —1.0415
00 1
Hence, ~
q 11 75 41]0 O 0.4093
HS,=——1 5 75 4/|]0 0 —1.0415
3600 | 2 3 4]{0 0 1
. 0 0 069105
=——|0 0 —1.76475
36
OOHO 0 1.6941
We may assume a trial shape for the third mode as
1.00
Ay=| —1.00
1.00
The first iteration then yields
1 00 0.69105 1.00
A31 = HszA30 = 3—666 0 0 hal 176475 - 100
00 1.6941 1.00
0.69105
=_——| —1.76475
3600 1.6941
This vector can be used to define As,, us,, and w,, as
1.000
- 0.69105 _3
A, =] —25537 {, Usy = 3600 1.9196 x 1073, w5, = 72.1766 rad/s
2.4515

W3, = 46.0978 rad/s

Rigid-Body Modes In a semidefinite system, the stiffness matrix is singu-
lar. In this case, the inverse of the stiffness matrix does not exist because of the

rigid-body modes. The matrix

equation of free undamped vibration of such
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systems can be written as

Mj+Kq=10 (3.172)
Since the natural frequencies associated with the rigid-body modes are equal
to zeros, these modes can be calculated or identified by inspection. These
rigid-body modes will be denoted as A, A,,, ..., A,, , Where n, is the number
of the rigid-body modes. The solution vector of Eq. 172 can be expressed using
the mode superposition as

q = !Z:I a,A,l + kzl ﬂkAk (3173)

where a; and f; are constants and n, is the number of deformation modes. In
order to use the flexibility formulation to determine the deformation modes,
the rigid-body modes must be eliminated. To this end, we write the solution
vector q in terms of the deformation modes only. Therefore, Eq. 173 reduces
to

q = kzl ﬂkAk (3174)

Using the orthogonality of the mode shapes and Eq. 174, we have the following
relationships:

AT Mg =0
AL,Mq =0

? ‘q (3.175)
AT Mq =0

The scalar equations in Eq. 175 can be combined in one matrix equation,
which can be written compactly as

Bq=10 (3.176)
where B is the matrix
AT
rl
T
B= A,” M (3.177)
AT

m;
If the equations of Eq. 175 are assumed to be linearly independent, the matrix
B has a full row rank. Observe that the dimension of the matrix Bis n, x n
where n = n, + n, is the total number of generalized coordinates.

Equation 176 can then be used to write n, coordinates in terms of the other
n4 coordinates. In this case, Eq. 176 can be written in the following partitioned

form;
[B, B] [““}0
q;

qud + Biqi = 0 (3178)

or
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where B;is an n, x n, matrix and B; is an n, x n, matrix. The partitioning in
Eq. 178 is made in such a manner that the matrix B, is a nonsingular matrix.
Such a matrix exists since the matrix B is assumed to have a full row rank.
The vector g, of Eq. 178 can then be expressed in terms of the vector q; as

q: = _'Bd—lBiqi (3.179)

Using Eq. 179, the vector q of the generalized coordinates can be written as

1= [:d] B [—B;:Biqi] B [—B;Bi]qi

which can be written compactly as
q=Bg (3.180)

where B, is the matrix defined as

|
B. =
T [_BEIBI]

Differentiating Eq. 180 twice with respect to time, one obtains
i = B,§; (3.181)

Substituting Egs. 180 and 181 into Eq. 172 and premultiplying by the trans-
pose of the matrix B, one obtains

BTMB,§; + BTKB,q =0

which can be written compactly as

M;j; + Kiq; =0 (3.182)

where
M, = BTMB, (3.183)
K, = B'KB, (3.184)

The stiffness matrix in Eq. 182 as defined by Eq. 184 is a nonsingular matrix
since the rigid-body modes are eliminated. Therefore, the flexibility formula-
tion as described earlier in this section can be used with the matrix-iteration
method to determine the mode shapes numerically.

—
Example 3.10

In this example, the matrix-iteration method is used to determine the vibration
modes of the torsional system of Example 5. The mass and stiffness matrices of this
system were given by

200 1 -1 0
M=100 3 of, K=12x 10°] —1 3 -2
0 0 4 0 -2 2

Observe that this system has one rigid-body mode which occurs when all the disks
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have the same displacement. Therefore, n, = 1 and
1.00

A, =| 100
1.00

The matrix B of Eq. 177 can then be determined as
200

B=ATM=[1000 1.000 1.000]|0 3 0]x 103
00 4

= 103[2.000 3.000 4.000]
Substituting this matrix into Eq. 176 with the vector q=[68; 6, 6,]", one

obtains

261 + 362 + 463 = 0
or

6,

05
From which 8, can be expressed in terms of 8, and 0, as
6, = —1.50, — 26,
Therefore, the vector q can be written in terms of 8, and 0; as
6, ~15 -200]
q=|6,|=| 1 0 [62] (3.185)
05 0 1 :
This defines the matrix B, of Eq. 180 as
—-1.5 =200
B,=| 1 0
0 1

Therefore, the matrices M; and K; of Eq. 183 are given by
2 0 0ff —-1.5 -2.00

-15 10
M,~=B,TMB,=103[ 200 0 1] 0 3 0| 1 0
' 00 4f o 1

e 75 60
- 60 12
1 =1 ol =15 —200

-15 1
K,.=B,TKB,=12><105|: 2(5)0 0 (1)] -1 3 =24|] 10 00
' 0o -2 2 o 1.0

825 30
_ 5
=12x10 [3.0 6.0]



3.12.Method of Transfer Matrices 155

Using M; and K;, the reduced system of equations can be written as

Mi§; + Kiq; =0

75 6076 825 3.07[0 0
10° o2 s 2|
[6.0 12 ][93]+ 1210 [3.0 6.0][03] [0]

This system has no rigid-body modes, and, therefore, other vibration modes can be
determined using the analytical methods or the numerical procedure described in
this section. Having determined the modes of 6, and 85, Eq. 180 or, equivalently,
Eq. 185 can be used to determine the modes of 8,, 8,, and 8;.

or

3.12 METHOD OF TRANSFER MATRICES

In the preceding section, a numerical procedure for determining the mode
shapes and natural frequencies of the multi-degree of freedom systems was
discussed. The convergence of this numerical procedure was proved and
numerical examples that demonstrate its use were presented. The basic idea
used in the matrix-iteration method or Stodola method, as it is sometimes
refered to, is that an assumed mode shape is successively adjusted until the
true mode shape is obtained. Once convergence is achieved the natural fre-
quency associated with this mode can be evaluated. In this section, an alterna-
tive method which proceeds in the reverse sequence is discussed. That is, an
initial assumption for the frequency is made. By successive adjustments, the
true frequency is obtained and the mode shape associated with this frequency
is simultaneously evaluated. The procedure discussed in this section is suitable
for the analysis of mechanical and structural chain systems whose elements
are arranged along a basic axis.

In order to demonstrate the fundamental concept of the procedure, we
first discuss Holzer’s method. We then generalize this procedure by using a
rectilinear mass—spring multi-degree of freedom system. The application of
the method to other systems such as torsional systems are also discussed
before we conclude this section.

Holzer's Method This method is basically a trial-and-error scheme for
determining the natural frequencies of multi-degree of freedom systems. The
method has had its widest application in the analysis of multi-degree of
freedom torsional systems. The same concept, however, can be applied to the
analysis of other systems as demonstrated later in this section.

Figure 9 shows a torsional system which has n degrees of freedom. Recall
that if this system vibrates at one of its natural frequencies, the shape of
deformation will be the mode shape associated with this frequency. We have
previously shown that in the case of free vibration, the equation of motion of
the multi-degree of freedom system is given by

Mi+Kq=0
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Il 12 13 In
kl k2
[ n | ¢ =1
/

F1c. 3.9. Holzer’s method.

where M and K are, respectively, the symmetric mass and stiffness matrices,
and q is the vector of generalized coordinates. A solution of the equation of
motion is assumed in this case in the following form:

q = Asin(wt + V)

where A = [A4, A, --- A,]"is the vector of amplitudes of the disks. Substitu-
ting this solution into the equation of motion yields the following relationships
between the amplitudes of the disks:

[K — @®M]A = 0 (3.186a)
where
I, 0 0 0
M |0 B0 0
0 I,
and ~
kll k12 kln
K= k21 k22 k2n
_knl kn2 kml
Y 7 |
_ —kl kl + kz _kz e 0
| 0 0 k(n-l)

Therefore, Eq. 186a yields the following scalar equations:
LA, + k(A — 43) =0
La?A, + ki5(A; — Ay) + kyz(A; — A3) =0
Liw? A + ky3(Ay — Ag) + kag(A3 — A) =0 > (3.186b)

Inszn + k(n—l)n(An - An—l) = OJ

where I; denotes the mass moment of inertia of the disk j and k;; is the ijth
element of the stiffness matrix K. Since there is no external force or couple
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acting on this system, adding the preceding equations yields

J; L[w*4;=0 (3.187a)

Since the mode shape can be determined to within an arbitrary constant,
without any loss of generality we assume that the amplitude of the first disk
is equal to one. Assuming different values of w, Eq. 186a or 186b can be solved
for the amplitudes A,, 43, ..., 4,. For example, from the first equation in Eq.
186b, the amplitude 4, can be written in terms of the amplitude 4, as

I, w4,
ki,

Ay = A,

Once A, is determined A5 can be calculated by using the second equation in
Eq. 186b as

Lw*A
A=A, — 2074,

224, 4 -
23 23

Continuing in this manner, all the amplitudes corresponding to the assumed
value of w can be determined. The assumed value of @ and the calculated
amplitudes can then be substituted into Eq. 187a. If this equation is satisfied,
then w is a root of this equation and accordingly the assumed w is a natural
frequency of the system and the corresponding amplitudes 4, 4,, ..., 4,
represent the mode shape associated with this frequency. One, therefore, may

write Eq. 187a as
Z ijzAj —f(wz) (3.187b)
j=1

One can then plot f(w?) as a function of w? and the roots of this function
which define the natural frequency of the system can easily be found.

The method of transfer matrices can be considered as a generalization of
the Holzer’s method. The application of the transfer-matrix method to the
vibration analysis of rectilinear mass—spring systems as well as torsional
systems is also discussed in this section.

Rectilinear Mass-Spring System Figure 10 shows a multi-degree of
freedom mass—spring system. Let X; denote the acceleration of the mass i, F;
is the spring force acting on the mass from the right and F} is the spring force
action on the mass i from the left. The dynamic equilibrium condition for the
mass i is given by

m;%; = Ff — F (3.188)

If we assume harmonic oscillation, the displacement of the mass i can be

written as
x; = X; sin(wt + ¢) (3.189a)

where X; is the amplitude, w is the frequency, and ¢ is the phase angle.
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F1G. 3.10. Transfer matrix method.

Equation 189a implies that
% = —wx; (3.189b)

Substituting this equation into Eq. 188 and rearranging the terms in this

equation, one obtains
F= —a)zmixi + Fil (3.190a)
Furthermore, for the point mass m; we have
xf=x!=x (3.190b)

Equations 190a and 190b can be combined into one matrix equation. This

yields
X} 1 o[ x!
[F] ) [—w’m- J[F?] .

which can be written compactly as
s =Ps! (3.192)

where

and

1 0

The vectors s! and s! are called the state vectors, and P, is called the point
matrix.

If we consider the equilibrium of the massless spring k;, the following
relationships can be easily verified:

1
xj=x{_; + EF{_I
1

Fil = Fir—l
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These two equations can be combined in one matrix equation. This leads to

xi] [t vk][xi,
Fj [0 1 JlF,
which can be written compactly as

st = His_, (3.193)

where H,; is called the field matrix, and is defined as

N2
m=lp ')

Substituting the vector s as defined by Eq. 193 into Eq. 192, one obtains
si = P,H;s]_, (3.194)
which can also be written as
s; = Tsi4 (3.195)

where T, is called the transfer matrix defined as

R S B A [ S V2
T"_P"H"’[—wzm,. 1][0 1]

B 1 1/k;

—(l)zmi (1 - a)zmi/ki)
Using a similar procedure, the state vector s{_; can be expressed in terms of
the state vector s}_, as

(3.196)

S;_l = T-_IS§_2 (3197)
which, upon substituting into Eq. 195, leads to
S = TTsi-,

Continuing in this manner, one obtains
si =TT T, Tsp (3.198)

where sj is the state vector at the initial station. We may then write Eq. 198
in the simple form

s; = T,;85 (3.199)
where the matrix T;, is given by
T, =TT T, Ty (3.200)

Observe that Eq. 199, in which the state vector at station i is expressed in
terms of the state vector of the initial station, represents two algebraic equa-
tions. Usually a force boundary condition or a displacement boundary con-
dition would be known at each end of the system. When these boundary
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conditions are substituted into this equation, one obtains the characteristic
equation which can be solved for the natural frequencies of the system. The
natural frequencies can then be used to determine the mode shapes of the
system. This procedure represents one alternative for using Eq. 199. Another
alternative which is more suited for a system with a large number of degrees
of freedom is to use a numerical procedure based on Holzer’s method. The
natural frequency of the system and the unknown boundary condition at
station 0 are assumed. The unknown values of the displacement and force at
station 1 can then be determined by using the transfer matrix T,. This process
can be continued until the other end of the system is reached, thus defining
the boundary condition at this end. Since either the displacement or the force
must be known at this end, the results obtained using the procedure of the
transfer matrix can be checked and the error can be determined. If the error
is not equal to zero or is relatively small, another value of the natural frequency
is assumed and the entire procedure is repeated. This process is continued
until the error becomes zero or relatively small.

r Example 3.11

The use of the transfer-matrix method is demonstrated in this example by using the
simple two degree of freedom system shown in Fig. 11. We assume for simplicity
thatm, = m, = mand k; = k, = k. The boundary conditions at station O are x = 0,
and F = F,. The boundary conditions at mass 2 are x = x, and F = 0. By using
Eq. 195 one has

st = Ts}

That is,

X1 [ 1 1/k %] [ 1 1/k ][0
Fi| | —o*m (1—o*m/k)]||F;| | —o*m (1-o’mfk) || F,

Similarly, we have
sh = T,s}

which can be written in a more explicit form as

A EANE 1/k :||iﬂ:|
[F; o | | -etm (1 —oPmik) || F;

0 1 2
I
|
k, k,
m, VW m,
7z 777 S

Fi1G. 3.11. A two degree of freedom system.
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which, upon substitution for x] and Fj, yields

X, 1 1/k 1 1/k 0
0 —0*m (1 —o?mk) ]| —0’m (1 —o’mfk) || F,

(1 — w?mfk) (1/k)2 — w?mfk) o
T —wm (2 - “’_Z'f> —o?mfk + (1 — w*m/k)? [Fo]

which yields the following two algebraic equations:

or

k k\?
w“—-3w2*+<—> =0
m \m

Observe that this is the characteristic equation of the system which has the follow-
ing roots:

Koo
0’ = [3F /5]

k
0?=038197—, o, = 0.618\/E
m m

03 = 2618035, o, = 1618 |
m m

That is,

If we substitute these values for w,; and o, into the first algebraic equation obtained
from the application of the transfer-matrix procedure, we obtain for the first mode

F, wim\ F, F,
=f2- =-2(2 - 0.38197) = 1.61803->
X = (2 p > k( 0.38197) 803 p

and for the second mode

F, wim F, F,
=——{2———)=—(2—-261803) = —0.61803 —
Xy k( k> k( 03) 0.6180 ’

Since x; = Fy/k, the first and second mode shapes are given by

1 1
A= [1.61803]’ Az = [—0.61803]
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Torsional System The transfer-matrix method can also be used in the
vibration analysis of torsional systems. The point, field, and transfer matrices
can be obtained in a manner similar to the case of rectilinear mass—spring
systems. Figure 12 shows a disk i, the left surface of which is connected to a
shaft which has stiffness k;, while the right surface is connected to a shaft which
has stiffness k;,;. Assuming harmonic oscillations, the equation of motion of
the disk is given by

M! = -0’6, + M! (3.201)

where M; is the moment, ; is the mass moment of inertia of the disk, and 6,
is the angular oscillation which can be used to define the equation

0, =0 =6 (3.202)

Equations 201 and 202 can be combined in order to obtain

0{ _ 1 0 0'_1
[M:]‘[—m,. J[M;] (3203

which is in the same form as Eq. 191 developed for the rectilinear system. It
can, therefore, be written in the form of Eq. 192 as

s = Pss; (3.204)

where the state vectors s} and s; are defined by

SIS
Si = A | i = | 2 n
M; M

and the point matrix P, is given by

1 0
P = [—wzli 1}

If we consider the equilibrium of the shaft k; which is assumed to be massless,
we have

1
9;'1 = Bir—-l + EMir—l

M:l =M,

Loy L Ly I;

FI1G. 3.12. Torsional system.
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which can be combined in one matrix equation as

FE R B

where the field matrix H, can be identified as

1y
Hi”[o 1]

Equation 205 can be substituted into Eq. 203. This yields
s; = Tsiy

where T, is the transfer matrix defined in this case as

1 01 Uk
Ti_P"Hi_[—a)in 1][0 1]

_[ 1 1/k; }
Lo (1 - 0Pk

(3.205)

(3.206)

(3.207)

If Eq. 206 is applied to successive points of the torsional system one obtains
equations similar to Eqs. 199 and 200 developed for the rectilinear mass—

spring system.

Example 3.12

M = 0. We, therefore, have

0] [ 1t 1/k 057 [ 1
M| |~ (- || M5 | —e? (1 - @?1/k)

Fi1G. 3.13. Two degree of freedom system.

In order to demonstrate the use of the transfer-matrix method in the vibration
analysis of torsional systems, we consider the simple two degree of freedom system
shown in Fig. 13 which consists of two disks which have moments of inertia I, and
1, and two shafts which have torsional stiffness coefficients k, and k,. For simplicity,
we assume that I, = I, = I and k, = k, = k. The boundary conditions at station
0is @ = 0and M = M,, while the boundary conditions at station 2 are 6 = 6, and

]l
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05 [6,] [ 1 1/k 6: ]
My| 0] [ (1-o?k) || M

These two matrix equations yield

0] [ 1 1/k 1 vk [0
0| [ -0 (1-o®k)]|| -0 (1-ol/k)]| M,

[ -k (2 — w?I/k) 0
T 02 - 0 lk) —o*lk+ (1 — 0?I/k)? || M,

which yields the following two scalar equations:

M w?l
9,=_"2(2—-"_
=)

o=|(1 @*I\? w21M
ST TR

The second algebraic equation yields the characteristic equation of the system

k k\?
4_3 27 - =
W w1+<1> 0

which defines the natural frequencies of the system @, and @, as

I I
W, = 0.618\/%, W, = 1.618\/%

By using a similar procedure to the one described in the preceding example, one
can show that the mode shapes of this system are given by

1 1
A = N A =
! [1.61803} : [—0.61803}

3.13 CONCLUDING REMARKS

and

In this chapter, methods for the vibration analysis of multi-degree of freedom
systems are discussed. The general form of the differential equations that
govern the linear vibration of multi-degree of freedom systems is first pre-
sented and the use of Newton’s second law as well as Lagrange’s equation in
developing these equations is demonstrated. In Section 3 of this chapter, the
undamped free vibration of multi-degree of freedom systems is discussed and
it was shown that a system with n degrees of freedom has n natural frequencies.
The important property of the orthogonality of the mode shapes was proved.
Using the orthogonality of the mode shapes, a set of decoupled differential
equations expressed in terms of the modal coordinates can be derived for the
vibration analysis of the multi-degree of freedom system. The cases of forced
vibration as well as viscously damped systems are also discussed and the
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procedure for reducing the number of coordinates using the modal transfor-
mation is outlined. Matrix iteration and transfer matrix methods that can be
used to determine the natural frequencies and mode shapes are presented in
the preceding two sections.

Formulation of the Stiffness and Flexibility Matrices In this
chapter, the stiffness matrix was obtained as the result of application of
Newton’s second law or Lagrange’s equation. There are other techniques
which can also be used to formulate the stiffness matrix. One of these methods
utilizes the definition of the stiffness coefficients. In order to demonstrate the
use of this method, let us consider the case of static analysis. In this case, the
equations derived in this chapter reduce to

Kq=Q

where K is the stiffness matrix, q is the vector of generalized coordinates, and
Q is the vector of generalized forces.
The preceding equation can also be written as

Z kijq i = Q:
j=1
This equation can be written explicitly as

kiiqy + kizqp + 0 + kg + - + ki = Q;

where k;;, i,j = 1,2, ..., n, are the elements of the stiffness matrix. Note that
the stiffness coefficient k;; is the force resulting from a unit displacement of the
coordinate i, while holding all other coordinates equal to zero. The stiffness
coefficient k;; (i # j), on the other hand, is the force associated with the
coordinate i as the result of a unit displacement of the coordinate j while
holding all other coordinates equal to zero. Since the stiffness matrix is
symmetric, it is also clear that k;; is the force associated with the coordinate
j as the result of a unit displacement of the coordinate i. It is left to the reader
to try to use this approach to develop the stiffness matrices of the systems
presented in Section 2 of this chapter.

The flexibility matrix is defined to be the inverse of the stiffness matrix, we,
therefore, have the following equation for the static equilibrium:

q=K7Q

where K™ is the flexibility matrix. The preceding equation yields

q; = Zﬁ]Q] =f1Q1 + 202+ +fuQi + - + Qs

where f;; are the flexibility coefficients. Observe that the flexibility coefficient
fi1s equal to the displacement of the coordinate i as the result of the applica-
tion of a unit load Q; while Q; (j # i) are all zeros. The flexibility coefficient
fi;1s the displacement of the coordinate j as the result of the application of a
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k, k,
%—’\/\/\/‘— m; —\AW— m,

Fic. 3.14. Evaluation of the stiffness and flexibility coefficients.

unit load Q; = 1 associated with the coordinate i while Q; (j # i) are all equal
to zero. The flexibility matrix is symmetric and consequently f;; is also equal
to the displacement of the coordinate i as the result of the application of a unit
load Q; while all other forces are equal to zero. Therefore, the flexibility matrix
can be found using this approach or by the direct inversion of the stiffness
matrix.

We demonstrate the use of the methods discussed in this section for formu-
lating the stiffness and the flexibility matrices using the system shown in
Fig. 14. If the mass m is given a unit displacement while holding the mass m,
fixed, the force acting on the mass m; is given by

k11=k1+k2

while the force acting on the mass m, as the result of a unit displacement of

the mass m, is
kiz = —k,

Similarly, if the mass m, is given a unit displacement while holding the mass
m, fixed, the force acting on the mass m, as the result of this displacement is
kyy = —k,

and the force acting on m, is
ka2 =k,
Therefore, the stiffness matrix K is given by
K = [kl +k, —kz]
—ky  k
In order to determine the elements of the flexibility matrix, a unit load
Q, = lisfirst applied statically at the mass m,, while the external force acting

on the mass m, is assumed to be equal to zero. In this case, the displacements
of the two masses are equal and are given by

1
f11 =f21 =k_1

In order to determine f,, and f,,, a unit load Q, = 1 is applied statically to
the mass m, and Q, is assumed to be zero. Using the concept of equivalent
springs discussed in Chapter 3 of Volume I, it is clear that

k, +k, 1

f22=le“2—’ f12=k—1
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Therefore, the flexibility matrix K™ is given by

o[ kT
T Lk (kg + kKoK,

Observe that KK™! = K™!K = I, where I is the 2 x 2 identity matrix.

Direct Numerical Integration The method of mode superposition
discussed in the preceding sections of this chapter has been widely used in the
vibration analysis of multi-degree of freedom systems. In addition to the
physical insight gained from its use, the mode-superposition technique leads
to a set of uncoupled differential equations which can be solved in a closed
form in a manner similar to the equations that describe the vibration of single
degree of freedom systems. Furthermore, if high-frequency modes of vibration
do not significantly contribute to the solution of the vibration equations,
modal truncation can be used to reduce the number of degrees of freedom. In
this case, one has to determine only the low-frequency modes of vibration.

In some other applications, however, such as in the case of impact loading,
the contribution of the high-frequency modes of vibration is significant. If the
number of degrees of freedom is very large, the use of the mode-superposition
technique is not recommended since the solution of the eigenvalue problem
for a large system becomes a difficult task. Another situation where the use of
mode superposition is not recommended is in the cases where the vibration
equations are nonlinear. As a simple example, consider the multi-degree of
freedom system shown in Fig. 3 and discussed in Section 2. In deriving the
equations of motion of this system, the assumption of small oscillations was
used. This leads to a set of linear differential equations which can be solved
using the techniques discussed in the preceding sections. If the displacements
of the masses are large such that the assumption of small oscillations is no
longer valid, the resulting differential equations of motion are no longer linear.
Consequently, the mode shapes and natural frequencies of the system are no
longer constant. Consequently, the use of the mode-superposition technique
can be very expensive computationally.

An alternate approach for the use of the modal-expansion method is the
direct numerical integration of the system differential equations.This subject
was discussed in Chapter 5 of volume I and the method presented there for
the analysis of single degree of freedom systems can be generalized to the case
of multi-degree of freedom systems. To this end, we write the equations of
motion of the linear or the nonlinear system in the following general form:

Mj=1,(q, 4,01 (3.208)

where f, is a vector function which can be nonlinear in the coordinates,
velocities, and time. Observe that in the case of linear systems, the vector
function f, is given by
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Assuming that the mass matrix is nonsingular, Eq. 208 can be used to define
the accelerations as follows:

ii = M_lfl (qa (Ia t) (3209)

One may define the vectors y = [y, y,1" as

Y1 q
= = 3.210
d [Y2J [q} ( )

Using this equation and Eq. 209, ¥, can be defined as
¥y, =M7i(q,§ ) = MT'y(y, ¥z, 0)
= M7,(y, t)
which can be written compactly as
y2 =Gy, 1) (3.211)

where
G(ya t) = M_lfl (ya t)

Equation 211 can be combined with the equation
yi=Y2

to yield the following system of equations

. W _| Y
y—|:5’2] [G(y, t)] (3212

For a system of n degrees of freedom, Eq. 212 has 2n first-order differential
equations which can be integrated numerically forward in time using direct
numerical-integration methods such as the Runge—Kutta method.
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Problems

3.1

32

3.3,

34.

3.5.

3.6.

3.7

38.

By using Newton’s second law, obtain the differential equations of motion of the
multi-degree of freedom system shown in Fig. P1.

Fic. P3.1

By using Lagrange’s equation, obtain the differential equations of motion of the
system shown in Fig. P1.

Determine the natural frequencies and the mode shapes for Problem 1, taking
ky=k,=ky=k,=k=1x10*N/m,and m; = m, =my =m =2kg.

Repeat Problem 3, for the case in which k;, =k, =k; =k, =k and m, =m,
m, = 2m, and my = m.

Obtain the differential equations of free vibration of the three degree of free-
dom system shown in Fig. P2 by using Newton’s second law. Assume small
oscillations,

Use Lagrange’s equation to derive the differential equations of free vibration of
the system of Problem 5. Obtain also the natural frequencies and the mode shapes
of vibration, assuming that m; =m, =m; =1kg, I =05m,and k;, =0, k, =
ky =2 x 10° N/m.

Derive the differential equations of motion of the system shown in Fig. P3.
Determine the natural frequencies and the mode shapes of vibration. Assume
that m, = m, = m; = 1 kg, and | = 0.5 m. Assume small oscillations.

Assuming small oscillations, determine the natural frequencies and mode shapes
of vibration of the system shown in Fig. P4. Assume that m; = 2 kg, m, = m; =
0.5kg |, =1, =05m,and k; =2 x 10° N/m.
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39.

3.10.

311,

312
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Fic. P3.2 Fic. P3.3
Xy
k, "
7 ////'
t 8 L
1 m, Iy I, I
L I, I I3
[}
2 G m,
FiGc. P34 Fic. P3.5

Figure P5 depicts a shaft which supports three disks which have mass moments
of inertia I,, I,, and I5. The shaft, which is assumed to have negligible mass, has
a circular cross section of diameter d and modulus of rigidity G. Obtain the
differential equations that govern the torsional vibration of this system.

Obtain the natural frequencies and mode shapes of the torsional system of
Problem 9 assuming that the shafts are made of steel and have equal diameters
of00lm, I, =L, =1I,=1x 10°kg-m?andl, =, =1; =0.5m.

Assuming small oscillations, derive the differential equations of motion of the
system shown in Fig. P6 by using Newton’s second law. Obtain also the differ-
ential equations using Lagrange’s equation of motion.

In Problem 11,if m, =m, =m; =m = 1 kg, and k; = k, = k =2 x 10° N/m,
obtain the natural frequencies and mode shapes.
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3.24.

3.25.
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Fic. P3.6 Fic. P3.7

By using Newton’s second law or Lagrange’s equation, derive the differential
equation of motion of the system shown in Fig. P7. Assume small oscillations.

In Problem 3, if m = 3 kg, k = 1000 N/m, and the initial displacements of the
masses m,, m,, and mj, are, respectively, 0.01, 0, and 0 m, determine the solution
of the free vibration assuming that the masses have zero initial velocities.

For the system shown in Fig. P4,letm, =m, =m; =2kg, |, =1, =0.5m, and
k, = 1000 N/m. The masses m,, m,, and m, are assumed to have zero initial
displacements. Obtain the solution for the free vibration assuming that the rod
I, has initial angular velocity of 3 rad/s.

Find the solution of the free vibration of the system of Problem 8 in terms of
the initial displacements and velocities.

Obtain the solution for the free vibration of the system in Problem 12 in terms
of the initial conditions.

Determine the modal mass and stiffness coefficients of the system of Problem 6.
Determine the modal mass and stiffness coefficients of the system of Problem 8.
Determine the modal mass and stiffness coefficients of the system of Problem 10.
Determine the modal mass and stiffness coefficients of the system of Problem 12.

In Problem 12, if the spring k is removed, does the new system have a rigid-body
mode? If the answer is yes, identify this rigid-body mode.

Show that, for an n-degree of freedom system, if the vectors of initial coordinates
and velocities are proportional to a linear combination of m mode shapes, where
m < n, then the motion of the n-degree of freedom system is equivalent to the
motion of an m-degree of freedom system.

In Problem 12 determine the natural frequencies and mode shapes if the effect
of gravity is neglected.

By inspection identify the rigid-body modes of the system shown in Fig. P7 if
the effect of gravity is neglected.
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3.26.

3.27.
3.28.

3.29.

3.30.

331

3.32.

333.

3.34.

3. Multi-Degree of Freedom Systems

Using Lagrange’s equation or Newton’s second law, obtain the differential
equation of motion of the forced vibration for the system shown in Fig. P8. The
moment M is given by M = M, sin w;t, where My, = 2 N-m, and w; = 5 rad/s.
Assume small oscillations, my =m, =m; = 1 kg, k, =k, = 10 N/m, ¢, = ¢, =
10 N-s/m, and / = 0.5 m.

Fic. P38

In Problem 26, if ¢, = ¢, = 0, obtain the steady-state solution.

The system shown in Fig. P9 consists of masses which are connected by elastic
elements and a damper. The system is subjected to support excitation as shown
in the figure. Derive the differential equations of motion of this system.

y = Y, sin ot

k, ks '
H’I‘ ﬂ'I:, C m_‘
Lo

Fic. P3.9

In Problem 28 obtain the steady-state solution for the undamped system. As-
sume m, =m, =my; =1 kg, k, =k, =k =1 x 10®* N/m, ¥, = 001 m, and
w; = 4 rad/s.

Assuming small oscillations, derive the differential equations of motion of the
system shown in Fig. P10.

Obtain the differential equation of motion of the system shown in Fig. P11.
Assume small oscillations.

Obtain the differential equation of motion of the system shown in Fig. P12.
Assume small oscillations.

Use the state transition matrix to determine the solution of the free-vibration
equation for the underdamped, critically damped, and overdamped single degree
of freedom systems.

Use the state transition matrix to determine the solution of the equation of the
forced vibration of the underdamped single degree of freedom systems.



Problems

FiG. P3.10 FiG. P3.11

Fic. P3.12

FiG. P3.13

3.35. Obtain the differential equation of motion of the vehicle system shown in
Fig. P13. Assume small angular oscillations.

3.36. If the damping coefficient of the system in Fig. P9 is equal to zero and if m, =
1 kg, my =15 kg, my =2 kg, k; =6 x 10° N/m, k, =8 x 10° N/m, k; =
10 x 10° N/m, determine the natural frequencies and the mode shapes using the
matrix-iteration method.
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3.37.

3.38.

3.39.

3.40.

341.

3. Multi-Degree of Freedom Systems

Show that the reduced system equations of motion obtained in Example 10 leads
to the same natural frequencies and mode shapes determined in Example 5.

Use the matrix-iteration method to determine the natural frequencies and mode
shapes of the system of Problem 3, assuming that m = 2.5 kg.

Use the matrix-iteration method to determine the natural frequencies and mode
shapes of the system of Problem 8 assuming that k; = 1.5 x 10° N/m.

Determine the natural frequencies and mode shapes of the system of Problem
27 using the matrix iteration method.

Determine the mode shapes and natural frequencies of the system of Problem
36 using the transfer-matrix method.



4

Vibration of Continuous Systems

Mechanical systems in general consist of structural components which have
distributed mass and elasticity. Examples of these structural components are
rods, beams, plates, and shells. Our study of vibration thus far has been limited
to discrete systems which have a finite number of degrees of freedom. As has
been shown in the preceding chapters, the vibration of mechanical systems
with lumped masses and discrete elastic elements is governed by a set of
second-order ordinary differential equations. Rods, beams, and other struc-
tural components on the other hand are considered as continuous systems
which have an infinite number of degrees of freedom. The vibration of such
systems is governed by partial differential equations which involve variables
that depend on time as well as the spatial coordinates.

In this chapter an introduction to the theory of vibration of continuous
systems is presented. It is shown in the first two sections that the longitudinal
and torsional vibration of rods can be described by second-order partial
differential equations. Exact solutions for these equations are obtained using
the method of separation of variables. In Section 3 the transverse vibrations
of beams are examined and the fourth-order partial differential equation of
motion that governs the transverse vibration is developed using the assump-
tions of the elementary beam theory. Solutions of the vibration equations are
obtained for different boundary conditions. In Section 4 the orthogonality of
the eigenfunctions (mode shapes or principal modes) is discussed for the cases
of longitudinal, torsional, and transverse vibrations and modal parameters
such as mass and stiffness coefficients are introduced. The material covered
in this section is used to study the forced vibration of continuous systems in
Sections 5 and 6, where the solution of the vibration equations is expressed
in terms of the principal modes of vibration. Section 7 is devoted to the
solution of the vibration equations subject to inhomogeneous boundary con-
ditions, while in Section 8 the effect of damping on the vibration of viscoelastic
materials is examined. In Section 9 the use of Lagrange’s equation and the
scalar energy quantities in deriving the differential equations of motion is
demonstrated. The last four sections are devoted to the use of approximate
methods in the analysis of continuous system.
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41 FREE LONGITUDINAL VIBRATIONS

In this section we study the longitudinal vibration of prismatic rods such as
the one shown in Fig. 1. The rod has length [ and cross-sectional area A. The
rod is assumed to be made of material which has a modulus of elasticity E
and mass density p and is subjected to a distributed external force F(x, f)
per unit length. Figure 1 also shows the forces that act on an infinitesimal
volume of length dx. The geometric center of this infinitesimal volume is
located at a distance x + dx/2 from the end of the rod. Let P be the axial
force that results from the vibration of the rod. The application of Newton’s
second law leads to the following condition for the dynamic equilibrium of
the infinitesimal volume:

*u oP
pAEz—éx =P+ a—xéx — P+ F(x, t)dx
which can be simplified to yield
*u oP
pAa—tzéx = Eéx + F(x, t)dx
Dividing this equation by dx leads to
0*u 0P
A——=—+F(x,t 4.1
The force P can be expressed in terms of the axial stress ¢ as
P=Ac 4.2)
The stress ¢ can be written in terms of the axial strain ¢ using Hooke’s law as
o = Ee, 4.3)
while the strain displacement relationship is
ou
= 44
. (4.4)

Substituting Eqgs. 3 and 4 into Eq. 2, the axial force can be expressed in terms

F(x,1) F(x, t)éx
- —>—> —> > > —_—
P 4— ——>P+g5x
l éx

FiG. 4.1. Longitudinal vibration of rods.
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of the longitudinal displacement as

ou
P=EA - .
. 4.5
Substituting Eq. 5 into Eq. 1 leads to
*u 0 ou
A—=_~-|EA—|+F 4.6
pA— 6x< 6x)+ (x, 1) (4.6)

This is a partial differential equation that governs the forced longitudinal
vibration of the rod.

Free Vibration The equation of free vibration can be obtained from Eq.
6 by letting F(x, t} = 0, that is,

o*u 0 ou
A= (EAT :
P2 " ox <EA 6x> @7

If the modulus of elasticity E and the cross-sectional area A are assumed to
be constant, the partial differential equation of the longitudinal free vibration
of the rod can be written as

pA ZZT'; =EA % (4.8)
or , ,
L 49)
where c is a constant defined by
c= [E (4.10)
p

Separation of Variables The general solution of Eq. 8 can be obtained
using the method of the separation of variables. In this case we assume the
solution in the form

u(x, t) = ¢(x)q(®) (4.11)

where ¢ is a space-dependent function and g is a time-dependent function.
The partial differentiation of Eq. 11 with respect to time and with respect to
the spatial coordinate leads to

62
2 = 040 412)
62
o2 = 4940 (@.13)

where (') denotes differentiation with respect to time and (') denotes differentia-
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tion with respect to the spatial coordinate x, that is,

d’q
G() = — 4.
4(1) 1 (4.14)
U4 d2¢
¢'(x) = ix? (4.15)
Substituting Egs. 12 and 13 into Eq. 9 leads to
¢4 = c*¢'q (4.16)
or
2Y 4 417
¢ 4 @1

Since the left-hand side of this equation depends only on the spatial coordinate
x and the right-hand side depends only on time, one concludes that Eq. 17 is
satisfied only if both sides are equal to a constant, that is

LA S (4.18)
¢ 4q
where w is a constant. Observe that a negative constant —w?® was selected.
This choice leads to oscillatory motion. The choice of zero or a positive
constant does not lead to vibratory motion and, therefore, it must be rejected.
For example, one can show that if the constant is selected to be zero the
solution increases linearly with time. While if a positive constant is selected,
the solution contains two terms; one exponentially increasing function and
the second is an exponentially decreasing function. This leads to an unstable
solution which does not represent an oscillatory motion. Therefore, in order
to obtain an acceptable solution that describes the undamped vibration of the
system, both sides of Eq. 17 must be equal to a negative constant.
Equation 18 leads to the following two equations:

2
¢" + (%) ¢=0 (4.19)
j+ow’q=0 (4.20)
The solution of these two equations is given by
$(x)=A4, sin%x + A, cos%x 4.21)

g(t) = B, sin wt + B, cos wt 4.22)

By using Eq. 11, the longitudinal displacement u(x, t) can then be written
as

u(x, 1) = ¢(x)q(t) = (A1 sinfgx + A4, cos%x) (B, sin wt + B, cos wt)
(4.23a)
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where 4,, A,, B, B,, and w are arbitrary constants to be determined by using
the boundary and initial conditions.

Elastic Waves Equation 23a can also be written in the following alternate
form:

u(x, t) = A sin <%x + ¢1>sin((ut + 4,)

where A, ¢;, and ¢, are constants that can be expressed in terms of the
constants 4,, A,, B;, and B,. By using the trignometric identity

sin (%x + ¢1>sin((ut + )

= 1|:cos<9x + ¢, — wt — ¢2> — cos <9x + ¢ + ot + ¢2>],
2 c c

the preceding equation for the displacement u can be written as
A w A w
ulx, t) = icos(cx —wt+ ¢, — ¢2> - §COS<Zx +ot+ ¢, + ¢2)

which can be written as

u(x, t) = fi(kx — ot + ¢,,) + fr(kx + ot + 4,) (4.23b)
where the constants 4, 4,, and k are
G = ¢1 — ¢,
$,=¢1 + ¢,
k=2
c

and the functions f; and f, are defined as

filkx — ot + ¢,) = gcos(kx - owt+ é,)

failkx + ot + ¢,) = —gcos(kx + wt + ¢,)

The function f;(kx — wt + ¢,,) represents a harmonic wave traveling in
the positive x direction with a wave velocity ¢ = w/k, while the function
fo(kx + wt + ¢,) represents another elastic harmonic wave traveling in the
opposite direction with the same wave velocity c, where ¢ is defined by Eq. 10.
Therefore, Eq. 9 is often called the wave equation of the longitudinal vibration
of the rod. Observe that the wave velocity ¢ is constant and depends on the
material properties of the rod. The constant k which relates the wave velocity
¢ to the frequency of the harmonic w is called the wave number.
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Boundary Conditions and the Orthogonality of the Eigenfunc-
tions In order to demonstrate the procedure for determining the constants
in Eq. 23a, we consider the example shown in Fig. 2 where the rod is fixed at
one end and is free at the other end. The boundary condition at the fixed end
is given by

u0,t)=0 4.24)
while at the free end, the stress must be equal to zero, that is,
ou(l
ol 8) = Ee(l, ) = E25D _ g
0x
That is, the boundary condition at the free end is given by
du(lt
uhd) _ =0 (4.25)
0x

The boundary condition of Eq. 24 describes the state of displacement at the
fixed end. This type of boundary condition is called geometric boundary
condition. On the other hand, Eq. 25 describes the state of force or stress at
the free end of the rod. This type of condition is often refered to as natural
boundary condition. That is, the geometric boundary conditions describe the
specified displacements and slopes, while the natural boundary conditions
describe the specified forces and moments. Substituting Eqs. 24 and 25 into
Eq. 23a results in

u(0,0) = $0)g(0) = A,4() = 0
W) = #()q() = ( lcos—l—Azsm?l) =0

which lead to the following two conditions:
A, =0 (4.26)

l
Amm%=0 4.27)
For a nontrivial solution, Egs. 26 and 27 lead, respectively, to

ﬂﬂ=Aﬁm§x (4.28)

pE Al

FIG. 4.2 Fixed-end conditions.
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and
!
cos a’? =0 (4.29)

Equation 29 is called the frequency or the characteristic equation. The roots
of this equation are given by

ol n 3n 5n 2n— D=

?—5,7,7,...,—2*,... (430)
This equation defines the natural frequencies of the rod as
w,.=9"2—l””f, i=1,2,3... (431)

Using the definition of the wave velocity ¢ given by Eq. 10, the jth natural
frequency w; can be defined as

_@Q-yr E
o= [y I=L2h (4.32)

Thus, the continuous rod has an infinite number of natural frequencies.
Corresponding to each of these natural frequencies, there is a mode shape or
an eigenfunction ¢; defined by Eq. 28 as

¢j=A1jsin%x, i=1,23,... (4.33)

where 4;,j = 1,2,3, ..., are arbitrary constants. The eigenfunctions satisfy
the following orthogonality condition:

! 0 if i#j
L¢,~¢jdx—{hi it ie (4.34)

The longitudinal displacement u(x, t) of the rod can then be expressed as

u(x,t) = i #i(x)q;(t)

[
|

s

(C; sin w;t + D; cos a;t) sin%x (435)

J

[
—

where C;and D;are constants to be determined by using the initial conditions.

Initial Conditions Let usassume that the rod is subjected to the following

initial conditions:
u(x, 0) = f(x) (4.36)

t(x, 0) = g(x) 4.37)

Substituting these initial conditions into Eq. 35 leads to

u(x,0)=f(x) =S D;sinZx (438)
AT e
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i(x,0) = g(x) = ¥ @,C, sinﬁc’ix (4.39)
=

In order to determine the constants D; in Eq. 38, we multiply this equation
by sin(w;/c)x and integrate over the length of the rod. By using the orthogonal-
ity condition of Eq. 34, one obtains

2 [ :
Dj.—_fff(x)singc)lxdx, i=123,... (4.40)
0

Similarly, in order to determine the constants C;, we multiply Eq. 39 by
sin(w;x/c), integrate over the length of the rod, and use the orthogonality
condition of Eq. 34. This leads to

2 (! . w; )
Cl-=—J gx)sin—xdx, j=1,23,... 441
lo; Jo ¢

Observe that the solution of the equation of the longitudinal vibration of the
rod given by Eq. 38 is expressed as the sum of the modes of vibrations which
in this case happen to be simple harmonic functions. The contribution of each
of these modes to the solution will depend on the degree to which this par-
ticular mode is excited. As the result of a sudden application of a force, as in
the case of impact loading, many of these modes will be excited and accord-
ingly their contribution to the solution of the vibration equation is significant.
It is important, however, to make it clear that it is possible for the rod to
vibrate in only one of these modes of vibration. For instance, if the initial
elastic deformation of the rod exactly coincides with one of these modes and
the initial velocity is assumed to be zero, vibration will occur only in this mode
of vibration and the system behaves as a single degree of freedom system. In
order to demonstrate this, let us consider the special case in which the initial

conditions are given by

)
u(x,0) = sin ?" x

i(x,0) = 0

Clearly, the initial displacement takes the shape of the kth mode. Substituting
these initial conditions into Eqs. 40 and 41 and using the orthogonality of the
mode shapes, one obtains

D.=

J

0 if j#k
1 if j=k
Cl=0’ }=1,2,

That is, the solution of the equation of longitudinal vibration of Eq. 35 reduces
in this special case to

. O . @
u(x, t) = q,(t) sm?"x = D, cos wyt sm?"x
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which demonstrates that the rod indeed vibrates in its kth mode. This is due
to the fact that the initial conditions in this special case cause only the kth
mode of vibration to be excited. The continuous system in this special case
behaves as a single degree of freedom system. This can be demonstrated
by differentiating the displacement twice with respect to x and ¢, yielding,

respectively,
o*u o\ .o
(%) ao s

u . o,

a_tz = qk(t) Sln'c—x

Substituting these two equations into the partial differential equation of
Eq. 9, one obtains

. . wk 2 . wk
SIl—X = — SiIn—X
k ¢ k 1k ¢

which leads to the following differential equation:
G + 05q =0

This equation is in the same form as the equation which governs the free
vibration of a single degree of freedom system. The frequency of oscillation in
this case is ;.

If the initial conditions take a different form, the results will be different
and other modes may be excited as well. For example, one can show that
if the initial displacement of the system is a linear combination of several
modes, only these modes will be excited. The solution can then be represented
by a truncated series which has a finite number of terms instead of the infinite
series of Eq. 35. In this case, the continuous system can be analyzed as a
multi-degree of freedom system with the number of degrees of freedom being
equal to the number of modes which are excited. In many applications in
practice this approach is being used in the study of vibration of continuous
systems. Quite often, a finite number of modes are excited and the techniques
used in the analysis of multi-degree of freedom systems are often used in the
analysis of continuous systems as well. It is important, however, to emphasize
that the accuracy of the reduced finite-dimensional multi-degree of freedom
model in representing the actual infinite-dimensional continuous system will
greatly depend on the judgment of which modes are significant. The analysis
of the frequency content of the initial conditions and the forcing functions
may be of great help in deciding which modes can be truncated.

Other Boundary Conditions From the analysis presented in this section
it is clear that the mode shapes and the natural frequencies of the rod depend
on the boundary conditions. Thus far we have considered only the case in
which one end of the rod is fixed while the other end is free. Following a similar
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procedure to the one described in this section, the natural frequencies and
mode shapes can be determined for other boundary conditons.
If the rod is assumed to be free at both ends, the boundary conditions are
given by
ou(0,1) 0 ou(l,t)
x ox

Using these boundary conditions and the separation of variables technique,
one can show that the frequency equation is given by

sinw?l =0 (4.43)

0 (4.42)

which yields the natural frequencies of the longitudinal vibration of the rod
with free ends as

: o [E
o= 20 =123, (4.44)
l Iyp
The associated eigeﬁfunctions or mode shapes are given by
4= Azyc05°" (4.45)

Another example is a rod with both ends fixed. The boundary conditions in

this case are given by
u@0,)=0, u(l,t)=0 (4.46)

Using these boundary conditions and the separation of variables method, one
can show that the frequency equation is given by

l
sin—(Z— =0 (4.47)
which yields the natural frequencies
_Jre_im B
o= =Ty J=L23. (4.48)

The mode shapes associated with these frequencies are

b= 4y sinf—’l‘f, i=1,23... (4.49)

T Example 4.1

The system shown in Fig. 3 consists of a rigid mass m attached to a rod which
has mass density p, length I, modulus of elasticity E, and cross-sectional area
A. Determine the frequency equation and the mode shapes of the longitudinal
vibration.

Solution. The end condition at the fixed end of the rod is given by

u(0,8) =0 (4.50)




4.1. Free Longitudinal Vibrations 185

mii{l, t)

pE 4l P(,)

@ (b)

FIG. 4.3. Longitudinal vibration of a rod with a mass attached to its end.

The other end of the rod is attached to the mass m which exerts a force on the rod
because of the inertia effect. From the free-body digram shown in the figure, the
second boundary condition is given by

*u(lt) ou(l,t)

that is,
u(l, ) ou(l,©)
— _EA 4.
"o ox “31)

The longitudinal vibration of the rod is governed by the equation

u(x, 1) = $(x)q(1)
. W w .
= (A1 sin—x + A4, coszx)(B1 sin wt + B, cos wt) (4.52)
¢

Substituting Eq. 50 into Eq. 52 yields

A, =0
That is,
. WX .
u(x, t) = ¢(x)q(t) = A, SmT(Bl sin wt + B, cos wt)
which yields
0*u y, . ©X .
—— = —’4, sin— (B, sin wt + B, cos wt)
ot ¢
u o wx ,
— = — A, cos— (B, sin ot + B, cos wt)
ox ¢ ¢

Therefore, the second boundary condition of Eq. 51 yields
. ol . ) wl .
—mw?A, sin—(B, sinwt + B,coswt) = —EA— A, cos—(B; sinwt + B, cos wt)
¢ ¢ ¢

This equation implies

mowe . ol wl
—sin— = cos —
EA c
That is,
I EA
tan 2 = =2 (4.53)
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This is the frequency equation which upon multiplying both of its sides by wl/c,
one obtains
wl ol olEA IAp M
tan— = =

4 4 mmc m m

where M is the mass of the rod. The preceding equation can be written as

ytany =pu (4.54a)
where
wl M
Y= =’ K= m

Observe that the frequency equation is a transcendental equation which has an
infinite number of roots. Therefore, its solution defines an infinite number of natural
frequencies. This equation can be expressed for each root as

ytany,=p  j=123,.. (4.54b)
where
w;l
yj = T’y

and the eigenfunction associated with the natural frequency w, is

4= Ay, sin 2"
¢
Table 1 shows the first twenty roots of Eq. 54b for different values of the mass ratio

T8

TABLE 4.1
Mode Y

number u=0 u =001 u=01 u=1 u=10
1 1.5708 1.5552 1.4289 0.8603 0.3111

2 47124 4.6658 4.3058 3.4256 3.1731

3 7.8540 7.7764 72281 6.4372 6.2991

4 10.9956 10.8871 10.2003 9.5293 9.4354

5 14.1372 13.9981 13.2142 12.6453 12.5743

6 17.2788 17.1093 16.2594 15.7713 15.7143

7 20.4204 20.2208 19.3270 18.9024 18.8549

8 23.5619 233327 224108 22.0365 219957

9 26.7035 26.4451 25.5064 25.1725 25.1367
10 29.8451 29.5577 28.6106 28.3096 28.2779
1t 32.9867 32,6710 31.7213 31.4477 31.4191
12 36.1283 35.7847 34.8371 34.5864 34.5604
13 39.2699 38.8989 37.9567 37.7256 37.7018
14 424115 420138 31.0795 40.8652 40.4832
15 45.5531 45.1292 44.2048 44.0050 43,9846
16 48.6947 48.2452 47.3321 47.1451 47.1260
17 51.8363 51.3618 50.4611 50.2854 50.2675
18 54.9779 54.4791 53.5916 53.4258 53.4089
19 58.1195 57.5969 56.7232 56.5663 56.5504

20 61.2611 60.7155 56.7232 59.7070 59.6919
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Example 4.2

The system shown in Fig. 4 consists of a prismatic rod which has one end fixed and
the other end attached to a spring with stiffness k as shown in the figure. The rod
has length [, cross-sectional area A, mass density p, and modulus of elasticity E.
Obtain the frequency equation and the eigenfunctions of this system.

Solution. As in the preceding example, the boundary condition at the fixed end is
given by
u©0,1)=0

At the other end, the axial force of the rod is equal in magnitude and opposite in
direction to the spring force, that is,

P, t)= —ku(, 1)
Since P = EAv/, the preceding boundary condition is given by
EAu(,t) = —ku(l, t)

Using the technique of the separation of variables, the solution of the partial
differential equation of the rod can be expressed as

u(x,t) = g(x)q(t)
. W w .
= (A1 sin—x + A4, cos—x)(B1 sin wt + B, cos wt)
¢ ¢
As in the preceding example, the boundary condition at the fixed end leads to

4,=0

Therefore, the expression for the longitudinal displacement 4 may be simplified and
written as

u=@(x)g(t) = A, sin%x(B1 sin wt + B, cos wt)

and

w w .
' =—A{cos—x(B, sin wt + B, cos wt)
¢ ¢

By using the second boundary condition, the following equation is obtained:

EAgcos—azl = —k singl
¢ ¢ ¢
or
w EAw
tan—/= ———
c ke

p.E AL M
9

F16. 44. Longitudinal vibration of a rod with one end attached to a spring.
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Mul_tiplying both sides of this equation by wl/c and using the definition of ¢ =
\/ E/p, one obtains

wlt ol EAo®l  EAo’lp  o’M

c c kez kE k

where M is the mass of the rod. The above equation is the frequency equation which
can be written as
o*M

k

ytany = —

where

V=
c

The roots of the frequency equation can be determined numerically and used to
define the natural frequencies, w;, j =1, 2, 3, .... It is clear in this case that the
eigenfunction associated with the jth natural frequency is

. wjx
(/5,-=A1,-smT

L

4.2 FREE TORSIONAL VIBRATIONS

In this section we consider the torsional vibration of straight circular shafts
as the one shown in Fig. 5a. The shaft is assumed to have a length land a cross
section which has a polar moment of inertia I,. The shaft is assumed to be
made of material which has modulus of rigidity G and mass density p and
is subjected to a distributed external torque defined per unit length by the
function T.(x, t). In the analysis presented in this section, the cross sections of
the shaft are assumed to remain in their planes and rotate as rigid surfaces
about their centers. The equation of dynamic equilibrium of an infinitesimal
volume of the shaft in torsional vibration is given by

0%6 oT
plpﬁéx =T+ aéx — T+ T.ox (4.55)

where § = 6(x, t) is the angle of torsional oscillation of the infinitesimal volume
about the axis of the shaft, T is the internal torque acting on the cross section

G, T+—5x
G - _ ‘ P@

(@ (b)

FiG. 4.5. Torsional vibration.
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at adistance x from the end of the shaft, and dx is the length of the infinitesimal
volume. Equation 55 can be simplified and written as
%0 oT

Phar =t T

(4.56)
From elementary strength of material theory, the internal torque T is propor-
tional to the spatial derivative of the torsional oscillation 6. The relationship
between the internal torque and the torsional oscillation is given in terms of
the modulus of rigidity G as

o0
T=0GI,— .
Gl (457)
Substituting Eq. 57 into Eq. 56, one obtains
00 o 06
e = — 4.58
olp or ox (GIP ax) + 1 (458)

If the shaft is assumed to have a constant cross-sectional area and a constant
modulus of rigidity, Eq. 58 can be expressed as
%0 0%0

Free Vibration The partial differential equation that governs the free
torsional vibration of the shaft can be obtained from Eq. 59 if we let T, = 0,
that 1s,

0%0 0%0

which can be rewritten as
%0 %0

where ¢ is a constant that depends on the inertia properties and the material
of the shaft and is given by

G

c= |— (4.62)

p
Equation 61 is in the same form as Eq. 9 that governs the longitudinal
vibration of prismatic rods. Therefore, the same solution procedure can be
used to solve Eq. 61. Using the separation of variables technique, the torsional
oscillation 6 can be expressed as

0 = ¢(x)q(t) (4.63)

where ¢(x) is a space-dependent function and ¢(¢) depends on time. Following
the procedure described in the preceding section, one can show that

#0) = A, sin " + A, cos (4.64)

q(t) = B, sin wt + B, cos wt (4.65)
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where A;, A,, B;, B,, and w are arbitrary constants to be determined using
the boundary and initial conditions. Substituting Eqs. 64 and 65 into Eq. 63
yields

8(x, 1) = (A, sin? + A, cos f‘.’;) (B, sin wt + B, cos wf)  (4.66)

Boundary Conditions Equation 66 is in the same form as Eq. 23a which
describes the longitudinal vibration of prismatic rods. Therefore, one expects
that the natural frequencies and mode shapes will also be in the same form.
For example, in the case of a shaft with one end fixed and the other end free,
the natural frequencies and eigenfunctions of torsional vibration are given by

Qj—-lre Q-Drn [G
w] 2} 2} P ) J s 2, 39 (4 67)

4= Ay, sin¥, i=1,23,... (4.68)

and the solution for the free torsional vibration is

6=y sin?(cj sin w;t + D; cos wt) (4.69)
=
where the constants C; and D;, j =1, 2, 3, ..., can be determined by using

the initial conditions as described in the preceding section.
In the case of a shaft with free ends, the natural frequencies and eigenfunc-
tions are given by

jre  jr |G .
L A EE X 470
@:Azjcos?, i=1,23,... (4.71)

and the solution for the free torsional vibration of the shaft with free ends has
the form
® ;X )
6= 21 cosT(Cj sin w;t + D; cos w;t) 4.72)
=

where C; and D;, j=1, 2, 3, ..., are constants to be determined from the
initial conditions.

Similarly one can show that the natural frequencies and mode shapes of the
torsional vibration in the case of a shaft with both ends fixed are

jre _jm |G

=1 — i=1,2,3,... 4.7
wj ] I p, J ) 939 ( 3)

4= Ay sin(—ué—x, =123 ... (4.74)
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and the solution for the free torsional vibration is given by
S . ;X .
=17y sin—=—(C; sin w;t + D; cos ;1) (4.75)
j=1

As in the case of longitudinal vibrations discussed in the preceding section,
the orthogonality of the mode shapes can be utilized in determining the
arbitrary constants C; and D; using the initial conditions.

Example 4.3

The system shown in Fig. 6 consists of a disk with a mass moment of inertia I,
attached to a circular shaft which has mass density p, length [, cross-sectional polar
moment of inertia I,, and modulus of rigidity G. Obtain the frequency equation
and the mode shapes of the torsional vibration.

Solution. The two boundary conditions in this case are given by
80,1)=0
T(l,t) = GLO(, t) = ~1,0(, 1)

The solution for the free torsional vibration can be assumed in the form

6(x,1) = ¢(x)q(?)
= (A1 sin > + A4, cos ?)(B1 sin wt + B, cos wt)
c

Substituting the two boundary conditions into this solution and following the
procedure described in Example 1, it can be shown that the frequency equation is
given by

ytany = p
where
wl pl,l G
y=-— = 1.0 c=_[—
d P

This equation has an infinite number of roots y, j =1, 2, 3, ..., which can be
used to define the natural frequencies w; as

w=¥ ji=1,23, ...

J

p.G 1,1

Il

FiG. 4.6. Torsional vibration of a shaft with one end attached to a disk.
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[— Example 4.4

The system shown in Fig. 7 consists of a straight cylindrical shaft which has one end
fixed and the other end attached to a torsional spring with stiffness k, as shown in
the figure. The shaft has length /, mass density p, cross-sectional polar moment of
inertia I,, and modulus of rigidity G. Obtain the frequency equation and the
eigenfunctions of this system.

Solution. The boundary conditions in this case are given by
6(0,t)=0
T, =GI1,0(,8) = —k0(, 1)
The solution for the free torsional vibration is given by

0(x, 1) = 4(x)q(t)
= <A1 sinw—x + A4, cosw—x>(B1 sin wt + B, cos wt)
c c

Substituting the boundary conditions into this solution and following the proce-
dure described in Example 2, it can be shown that the frequency equation is given by
ytany= —p

where

wl w?pll, G
= CcC = —
P
The roots y;, j = 1, 2,3, ..., of the frequency equation can be obtained numerically.
These roots define the natural frequencies w;,j = 1,2,3,..., as

= BET

wj=}%, j=123,...

The associated mode shapes are

. WX
¢ = A,;sin—=
c

0,G L1

s 4ps

SOONNN,
L—

F1G. 4.7. Torsional vibration of a shaft with one end attached to a torsional spring.

4.3 FREE TRANSVERSE VIBRATIONS OF BEAMS

It was shown in the preceding two sections that the differential equations that
govern the longitudinal and torsional vibration of rods have the same form.
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The theory of transverse vibration of beams is more difficult than that of the
two types of vibration already considered in the preceding sections. There are
several important applications of the theory of transverse vibration of beams.
Among these applications are the study of vibrations of rotating shafts and
rotors and the transverse vibration of suspended cables. In this section, the
equations that govern the transverse vibration of beams are developed and
methods for obtaining their solutions are discussed.

Elementary Beam T heory In the elementary beam theory all stresses
are assumed to be equal to zero except the normal stress ¢ which is assumed
to vary linearly over the cross section with the y-coordinate of the beam as
shown in Fig. 8. The normal stress ¢ can be written as

6= ky (4.76)

where k is constant, and y = 0 contains the neutral surface along which the
normal stress o is equal to zero. The assumption that all other stresses are
equal to zero requires that the resultant of the internal forces be zero and that
the moments of the internal forces about the neutral axis equal the bending
moment M. That is,

J cdA =0, J yodd=-M 4.77)
4 4

where A is the cross-sectional area of the beam. Substituting Eq. 76 into
Eq. 77 yields

kjydA=0 (4.78)
A

kaMz—M 4.79)
A

Since k is a nonzero constant, the first equation implies that the neutral and
centroidal axes of the cross section coincide. The second equation can be

FiG. 4.8. Elementary beam theory.
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used to define k as

k= —

M
- (4.80)

where I, is the moment of inertia of the cross section about the z-axis of the
beam cross section, that is,

I,= f y?dA
A
Substituting Eq. 80 into Eq. 76 yields
M
6= 2 (4.81)
I,
Using Hooke’s law, the strain ¢ is given by
o My
e=¢= “ElL (4.82)

Let v denotes the transverse displacement of the beam. For small deformations
(dv/dx « 1), it can be shown that
d*v e M

dx y El, (483)

~ | -

where r is the radius of curvature of the beam. Equation 83 implies that
M =El" 4.84)
This equation is known as the Euler—Bernoulli law of the elementary beam

theory.

Partial Differential Equation In order to determine the differential
equation for the transverse vibration of beams, we consider an infinitesimal
volume at a distance x from the end of the beam as shown in Fig. 9. The length

Fix, t) éx
) 4 l l l y
M
M M+ —6x
0x
14
v
—3
ox v+ 0x x

F1G. 4.9. Moments and shear forces.
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of this infinitesimal volume is assumed to be 8x. Let Vand M be, respectively,
the shear force and bending moment, and let F(x, t) be the loading per unit
length of the beam. Neglecting the rotary inertia, the sum of the moments
about the left end of the section yields

(6x)*
2

oM

M
+6x

-0 (4853)

ox — M — Véx — %g(éx)2 — F(x, 1)

Taking the limit as §x approaches zero, the preceding equation leads to

oM
V_

= 4.85b
i (4.85b)

The dynamic equilibrium condition for the transverse vibration of the beam
is obtained by applying Newton’s second law as
0% ov
pAdx == =V ——dx + V + F(x, 1)ox (4.86)
ot 0x
where p is the mass density and 4 is the cross-sectional area. Equation 86 can
be rewritten after simplification as

0% oV
Ci= g +Fe 4.87)

Substituting Eq. 85b into Eq. 87 yields
Pv_ M

pAW T ox?

+ F(x, 1) (4.88)

The moment M can be eliminated from this equation by using the moment
displacement relationship. To this end, Eq. 84 is substituted into Eq. 83. This
leads to
0% 0*
O = E " )
pA 2 6x2( I,v") + F(x, t) (4.89)

If E and I, are assumed to be constant, Eq. 89 becomes
0% o*

v
pAZz = —EL -5+ F(x1) (4.90)

In the case of free vibration, F(x, t) = 0 and accordingly

0% o*v
W = — C2 ﬁ (4.91)
where ¢ is a constant defined as
E
¢c= i 4.92)



196 4. Vibration of Continuous Systems

Separation of Variables Equation 91 is a fourth-order partial differ-
ential equation that governs the free transverse vibration of the beam. The
solution of this equation can be obtained by using the technique of the
separation of variables. In this case, we assume a solution in the form

v = ¢(x)q() (4.93)

where ¢(x) is a space-dependent function, and q(¢) is a function that depends
only on time. Equation 93 leads to

62 d2

a—tf = ¢(x) d‘:z(t) = $(x)4() (4.94)
v d* .

=140 = 000 499)

Substituting these equations into Eq. 91, one obtains

P(x)G(t) = —c*¢*(x)q(t)
which implies that _
4@ L),
— = = -0
q(t) ¢(x)
where w is a constant to be determined. Equation 96 leads to the following
two equations:

—c? (4.96)

G+ w*q=0 4.97)
2
b — <§) $=0 (4.98)
The solution of Eq. 97 is given by
g = B, sin wt + B, cos wt (4.99)
For Eq. 98, we assume a solution in the form
¢ = Ae**

Substituting this assumed solution into Eq. 98 yields

(oo

or

which can be written as
it =gt = (4.100)

where
- /@ (4.101)
Cc
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The roots of Eq. 100 are
Ai=n,  Ap=-m, Ay=in, A= —in

where i = ./ — 1. Therefore, the general solution of Eq. 98 can be written
as
P(x) = Ae™ + Ae™™ + A + Age™™ (4.102)

which can be rewritten as

e'lx —_ e_'lx eﬂx + e—nx
$)=As————+ As—

) eiqx _ e—inx eiqx + e—inx
+ Ag(—i) g+ Ay

. (4.103)

where
A6 - As
2

_ Ag+id,
)

Ag — iA,

A3 = 2 ’ A4

Equation 103 can then be rewritten, using Euler’s formula of the complex
variables, as
#(x) = A sinh nx + Ag cosh nx + A, sinnx + Agcosnx  (4.104)
Substituting Egs. 99 and 104 into Eq. 93 yields
v(x,t) = (A5 sinh nx + Ag cosh nx + A, sin nx + Ag cos 7x)
-(B, sin wt + B, cos wt) (4.105)

where o is defined by Eq. 101 as
o = cn? (4.106)

Boundary Conditions The natural frequencies of the beam, as well as
the constants that appear in Eq. 105, depend on the boundary and initial
conditions. For example, if the beam is simply supported at both ends the
boundary conditions are

v(0,0)=0, v"(0,)=0
v(l,t) =0, v"(L)=0

which imply that
$(0)=0, ¢0)=0
¢() =0, ¢"(N=0
It is clear that in this case, there are two geometric boundary conditions that

specify the displacements at the two ends of the beam and there are two natural
boundary conditions that specify the moments at the ends of the beam. Sub-

(4.107)
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stituting these conditions into Eq. 104 yields

Ag+ 43=0
Ag—Ag=0
Assinhnl + Agcoshnl + A;sinnl + Agcosnyl =0 (4108)
Agsinhyl + Agcoshnl — A,sinnl — Agcosyl =0
These equations are satisfied if 4; = A4¢ = Ag = 0 and
A;singl=0 (4.109)
The roots of Eq. 109 are
nl=jrn, j=1213,... (4.110)
Therefore, the natural frequencies are given by
a)j=j—:—27fc=j;—7;2\/%, j=123... (4.111)
and the corresponding modes of vibration are
¢=Aqssingx,  j=1,23, ... (4.112)

The solution for the free vibration of the simply supported beam can then be
written as

v(x, t) = ,-; #,q;= Y, (C;sinw;t + D;cos wpt) sinx  (4.113)

Jj=1

The arbitrary constants C;and D, j = 1,2, 3, ..., can be determined using the
initial conditions by the method described in Section 1 of this chapter.
In the case of a cantilever beam, the geometric boundary conditions at the

fixed end are
v(0, t) =0, v'0,8)=0

and the natural boundary conditions at the free end are
v"(,byy=0, 0”1, )=0
These conditions imply that
$0)=0, 40)=0
$'N=0, 4" (D=0
Substituting these conditions into Eq. 104 yields the frequency equation
cosplcoshyl = —1

The roots of this frequency equation can be determined numerically. The first
six roots are [2], ;1 = 1.875, n,1 = 4.694, n;1 = 7.855, n,1 = 10.996, sl =
14.137, and n¢l = 17.279. Observe that approximate values of these roots can
be calculated using the equation

'7jl ~(j— %)n
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The fundamental natural frequencies of the system can be obtained using
Egs. 92 and 101 as

El,
w; = njc=1; oA
The first six natural frequencies are
El, El,
w, = 3.51563 w, = 2203364
ml*’ 13
El, El,
w3 = 61.7010 3 0e= 120.9120 "
EI [EI,
ws = 199.8548 ng’ we = 298.5638 ;3

In this case it can be verified that the mode shapes are
¢;(x) = Ag;[sin n;x — sinh n;x + Dj{cos m;x — cosh m;x)],  j=1,2,...
where Ag; is an arbitrary constant and

cos n;l + cosh ;1
sin ;1 — sinh n;l

D, =

Example 4.5

Neglecting the effect of rotary inertia, find the first four natural frequencies of the
transverse vibration of a beam with free ends. The beam has length I, cross-sectional
area A, moment of inertia I,, mass density p, and modulus of elasticity E.

Solution. At the free end of a beam, the bending moment and shear force are equal
to zero. Therefore, the boundary conditions in this example are given by

$'0)=0 ¢"0)=0 ¢UN=0 ¢"()=0
Substituting the first two boundary conditions into Eq. 104 yields
¢'0)=n"As —n*45 =0
¢"0)=n’4s —n*4,=0
which imply A¢ = Ag and A5 = 4, therefore
#(x) = As(sinh nx + sin nx) + Ag(cosh x + cos 5x)

Substituting the third and fourth boundary conditions into this equation, one
obtains
As(sinhnl — sinyl) + Ag(coshnl — cospl) =0

As(coshnl — cosnl) + Ag(sinhnl + sinyl) =0

sinhnl —sinyl  coshnl —cosyl {f As| 10
coshnl — cosyl sinhnyl +singl {{A¢| |0

That is,
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This is a system of homogeneous algebraic equations in the unknowns A5 and Ag.
This system of algebraic equations has a nontrivial solution if and only if the deter-
minant of the coefficient matrix is equal to zero. This leads to the following frequency
equation:
(sinh? 5l — sin? yl) — (cosh #l — cos yl)* = 0

Since

cosh? gl —sinh?>yl=1 and cos®nl +sin’nyl =1,
the frequency equation can be simplified to

cosnlcoshyl =1

This equation is satisfied if #l = 0. Therefore, the first natural frequency is
wl = 0

This frequency is associated with a rigid-body motion of the beam. Thus the
associated mode shape is given by

$1(x) = A5y + Ay x

One can show that the second, third, and fourth natural frequencies are defined by
the equations

w, =n*c= 11212152 = (4.71’:0)21£2
0, = (7.853)2152

W, = (10.996)2;2

The function ¢{x) obtained in this example is expressed in terms of the constants
As and Ag the relationship between these two constants is
Ag _ sinhyl—singl  coshyl — cosnl

T6 - _ = — =D
A coshnl — cosnl sinh ! + sinyl

Therefore, the space-dependent function ¢ can be expressed in terms of one constant
as

¢(x) = Ag;[sinh njx + sin n;x + Dj(cosh nyx + cos myx)],  j=1,2,3,...

The first three mode shapes of the beam are shown in Fig. 10.

'L\ /‘§ First mode

N P E— Second mode

Bv%é Third mode

FIG. 4.10. First three mode shapes of a beam with free ends.
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Example 4.6

Neglecting the effect of the rotary inertia, find the first four natural frequencies of
the transverse vibration of the beam in the preceding example if both ends of the
beam are fixed.

Solution. For a beam with fixed ends the boundary conditions are
$0) =0, ¢0=0  ¢N=0 =0

Substituting these boundary conditions into Eq. 104, and following the procedure
described in the preceding example, one can show that the frequency equation, in
this case, is given by

cos plcoshnl = —1

The first four roots of this equation are
nl=1875  n,l=4694, nyl=7855 « nd=10996
The space-dependent function ¢;(x) is given in this case by
#(x) = Ag;[sin n;x — sinh ;x + Djfcos nx —coshpx)],  j=1,2,3,...
where D; is a constant defined as

siny;l — sinhn;l _cosh n;l — cosn;l

D= — =—— :
1 cos n;] — coshn;l sinn;l + sinhn;l

The first three mode shapes of vibration, in the case in which both ends are fixed,
are shown in Fig. 11.

QA_E First mode
3._4:5‘_7_.E Second mode

:114/‘\ /\t Third mode

FiG. 4.11. First three mode shapes of a beam with fixed ends.

Effect of the Rotary Inertia In the analysis presented in this section it
was assumed that the cross sections of the beam during deformation remain
perpendicular to the neutral axis, and accordingly the rotation of the cross
section of the beam is not taken into account. This assumption leads to the
simple relationship between the shear force and the moment given by Eq. 85.
This simple beam theory in which the rotation of the cross section is assumed
to be insignificant as compared to the translational displacement is valid only
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when the height of the beam is small compared to its length. If the height is
denoted as h and the length as I, the accuracy of the simple beam theory is
acceptable when A/l < 1/10.

Lord Rayleigh (1894) in his study of wave propagation obtained more
satisfactory results when he took into account the effect of the rotary inertia
of the cross section. If we make the assumption of small deformation, the
rotation of the cross section about the z-axis can be defined as

ov
“= 0x
In this case, the sum of the moments given by Eq. 85a must be equal to the
rotary inertia. This leads to

oM Ve 62cx_ I 03
ox Pl T P

where I, is the second moment of area of the cross section. This equation,
upon differentiation with respect to x, leads to

ov_ oM *v
x oaxr Praxter
Substituting this equation into Eq. 87, one obtains

0%v ’M o*v

PAZE = — 57 t Pl s + 1)

which upon the use of Eq. 84 leads to

0% 02 0% o*v
A% _ 9 (g2 BUALY
PAGE T T ox2 <Elzax2) M rrral

The second term on the right-hand side of this partial differential equation
represents the effect of the rotary inertia. Observe that if the effect of rotary
inertia is neglected, this equation reduces to Eq. 89 which was obtained earlier
in this section.

It is clear from the results presented in the preceding example that the first
mode shape has no nodes. That is, zero displacements occur only at the fixed
ends. On the other hand, the second mode has one node and the third mode
has two nodes. The analysis of higher modes shows that as the mode number
increases, the number of nodes increases. Consequently the change in the slope
of the curve that describes the shape of a high frequency mode is much faster
than the change in the slope of the curve of the low-frequency modes. There-
fore, for high-frequency modes, the rotation of the cross sections can be
significant and the use of the simple beam theory that neglects the effect of the
rotary inertia can lead to a significant error in the analysis of these modes in
particular and in the analysis of the wave motion in general.



4.4. Orthogonality of the Eigenfunctions 203
44 ORTHOGONALITY OF THE EIGENFUNCTIONS

In this section, we study in more detail the important property of the orthogo-
nality of the eigenfunctions of the continuous systems. This property can be
used to obtain an infinite number of decoupled second-order ordinary differ-
ential equations whose solution can be presented in a simple closed form. This
development can be used to justify the use of approximate techniques in later
sections to obtain a finite-dimensional model that represents, to a certain
degree of accuracy, the vibration of the continuous systems. Furthermore, the
use of the orthogonality of the eigenfunctions leads to the important defini-
tions of the modal mass, modal stiffness, and modal force coefficients for the
continuous systems. As will be seen in this section there are an infinite number
of such coefficients since a continuous system has an infinite number of degrees
of freedom.

Longitudinal and Torsional Vibration of Rods The partial differ-
ential equations that govern the longitudinal and torsional vibration of rods
have the same form, and consequently the resulting eigenfunctions are the
same for similar end conditions. Therefore, in the following we discuss only
the orthogonality of the eigenfunctions of the longitudinal vibration of rods.

It was shown, in Section 1, that the partial differential equation for the
longitudinal vibration of rods can be written as (see Eq. 7)

u 0 0
Py = 6—x<EA i) (4.114)

where u = u(x, t) is the longitudinal displacement, p and A are, respectively,
the mass density and cross-sectional area, and E is the modulus of elasticity.
The solution of Eq. 114 was obtained by using the separation of variables
technique. This solution can be expressed as

u(x, t) = ¢(x)q(?) (4.115)

where ¢(x) is a space-dependent function, and ¢(¢) depends only on time and
can be expressed as
q(t) = B, sin ot + B, cos wt (4.116)

By using Eqgs. 115 and 116, the acceleration d%u/dt? can be written as
0*u
Frie —0’$(x)q(2) 4.117)

Therefore, Eq. 114 can be written as
—pAw*$(x)q(t) = (EA #(x))q(t)

which leads to
—pAw? §(x) = (EA (x)) (4.118)
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For the jth eigenfunction ¢;,j = 1,2, 3, ..., Eq. 118 yields
(EA/(x)) = — pAa;(x) (4.119)

Multiplying both sides of this equation by ¢;(x) and integrating over the
length, one obtains

L (EAGH(x)) $ilx) dx = — ] J pAB;(x)d(x) dx

Integrating the integral on the left-hand side of this equation by parts, one
obtains
i

i 1
EAgj(x)p(x)| — j EA$(x)¢i(x) dx = — ] j pAG(X)i(x) dx  (4.120)

where 1 is the length of the rod.
For simple end conditions such as free ends (¢(1) = 0) or fixed ends (¢(1) = 0),

the first term in Eq. 120 is identically zero, and this equation reduces to

rl rl

EA$i¢. dx = o} | pAdth dx (4.121)

JO JO

Similarly, for the kth eigenfunction, we have

rl rl

EA\¢;dx = wf | pAped;dx (4.122)
Jo

Subtracting Eq. 122 from Eq. 121, one obtains
i
(@} — w}) J pAdp. dx =0 (4.123)
1]

Assuming that w; and o, are distinct eigenvalues, that is, ; # w,, Eq. 123
yields for j # k

i
]

l (4.123a)
J EA$$pdx =0
]
and for j = k we have
i
f pAp?dx = m;
(4.123b)
j EA¢?dx =k;
The coefficients m; and k;, j = 1,2, 3, ..., are called, respectively, the modal

mass and modal stszness coefﬁcxents They have, respectively, the units of mass
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and stiffness. It is also clear from Eq. 121 that

k=awim, j=1,23,... (4.124)

That is, the jth natural frequency w; is defined by

i
" f EA$} dx
wj%:j:",—, i=1,273,... (4.125)
i f pA¢? dx
0

For torsional systems one can follow a similar procedure to show that the
jth natural frequency of the torsional oscillations is given by

!
v J Gl ¢/ dx
2 _ N 0 P
f=i=tt =123, (4.126)
I Jp1p¢fdx

0

where G is the modulus of rigidity and I, is the polar moment of inertia.

Perhaps it is important to emphasize at this point that, if the end conditions
are not simple the definitions of the modal mass and stiffness coefficients given
by Eq. 123b must be modified. To this end the general relationship of Eq. 120
must be used to define the modal coefficients. This is demonstrated by the
examples presented at the end of this section.

Transverse Vibration It was shown in Section 3 that the partial differ-
ential equation that governs the free transverse vibration of beams is given by

% 0 %

where v = v(x, t) is the transverse displacement, p is the mass density, A4 is the
cross-sectional area, E is the modulus of elasticity, and I, is the moment of
inertia of the cross section about the z-axis. The solution of this equation can
be written using the separation of variables technique as

v = ¢(x)g(t) (4.127b)

where ¢(t) and q(¢) are, respectively, space- and time-dependent functions.
The function g(t) is defined as

q(t) = By sin ot + B, cos wt
Substituting Eq. 127b into Eq. 127a yields
?*pAd(x)q(t) = (EL#"(x))" q(2)

That is,
@*pAd(x) = (EL¢"(x))"



206 4. Vibration of Continuous Systems

Therefore, for the jth natural frequency w;, one has
(EL))" = w}pad,
Multiplying this equation by ¢, and integrating over the length, we have

1 1
J (EL¢}) ¢ dx = ? J pAdd. dx  j=1,2,3,... (4.128)
1] 1]
The integral on the left-hand side of this equation can be integrated by parts

to yield
1

! !
J (EL¢7) ¢ dx = (EL¢7) ¢ | — EL 44,
0 0 0

1
+ J EL g4 dx
0

Therefore, Eq. 128 can be written as
1
J EL¢7¢: d

1
= oj J pAdddx,  j=1,23, ... (4.129)
0

(EIZ¢}’)’¢k — EL4; ¢k

This is the general expression for the orthogonality condition of the eigenfunc-
tions of the transverse vibration of beams.

One can show that if the beam has simple end conditions such as fixed ends,
free ends, or simply supported ends, the orthogonality condition of Eq. 129
reduces to

rl i
EL#j4; dx = wf J pAg;d, dx (4.130)
JO ]
Similarly, for the kth natural frequency «,, we have
rl 1
EL¢j¢i dx = o} J pAd;dy dx (4.131)
vo 0

Subtracting Eq. 131 from Eq. 130, we obtain the following relatinships for
the simple end conditions in the case j # k:

1
J pApdx =0
° 4.132)

1
J ELg) ¢y dx =0
0

and forj =k

!
j pA?dx =m
(4.133)

j EL¢/?dx =
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where m; and k; are, respectively, the modal mass and modal stiffness co-
efficients which from Eq. 130 are related by

k; = w?m (4.134)
or

P L T (4.135)

Observe that if the end conditions are not simple, Eq. 129 can still be used to
define the modal mass and stiffness coefficients. The use of the general relation-
ships of Eq. 120 in the case of the longitudinal vibration and Eq. 129 in the
case of the transverse vibration to obtain the modal mass and stiffness coeffi-
cients is demonstrated by the following examples.

Example 4.7

Find the orthogonality relationships of the mode shapes of the longitudinal vibra-
tion of the rod shown in Fig. 12.

Solution. The boundary conditions for this system are

u(0,8)=0
Stu(l, 1) du(l,1)
o —ku(l,t) — EA o
These conditions yield
¢(0) =0

and
(k — w*m)¢(l) = —EA¢(])

The general orthogonality relationship of Eq. 120 can be written as

1

EA¢i()¢u(l) — EA${0)¢(0) — j EAg)(x)¢i(x) dx

0
1
- —wf[ PAB X)) dx
0

By using the boundary conditions of this example, this orthogonality relationship

k x
Ep— -——M—D

Fic. 4.12. Longitudinal vibration of bars.
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can be written as

—(k = ofm¢Dél) - j

0

i 1

EA$j(x)4i(x) dx = —w? j PAG(x)d(x) dx

(o]

or

i

k(Do) + | EAS()¢i(x) dx = o} | mg (D () +

Jo

i

pAB;(x)4(x) dx
[

LY

Similar relationship can be obtained for mode k as

1 rl 7

-
keDé(D) + | EA{(x)$(x) dx = o | mg)g(l) + | pAG(x)4(x) dx
v L vo .

Subtracting this equation from the one associated with mode j, we obtain the
following orthogonality relationships for j # k:

mé, (Do (1) + j . pAG(x)4(x)dx =0

13

kg(éll) + J EAgj(x)4(x)dx =0

0

and for j = k we have
i

mel(l) + f pABH(x)dx = m;

[
i

kg2() + f EA$f(x)dx = k;
[

where m; and k; are, respectively, the modal mass and stiffness coefficients. The jth
natural frequency of the system can be defined as

!
kg2 () + J EA¢}*(x) dx
0

|‘..»

2 _
;=

T mg(l) + j'pAqﬁ}(x) dx

(o]

3

Observe that if m and k approach zero, the natural frequency w; approaches the
value obtained by Eq. 125 for the simple end conditions.

Example 4.8

Obtain the orthogonality relationships of the transverse vibration of the beam
shown in Fig. 13.

Solution. The boundary conditions for this system are

v0,n=0, PCI_,
0x
2
T ELw 0 ) ~ ko

ELV'(Lt) + kv'(,t) =0
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p.E L1

Fi1G. 4.13. Transverse vibration.

By substituting these boundary conditions in the general orthogonality relation-
ship given by Eq. 129, one can verify that the orthogonality relationships for this
example are given for j # k by

1
f pAb b dx + mb (D) = 0

V]
!
f EL¢j¢idx + k¢;(Dh(l) + kgi(Déil) = 0

andforj=k
1
J‘ pAP: dx + mp}H(l) = m

0

[

H
f EL$!  dx + kg2(1) + kg () = k;

where m; and k;, j =1, 2, 3, ..., are, respectively, the modal mass and stiffness
coefficients. Therefore, the jth natural frequency w; is defined as

f EL#dx + ké?(l) + k()

[

m; !

f pAPZ dx + mpi(l)
0

Observe that if m, k, and k, are equal to zero, the natural frequency w, becomes the

same as the natural frequency defined by Eq. 135 for the cases of simple boundary

conditions.

S

Rigid-Body Modes Unrestrained continuous systems have rigid-body
modes. An example is the beam with free ends discussed in Example 5. It was
shown that the first natural frequency of the system is equal to zero and
corresponds to the rigid-body mode

$1(x) = ¢y + ¢ x

where ¢, and ¢, are constants. The expression of the rigid-body mode ¢, is
the sum of a translational and rotational motions. The rigid-body translation
is represented by the constant ¢,, while the contribution of the rigid-body
rotation is represented by ¢, = ¢;(x). In the case of pure translation ¢, =0,
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while in the case of pure rotation ¢, = 0. The general displacement of the
beam, however, is the combination of the rigid-body and deformation modes.
A rigid-body mode does not contribute to the change in the system potential
energy. In order to demonstrate this fact, we use the orthogonality condition
of Eq. 133 which is applicable to the case of simple end conditions. The modal
stiffness coefficient associated with the rigid-body mode of a beam with free
ends is defined as

1
kl = f EIZQS_;IZ dx
0

1 62
= f EIZa—xz(c1 + c;x)dx

0

where E, 1,, and | are, respectively, the modulus of elasticity, the moment of
inertia of the cross section, and the length of the beam. Clearly, the modal
stiffness coefficient associated with the rigid-body mode of the beam is equal
to zero. That is, if the beam moves as a rigid body there is no change in the
strain energy. One, however, can show using the orthogonality conditions,
that the modal mass coefficient associated with a rigid-body mode is not equal
to zero. That is, there can be no rigid-body motion of the beam with zero
kinetic energy. Since the square of a natural frequency is defined to be the
modal stiffness coefficient divided by the modal mass coefficient, the natural
frequency associated with a rigid-body mode is identically equal to zero. In
analogy with the definitions used in the analysis of multi-degree of freedom
systems, a continuous system which has a rigid-body mode is said to be posi-
tive semidefinite. A continuous system which does not have a rigid-body mode
is said to be positive definite. Observe from the orthogonality conditions
presented in this section for the cases of longitudinal, torsional, and transverse
vibrations, that the modal mass and stiffness coefficients must be nonnegative
numbers. In the case of a positive-definite system, both the kinetic and strain
energies must be positive for nonzero displacements, and equal to zero only
when the displacements are equal to zero. In the case of a positive-semidefinite
system, the kinetic energy of the system must be greater than zero for nonzero
displacements and equal to zero only when the displacements are zero. The
strain energy of a positive-semidefinite system on the other hand is positive
but it can be equal to zero for a nonzero rigid-body displacement.

4.5 FORCED LONGITUDINAL AND
TORSIONAL VIBRATIONS

In this section, we use an analytical approach for developing the differential
equations of the forced longitudinal and torsional vibrations of continuous
systems. As shown in the preceding sections, the vibrations of continuous
systems are governed by partial differential equations expressed in terms of
variables that are space and time dependent. In this section, the orthogonality
of the eigenfunctions (mode shapes) are used to convert the partial differential



4.5. Forced Longitudinal and Torsional Vibrations 211

equation to an infinite number of uncoupled second-order ordinary differ-
ential equations expressed in terms of the modal coordinates. These equations
are similar to the equations that govern the vibration of single degree of
freedom systems.

Longitudinal Vibration It was shown in Section 1 that the partial differ-
ential equation that governs the longitudinal forced vibration of rods is given
by
ézu 6 ou
A— EA— Lt 4.136

where p, A, and E are, respectively, the mass density, cross-sectional area, and
modulus of elasticity, u = u(x, ) is the longitudinal displacement, and F(x, ¢)
is a space- and time-dependent axial forcing function.

Using the technique of the separation of variables, the displacement u can
be written as

u(x, t) = 21 $i(x)q(t) (4.137)

where ¢, is the jth space-dependent eigenfunction (mode shape) and g; is the
time-dependent modal coordinate. A virtual change in the longitudinal dis-
placement u is

su=S 464, (4.138)
I=1

Multiplying Eq. 136 by du and integrating over the length of the beam leads to

! 52 ! Fii ou !
—Z0udx=| —|EA—]éudx+ | F(x,t)éudx (4.139)
(3 0 0 0x o

Substitutmg Eqgs. 137 and 138 into Eq. 139 yields

18

i J [pAS(x)4,()di — (EAS(x)Y b(x)qi — ;] dx 09; =0 (4.140)

j=1 k=1

where

Q; = F(x, )¢i(x) (4.141)

By using the integration by parts, one has

l — J l EAg(x)¢i(x) dx (4.142)
0

0

1
J (EAi(x)) ¢;(x) dx = EA¢(x)¢;(x)

0

Substituting this equation into Eq. 140 yields

2[“’ J [pAA(x)(x)di + EAGLIF}(x)qx — Q;] dx

— EA$i(x)¢(x)

i
Qk] 0g;=0 (4.143)
0
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Using the boundary conditions and the orthogonality relationship of the
eigenfunctions, one can show in general that

o 1
Z U (o AB X)) + EAGIP; () dx

— EAgi(x)4(x)

1
0

where m; and k; are, respectively, the modal mass and stiffness coefficients that
depend on the boundary conditions and can be defined using the orthogonal-
ity relationships of the eigenfunctions. One may substitute Eq. 144 into
Eq. 143. This yields :

3, [myd; + kia; — 0;164;=0 (4.145)
£

Since the virtual changes dg; are linearly independent, Eq. 145 yields
md; +kiq;=0Q;, j=123 ... (4.146)

These are uncoupled second-order ordinary differential equations. They are
in the same form as the vibration equations of the single degree of freedom
systems. Therefore, their solution can be obtained using Duhamel’s integral
as

q; = qjo COs W;t + %sin w;t +

J Q;(7) sin w(t — 1) dr,
i m;w; Jo

i=123, ... (4.147)

where ;o and g, are the initial modal displacements and velocities and w; is
the jth natural frequency defined as

k.
w;=_[2  j=L23...
m;

Having determined g; using Eq. 147, the longitudinal displacement u(x, t) can
be determined by using Eq. 137.

In the case of free vibration, the modal force Q; is equal to zero and Eq. 146
reduces to

mjijj'*'quj:(), j=1,2,3,...

The solution of these equations is

W;
J

Concentrated Loads If the force F is a concentrated load that acts at a
point p on the beam, that is, F = F(t), there is no need to carry out integration
in order to obtain the modal forces. In this case the virtual work of this force
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is given by
oW = F(t)ou(x,, t)

F(2) Z #(x,)0q,(t)

= ; 0,04;(t)

where Q;, j=1,2,3, ..., 1is the modal force associated with the jth modal
coordinate and defined as

0; = FO)¢y(x,)

in which ¢,(x,) is the jth mode shape evaluated at point p on the beam.

Initial Conditions As in the case of the multi-degree of freedom systems,
the orthogonality conditions can be utilized in determining the initial condi-
tions g;, and §;0,j = 1,2, 3, .... Let f(x, 0) and g(x, 0) be, respectively, the
initial displacements and velocmes of the rod, that is,

f(x,0) = u(x,0) = Z $(x)q,0 (4.148)

g(x,0) = u(x, 0) = Z $,(x)djo (4.149)

Multiplying these equations by pA¢, and integrating over the length yields

]

1 1
J pAG()f(x,0)dx = }, U PAG(x)9;(x) dx] djo0 (4.150)

=1
! 2]
J pAG(x)g(x,0)d ; U PAG(x)9;(x) dx] dj0 (4.151)

These two equations can be used to determine the initial modal displacements
and velocities. To this end, the orthogonality conditions may be utilized. For
example, in the case of simple boundary conditions, one has
! 0 if j#k
A (x) dx = .
JL) P ¢k(x)¢](x) X {m] if ] —k

Substituting this orthogonality relationship into Eqs. 150 and 151, we obtain

1 1
djo = — J PA¢j(x)f (x,0) dx
m] ')
1 1
djo=--1 pAGx)g(x,00dx  j=1,23,...
m; Jo
If the end conditions are not simple, Eqs. 150 and 151 can still be used to
solve for the initial modal displacements and velocities. For instance, if we
consider the problem of Example 7, one of the orthogonality conditions was
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given by
0 if j#£k
m (D) + j PAB(X)di(x) dx = { o
m; if j=k

where mis the concentrated mass attached to the end of the rod. The preceding
equation may be written as

5 [m@ama)qj + ( J PAB (%) dx) q,} = mgy
0

=1

which can be rewritten as
Albul, 0+ 3, ( f PAG () dx) 4; = mdy

which at ¢t = 0 leads to

Ingk!

U PAP(x)¢y(x) dx] djo = Mydro — M) f(, 0)

[l
—

i

Ms

[J PAG(x)di(x) dx:| djo = Mo — mei(Dg(l, 0)

Substituting these two equations into Egs. 150 and 151, one obtains

1 !
o = ;[ J pAGX)f(x, 0) dx + mé (S (L, 0)]

1
dro = ;;[f pAd(x)g(x, 0) dx + mg()g(l, 0)] k=123,...

J

Torsional Vibration The equation for the forced torsional vibration takes
a similar form to the equation of forced longitudinal vibration. This equation
was given in Section 2 as

Plogir = ox
where p, I,, and G are, respectively, the mass density, polar moment of inertia,
and modulus of rigidity, 8 = 8(x, ) is the angle of torsional oscillation, and
T.(x, t) is the external torque which is time and space dependent. The solution
of Eq. 152 can be expressed using the separation of variables technique as

O(x,t) = 2 #(x)q;() (4.153)

2
0%0 6<G169

o —) + T(x, t) (4.152)
0x

Following the same procedure as in the case of longitudinal vibration, one
can show that the equations of the torsional vibration of the shaft in terms of
the modal coordinates are given by

md; +kq;=0Q;, Jj=123,... (4.154)
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where m;and k; are, respectively, the modal mass and stiffness coefficients and

Q;= J | To(x, )g(x) dx (4.155)

0

The solution of Eq. 154 is defined by Eq. 147. Therefore, the mathematical
treatment of the linear torsional oscillations of shafts is the same as the one
used for the longitudinal vibration of rods.

Example 4.9

If the rod in Example 7 is subjected to a distributed axial force of the form F(x, t),
determine the equations of forced longitudinal vibration of this system.

Solution. The boundary conditions in this example are

u(0,1)=0
m%% = —ku(l,t) — EA a“a(i’ )
which yield
$0) =0
EA¢(hq(t) = —ke¢()q(t) — m()4(1)
That is,

$(0)¢(0) =0
EAG(Nqu(t) = — k(DD ault) — mp()e;(DGult)
The last term on the left-hand side of Eq. 144 can be written as

EA¢(x)¢(x)

T
JB= (EA¢(N;(1) — EA4(0)4,0) s

which upon using the boundary conditions yields

EA¢(x)¢(x)

JB= — kg (D8, (g, — mp (D (D

Therefore, Eq. 144 can be written as

) j (PAB()(x)i + EABLS ()2 dx + kb ()Das + mb )

1

- g [ma&(l)af,-(l) + j P AB(X)4(x) dx] e

0
1

+ é [k:)&(l)«ﬁ,-(l) + I EAS(x)6}(x) dx] 4

0

Comparing this equation with the orthogonality relationships obtained in Exam-
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ple 7, it is clear that

P [mqw 80)+ J PAR(MIE(Y dx]qk

X i
+k§ [k¢k(1)¢;(l) J EA(x)¢}(x) dx] g = myd; + kg,

where m; and k; are the modal mass and stiffness coefficients defined by

]
m; = mg3(D) + J PAF(x) dx
0

1
k, = kg2(l) +J EAXx)dx, j=1,23,...
0

Therefore, the equations of motion of the forced longitudinal vibration of the rod,
expressed in the modal coordinates, are

4.6 FORCED TRANSVERSE VIBRATIONS OF BEAMS

The partial differential equation of the forced transverse vibration of the
beams was given by Eq. 89 as

% 0? %v
AL ) il .
pAZS+ ax2< . 6x2> F(x, 1) (4.156)

where p, A, I, and E are, respectively, the mass density, cross-sectional area,
second moment of area, and modulus of elasticity, v(x, t) is the transverse
displacement, and F(x, ¢) is the forcing function which may depend on the
spatial coordinate x and time t. By using the technique of separation of
variables we may write the transverse displacement v as

0= 3 40,0 (4.157)

Multiplying both sides of Eq. 156 by the virtual displacement év and inte-
grating over the length of the beam we obtain

! azv 52 52 !
L [pAB?60+6x ( T >5v:|d JOF(x, t)ov dx

which upon using Eq. 157 yields

M8

i J [p A4 (x)¢;(x)d, + (EL ¢4 (x))"8,(x)q:19q; dx

1 k=1

j

2 J F(x, 1)4,(x)3q; dx (4.158)
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Integration by parts yields

1

— EL¢c¢;

0

1 1
+ J ELg! ¢ dx (4.159)
0

0

i
J (EL ¢ (x))'¢/(x) dx = (EL, ¢} ¢,

0

Substituting this equation into Eq. 158 and using the boundary conditions
and the orthogonality relationships of the eigenfunctions, one gets

3. [mydj+ kyg; — 0,194, =0 (4.160)
£

where m; and k; are the modal mass and modal stiffness coefficients that
depend on the boundary conditions and can be defined using the orthogonal-
ity of the mode shapes, and Q; is the modal forcing function defined as

Q= f F(x, t)¢;(x) dx (4.161)

0

Since the modal coordinates g;,j = 1,2,3, ..., are independent, Eq. 160 yields
the following uncoupled second-order ordinary differential equations:

These equations are in a form similar to the one obtained in the preceding
section for the two cases of longitudinal and torsional vibrations.

Example 4.10

For the system given in Example 8 obtain the uncoupled second-order differential
equations of transverse vibration.

Solution. The boundary conditions for this system are

ov(0, t
wo.n=0 POH_,
Ox
(1) R ,
m——_~ = (ELo"( t)) — ko(l, t)
ot
and
ELv"(Lt) + ko'(1,£) = 0
which yield

$0) =0, ¢0)=0
me()§(t) = (EL¢" (1)) q(t) — k(1)q(r)
El¢"(Nq(0) + k,¢'(Dq(t) = 0
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Substituting the boundary conditions at the fixed end into Eq. 159 yields

1 1

!
— EL¢/¢)| + J EL ¢ ¢/ dx
0 0

0

J (EL @ (x)"¢(x) dx = (EL4)'¢;
0

= (EL¢/ () ¢(D) — (EL¢(0) $(0) — EL g (N(1)

+ EL¢/(0)4;(0) + J EL ¢/ ¢ dx

0
1

= (EL& (D)) ¢) — EL¢/ /(D + L EL¢/ ¢/ dx
Multiplying this equation by g,(t) and use the remaining boundary conditions, we
obtain
J: (EL @ (x))"8,(x) dxq, = (EL# ()Y 4(Dai — EL& (DG (D + J: EL ¢ dxg,
= m(N(DGi(t) + kDNt + kdi()d; (Dau(?)
+ Ll EL4. ¢! dxg,(t)

Substituting this equation into Eq. 158 yields

2 {i J [pA(X)$(x)d(t) + EL ¢ 8/ q:(t)] dx + m (D (1) Gi(1)

k=1 Jo
+ kg (DgDau®) + kt¢£(l)¢,~’(l)qk(t)} oq; = i J F(x, t)¢;(x) dx 6q;
=t Jo

By using the orthogonality relationships obtained in Example 8, the preceding
equation can be written as

s

. [quj + quj‘ - Qj]‘sqj =0

il

J
or
m]q'l+qu]=Q], j=1,2,3,...

where

1

my= | pAg}(x)dx + mgX(l)
0

o

k= | EL#0x)dx + ke?() + k()
0

I

Q= | F(x, 0)¢,x)dx
0

4.7 INHOMOGENEOUS BOUNDARY CONDITIONS

The solution of the vibration equations of continuous systems subject to
homogeneous boundary conditions was obtained and examined in the preced-
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ing sections. In this section, the case of inhomogeneous boundary conditions
is discussed. To this end, we consider the partial differential equation that
governs the longitudinal vibration of bars and is given by

Pu 0%
57— = Fx 0 (4.163)
subject to the initial conditions
ulx, 0)=f(x),  ulx, 0)=g(x) (4.164)

and the inhomogeneous boundary conditions

aﬂ@n—mw&n=mm}

aZu(l’ t) + bl ul(l, t) = hZ(t) (4165)

where ¢, a,, a,, b,, and b, are constants and h, and h, are given functions.

In order to solve Eq. 163 subject to the inhomogeneous boundary condi-
tions of Eq. 165, the problem may be reduced to one with homogeneous
boundary conditions. This can be achieved by introducing an auxiliary
assumed function W(x, t) which is twice differentiable and satisfies the boun-
dary conditions of Eq. 165. It is not necessary, however, that the function W
satisfies the partial differential equation. In terms of the new function W, the
function u(x, t) can be written as

ulx,t) = Wix,t) + Z(x, t) (4.166)

where Z(x, t) is an unknown function which will be determined. Substituting
Eq. 166 into Egs. 163-165 leads to

Z—c*Z"=F(x,t)— W+ 2W" (4.167)

subject to the initial conditions

Z(x,0) =f(x) — W(x, 0)

2(x,0) = g(x) — Wi, 0)} (168
and the boundary conditions

a,Z(0,8) - b, Z'(0,1) =0

%Z@ﬂ+%2@ﬂ=0} (4.169)

Observe that Z(x, t) satisfies the new inhomogeneous partial differential equa-
tion given by Eq. 167 subject to the homogeneous boundary conditions given
by Eq. 169.

The method described in this section can be used to solve a large class of
vibration problems in which one point on the continuous media is subjected
to a specified excitation. This is demonstrated by the following example.

Example 4.11

Consider the longitudinal vibration of a bar with length /. One end of the bar is
assumed to be fixed, while the other end has a specified sinusoidal motion. If the
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initial conditions are assumed to be zero, find the series solution of the vibration
equation of this system.

Solution. The partial differential equation of the system is
Uy =clu,, O<x<l t>0
subject to the inhomogeneous boundary conditions
u0,t)=0
u(l, t) = sin wt

and the initial conditions
u(x,00=0

u(x,00=0
Observe that the function

W = W(x) sin ot

is twice differentiable and satisfies the inhomogeneous boundary conditions. Let
= ke for some constant k. This choice of the function W satisfies the differential
equation as well as the boundary conditions. Clearly,

aw
EP~+HW=0, wo)=0, WwWhH=1

which implies that

sin kx
Wix)=—-
sin k!

and accordingly
W(x, t) = W(x)sin ot

sin kx

Skl sin kct

The function u(x, t) can then be written as
u(x,t) = Z(x, t) + W(x, )

where Z(x, t) is an unknown twice differentiable function. Substituting the preced-
ing equation into the partial differential equation, one obtains the following partial

differential equation: .
Z—-c*Z'=0

subject to the boundary conditions
Z0,1)=0, Z(l,)=0
and the initial conditions
Z(x,0)= —W(x,0=0

—kc sin kx

Z(x,0)= —W(x,0) = T
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Observe that in this case the boundary conditions are homogeneous. Observe also
that the right-hand side of the resulting partial differential equation is zero, because
of the fact that the selected function W(x, f) also satisfies the original partial
differential equation. The function W(x, t) does not have to satisfy this condition
which leads in this example to a simplified equation. The new partial differential
equation in Z can be solved by the methods described in the preceding sections.
The solution u can then be obtained using Eq. 166. It is left to the reader to verify
that

2w & (=1 amx . nnct

u(x, t) sin kx sin wt + sin
) =——sinw ——————— 8in —— §in ——
sin kI I & (e T T

4.8 VISCOELASTIC MATERIALS

In the preceding sections, the undamped free and forced vibration of contin-
uous systems was examined. The effect of discrete damping elements as well
as structural damping was not considered. It is, however, clear at this point
that the effect of external damping as the result of discrete damping elements
such as dashpots can be introduced to the vibration equations by developing
an expression for the virtual work of the damping forces. Internal damping,
however, is present in most materials as the result of friction between the
particles. It has been observed that the amplitude of free vibration of a solid
specimen decreases with time even in the cases in which the specimen is
isolated from any source of external damping. Such materials are called
viscoelastic. There are various models for describing the behavior of viscoelas-
tic materials. The simplest model is called the Kelvin—Voigt model in which
the stress acting on the body is assumed to be proportional to the strain and
1ts time derivative, that is,

o = Ee + y¢ (4.170)

where ¢ and ¢ are, respectively, the stress and strain and E and y are constants
that depend on the properties of the material.

In order to demonstrate the use of the simple Kelvin—Voigt model in the
vibration analysis of viscoelastic continuous systems, we consider the vibra-
tion of a uniform rod of length / and cross-sectional area 4. The elastic force
acting on the rod can be written as

P=0dA (4.171)
The strain displacement relationship for this simple example is given by
g O 4.172)
0x

By using this equation the stress of Eq. 170 can be expressed in terms of the
displacement as
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Substituting this equation into Eq. 171 one obtains

ou 0*u
P=FEA_—+y4A— 174
ax T e 179
Substituting this expression for P into Eq. 1 of Section 1, one obtains
u 0 ou *u
A—= EA—+7yA4 F(x,t 175
T a( o aa>+ (.0 (@.175)

where p is the mass density and F(x, t) is the external force. If the cross-
sectional area is assumed to be constant, Eq. 175 reduces to

u 0% 3’u
= + b2+ F(x,t)pA 4.176
2 = e TV gy TP (4.176)
where
E
c= [—
p
b= |2
p

Observe that if y = 0, Eq. 176 reduces to the same equation obtained for the
undamped longitudinal vibrations of rods.
If the external forces are absent, Eq. 176 reduces to
Pu 0% d3u
=l 2 T
o~ S T o

A solution of this equation can be obtained using the separation of variables
technique. To this end, we assume a solution of the form

u(x, 1) = $(x)q(?) (4.178)
Substituting this equation into Eq. 177 leads to
¢4 =c¢"q + b*¢"q
= (g + b2’

This equation can be rewritten as

@.177)

47

c’q+b*q ¢
Since the left-hand side of this equation depends on ¢ only, and the right-hand
side depends on x only, one must have

] ¢" 2
T =Fr _ 179
g+ bq ¢ b (4.179)
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where B2 is a constant. One therefore has

G+ 2wj+owlq=0 (4.180)
9"+ p=0 (4.181)
where
o =ch (4.182)
2
g 0F (4.183)
2c

The solution of Eqs. 180 and 181 in the case of lightly damped system can be
expressed as

q= X e " sin(w,t + ¥,) (4.184)
¢ = X, sin(fx + y,) (4.185)
where 0, = w/1 — ¢% and X,, ¥,, X,, and , are constants which can be
determined using the boundary and initial conditions as described in the
preceding sections. The use of this procedure leads to the definition of the

eigenfunctions ¢;. The general solution can then be written as the sum of the
normal modes as

u(x,t) =Y, ¢(x)X,;e"%" sin(wyt + ¥y ;) (4.186)
=1
where subscript j refers to the jth mode of vibration.

Wave motion One may observe that each term in Eq. 186 is the product
of two harmonic functions, one of them depends on x only, whilst the other
depends on ¢ only. Using the definition of ¢(x) given by Eq. 185, each term in
the series of Eq. 186 can be written as

ui(x, t) = Xy ;X565 sin(B;x + ;) sin(wg;t + ) (4.187)
By using the following trigonometric identity
sin a; sin &, = 4{cos(at; — a,) — cos(a; + &)},
Eq. 187 can be written as

ui(x, ) = Aje” 5" {cos(Bx — @yt + Y;) — cOS(Bix + w4it + ¥,)}
(4.188)

where

A =3X,;Xy;
Ymj = V25 — ¥y (4.189)
Yp; = Vaj + ¥y

The terms between the brackets in Eq. 188 represent two harmonic waves,
traveling in opposite directions with the same speed w,;/f;. The amplitude of
these two waves is multiplied by the exponential decay e~*®#. Consequently,
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the amplitude of the resulting wave motion will decrease with time as the result
of the damping effect. If the damping is equal to zero, the amplitude of the two
harmonic waves remain constant. Recall from the analysis presented in Sec-
tion 1, that in the case of undamped elastic rod, harmonic waves with different
frequencies travel with the same phase velocity which is constant and equal
toc= \/E/-p In this case the elastic medium is said to be nondispersive and
the group velocity is constant and equal to the phase velocity. This is not,
however, the case when viscoelastic materials are considered. The phase
velocity of harmonic waves that have different frequencies are not in general
equal. Consequently, the group velocity is no longer equal to the phase
velocity and it becomes dependent on the wave number.

4.9 APPLICATION OF LAGRANGE'S EQUATION

In this section, the use of Lagrange’s equation in deriving the differential
equations of a continuous system is demonstrated. The approach discussed
in this section utilizes scalar energy quantities and can be used as an alterna-
tive to the methods described in the preceding sections for the formulation of
the vibration equations of continuous systems. We demonstrate the use of
Lagrange’s equation by considering the longitudinal vibration of rods.

It was shown that in the case of longitudinal vibration, the solution can be
assumed, using the technique of the separation of variables, in the form

u(x, 1) = ,21 44,0 (4.190)

For simple boundary conditions, the kinetic and strain energies and virtual
work are given, respectively, by

1
TE=%J pAi? dx 4.191)
0
i
U=1 f EAu? dx (4.192)
0
i
SW = f F(x, t)6u dx (4.193)
0

Substituting for 4, u’, and du from Eq. 190 and using the appropriate orthogo-
nality conditions, the kinetic and strain energies and the virtual work can be
written as

T=13 md} (4.194)
£
U=1Y ka? (4.195)

~.
[
fur

sw="3 0, (4.196)
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where m; and k; are, respectively, the modal mass and stiffness coefficients, and
0, is the generalized force associated with the jth modal coordinate. By using
the expressions for the kinetic and strain energies, the virtual work, and the
following form of Lagrange’s equation of motion,

d(dT\ oT oU -
E<%)_%+@_Qj, i=123,... (4.197)

one can show that the same system of differential equations of motion deve-
loped in the preceding sections can be obtained. This system of equations is

written as
md; +kq;=0Q;, j=1273,... (4.198)

Clearly, if the boundary conditions are not simple, the expressions for the
kinetic and strain energies may take a different form. For example, if a mass
m is attached to the end of the rod, the kinetic energy expression becomes

i
T= %J pA?(x, t) dx + tmi?(l, 1) (4.199)
0

Similarly, if a spring of stiffness k is attached to the end of the rod, the strain
energy expression becomes

!
U= %J EAu?(x, t)dx + ku?(l, t) (4.200)
0

In the case of torsional oscillations, the expressions for the kinetic and strain
energies in the case of simple boundary conditions are

i

T= %J pl,0%(x, t) dx (4.201)
0
i

U= %J GJ6'*(x, t) dx (4.202)
0

and in the case of transverse vibrations

i

T= %J pAG*(x, t) dx (4.203)
0
i

U= %J EIv"*(x, t) dx (4.204)
0

Conservation of Energy From the analysis presented in this section it is
clear that regardless of the type of vibration (longitudinal, torsional, or trans-
verse), the kinetic energy and strain energy of the system can be written,
respectively, as

1 0
T=§ Z quJZ
=1

1 2
U=§ Z quJ
=1
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where m; and k; are, respectively, the modal mass and stiffness coefficients
which can be defined using the orthogonality relationships, and g, and ¢ ; are,
respectively, the modal coordinates and velocities.

It was shown in the case of free undamped vibration that the modal co-
ordinate g; can be expressed in the form

q; = By sin w;t + B,;cos w;t
which can be rewritten in another alternate form as
q; = C;sin(w;t + ;)
where By, B,;, C, and y; are constants that can be determined by using the
initial conditions.
The modal velocity 4; can also be written as
4; = 0;C; cos(w;t + ;)

Therefore, the kinetic and strain energies can be written in a more explicit form
as

1 O
T= 5 Z wjojzmj cos? (w;t + ;)
j=
1 & .
U=3 Y Ck;sin® (w;t + ¢;)
=

Recall that k; = wf m; and consequently the kinetic energy can be expressed
in terms of the modal stiffness coefficients as

1 o]
=5 ; k; cos? (w;t + ;)

The sum of the kinetic and strain energies can then be written as

1 0
T+U=-= Z Cik; cos? (w;t + ) + Z C7k; sin® (w;t + ¥;)
25

Ck; [cos2 (w;t + ¥;) + sin? (w;t + xpj)]

1

[
NI =
INgE

j
1a .,
=*Z Clkl
25

That is, the sum of the kinetic and strain energies is a constant that can be
written in the following form

100
T+U=2Y) Clolm,
14

Since both the kinetic and strain energies are nonnegative numbers, the strain
energy becomes maximum when the kinetic energy is minimum. Similarly, the
kinetic energy becomes maximum when the strain energy is minimum, The
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contribution of each mode to the total energy of the system depends on the
initial conditions as represented by the constant C;, the natural frequency of
this mode, and the modal mass and stiffness coefficients.

As discussed in Chapter 2, the fact that the energy of the system, during the
undamped free vibration, is conserved can be utilized to derive the equations
of motion. To this end, we write

d
(T +U)=0

which can be written more explicitly as

d
dt[ Z(mq,+k,q,)] 0

Since m; and k; are constant coefficients, taking the derivatives in the preceding
equation, one obtains

[

qu,+kq, =0

I~
If we assume §;,j = 1,2, 3, ..., to be independent velocities, their coefficients
in the preceding equation must be equal to zero. This yields

which is the same system of equations that can be obtained using Lagrange’s
equation in the case of undamped free vibration. These are uncoupled differ-
ential equations expressed in terms of the modal coordinates. Since there is
no coupling between the modes in the process of undamped free vibration,
one may expect that there is no exchange of energy between different modes.
Consequently, the total energy associated with each mode is conserved. In
order to see this, the total energy associated with an arbitrary mode j can be
written as
T+ U= dmd} + g}

where T; and U; are, respectively, the kinetic and strain energies associated
with the jth modal coordinate. Since in the undamped free vibration, the
modal coordinates and modal velocities are harmonic functions, one has

j = 307 C'm; cos (w;t + ;)
That is

That is, the total energy associated with each mode is indeed constant.
Owing to the fact that the modal coordinates and velocities are simple
harmonics, the total energy associated with a particular mode j can be written
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as
T+ U; = 3C?k; = U* (4.205)

J

or alternatively as

where T* and U are the maximum kinetic and strain energies of the mode
Jj- Therefore, the total kinetic energy associated with a mode is constant and
is equal to the maximum kinetic energy or the maximum strain energy.

410 RAYLEIGH'S METHOD

From the analysis presented thus far, it is clear that the exact solution of the
free and forced vibration of continuous systems is represented by an infinite
series expressed in terms of the principal modes of vibration. In many applica-
tions, high-frequency modes of vibration may not have a significant effect on
the solution of the vibration equations. In this case, the contribution of these
high-frequency modes can be neglected and the solution may be represented
in terms of a finite number of modes or in terms of assumed polynomials that
describe the shape of deformation of the continuous systems.

In this section and the following sections we discuss several approximate
methods that can be used to determine the fundamental natural frequencies
of the continuous systems. In some of these methods a finite-dimensional
model, which is in a form similar to the mathematical model that governs the
free vibration of the multi-degree of freedom system, is first developed. The
resulting reduced system of equations can be used to determine a finite set of
natural frequencies and mode shapes.

We shall present first an approximate method that can be used to determine
the fundamental natural frequency of the continuous systems. The method
discussed in this section is called Rayleigh’s method. Recall from the analysis
presented in the preceding section that in the case of free undamped vibration,
the energy associated with any mode of vibration is conserved. The sum of
the kinetic energy and strain energy of a mode remains constant and equal to
the maximum kinetic energy or equal to the maximum strain energy. Con-
sequently, for the jth mode of vibration, the conservation of energy in the case
of undamped free vibration leads to

T*=Ur, j=123... (4.207)

where T;* and U} are, respectively, the maximum kinetic and strain energies

associated with mode j. By using Eqgs. 205 and 206, it is clear that the natural
frequency of the jth mode can be defined using the following equation

U* ,

cofz_—’=1(l, =123, ... (4.208)

T* m;

where T* = o} ’I_;-*. Note that in the case of longitudinal vibration, the preced-
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ing equation and Eq. 120 yield

J BA ) dx — AP
w2 =10 (4.2093)

i I
f pAP}(x) dx

0

where E, p, 4, and [ are, respectively, the modulus of elasticity, mass'density,
cross-sectional area, and length of the rod. In the case of simple end conditions,
Eq. 209a reduces to

J l EA$*(x) dx
2 0

W = 57
i pAGH(x) dx

In the case of transverse vibration, the conservation of energy of the mode
j and Eq. 208 lead to

(4.209b)

1
f EL¢;? dx + [(EL¢)¢; — EL ¢} 4/1lo
0F =40 , (4.210a)
J pA@? dx

0

where E, p, I, and | are, respectively, the modulus of elasticity, mass density,
moment of inertia of the cross section, and length of the beam. In the case of
simple end conditions, Eq. 210a reduces to

i
J EL4)? dx
2 0

Wj = w————
J pAg? dx

0

(4.210b)

Note that the numerators in Egs. 209a-210b are proportional to the strain
energy of mode j while the denominator is proportional to the kinetic energy
of that particular mode. The expressions on the right-hand side of these
equations are called Rayleigh quotients.

In many practical applications, it is difficult to determine the exact mode
shapes. Due to the fact that in many of these applications the shape of the first
mode is simple, a guess, with reasonable accuracy, can be made for a shape
that resembles the first mode. In this case the Rayleigh quotient can be used
to determine the approximate value for the fundamental natural frequency.
In order to demonstrate this procedure, let us consider the case of a cantilever
beam and choose the following function to approximate the fundamental
mode shape

$ = b<l — cos %) (4.211)
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where b is a constant. Since we have simple end conditions in the case of a
cantilever beam, the Rayleigh quotient of Eq. 210b can be used to obtain an
estimate for the fundamental natural frequency w, . Substituting Eq. 211 into

Eq. 210b, one obtains
1 ! 2 x\2
EL¢}*(x) dx J EI,(— cos —) dx
- L ! CJe F\aE T
1

=T =T x\2
J‘ pAP?(x) dx pA (1 —~ cos —) dx
0 0 21

where @, is the approximate fundamental natural frequency. If we assume the
case of a uniform beam which is made of homogeneous material, one can show

that Eq. 212 leads to
o =&~ 3.667 (EL,
1= 1~ 12 pA

The exact fundamental natural frequency of a cantilever beam is

3.5156 [EL,
=20 /EZ 4.213)

That is, the error in the solution obtained by using the approximate Rayleigh
method is less than 5%.

Note that the assumed mode of Eq. 211 satisfies all the geometric boundary
conditions at the clamped end, but satisfies only one of the natural boundary
conditions at the free end (¢”(l, t) = 0). In Rayleigh’s method, the assumed
functions must satisfy only the geometric boundary conditions. It is not
necessary that these functions satisfy the natural boundary conditions. Ob-
serve that the error in the fundamental natural frequency obtained using the
Rayleigh quotient becomes smaller if the integrals

!
j EL($* — 41%) dx
0

2
1

4212)

TR @

and

i
[ padt — sty ax
are small.

Perhaps it is important also to emphasize at this point that the use of the
Rayleigh quotient to predict the fundamental natural frequency always leads
to an approximate eigenvalue which is higher than the exact one, that is,
(@, — w,) is always greater than or equal to zero. In order to prove this fact,
let the assumed eigenfunction of the beam have an arbitrary shape that can
be represented as a linear combination of the exact eigenfunctions, that is

$y =0,y + 2y +

o0
= Z %4,
j=1
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where a;,j = 1,2,..., are constants. In this case, the Rayleigh quotient for the
beam can be written as

!
f EL#*(x) dx
R=""g

pAP? dx
0

J (B o)
— 0 Jj
1 2
0 Jj

which upon using the orthogonality conditions leads to

by
oy
P18

N
I
—-

©
b
P18

fl
-

_ Jj=1 _Jj=1
R - a0 - a0
2 2
Z ] Z o5 m;
j=1 j=1

has

_.J=1 j=1 2
R =" ) 22— T oh
Z o5 m; Z o5 m;

j=1 j=1

That is, the exact fundamental natural frequency is indeed the minimum of
the Rayleigh quotient. Consequently, any assumed shape for the fundamental
mode will lead to an approximate value for the fundamental natural frequency
that is higher than the exact one. This fact can be demonstrated by using
another example. We consider again the case of a cantilever beam and assume
the fundamental mode to be the static deflection of the beam. In this case the
function @, can be chosen as

é, = b[x* — 4ix® + 612x%]
where b is a constant defined as
_pA
241,

b
It follows that B
F. = b[4x® — 12x? + 12%x]
é) = 12b[x? — 2Ix + 2]
Substituting ¢, and 4/ into the Rayleigh quotient of Eq. 210b, one obtains

353 [EL
(,1)1 ~ (,1)1 = 7T p“l4'
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Comparing this estimated value with the exact solution of Eq. 213, it is clear
that the error in the estimated fundamental natural frequency, using the static
deflection as the assumed mode, does not exceed 0.5%.

Effect of the Rotary Inertia The Rayleigh quotient can be used to
examine the effect of the rotary inertia on the fundamental frequency as well
as higher natural frequencies. To this end, we consider the same example as
the one discussed in Dym and Shames [7]. We have previously shown that
the exact eigenfunctions of a simply supported beam are given by

4= sin’“Tx, i=12,... (4.214)

In this case, one has
1 . I
X l
J sin? " dx = -

i
J(éjz(x) dx
b _(im\ [ jax , (jn)?
Lqﬁf(x)dx-(T) jocoszT x == r (4.215)
i

. \4 1 : [JRY: 3
jn . jmx (jm)
Joarosoc= (5 [t a7

The Rayleigh quotient that accounts for the effect of the rotary inertia can be
written for mode j as

i
j ELg¢)? dx
0 = 2O : (4.216)
J pAg? dx + f pl, 2 dx

0 0

Assuming the case of a uniform beam with constant modulus of elasticity and
using the identities of Eq. 215, one obtains

. \4
EL (_*—’“3
5 21
R R
A- I
which can be written as
LAY} 4

o? =  ELUm /pAl (4217)

]

where h is the height of the cross section.
The exact natural frequency w;, neglecting the effect of the rotary inertia, is

s\ 2
jn El,
=1 —Z 4218
@ <l> pA 4213)
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The fundamental natural frequency obtained by including the effect of the
rotary inertia is given by Eq. 217 withj = 1 as
5 ELm*/pAl*

CE0

Clearly in the case of a long thin beam ((h/l) « 1), the effect of the rotary
inertia on the fundamental mode of vibration is not significant as compared
to the frequencies of higher modes of vibration.

4.219)

411 RAYLEIGH-RITZ METHOD

In the Rayleigh method discussed in the preceding section, the fundamental
natural frequency of the system was predicted by assuming an approximate
shape for the first mode. The Rayleigh—Ritz method can be considered as an
extension of the Rayleigh method. It allows us, not only to obtain a more
accurate value of the fundamental natural frequency, but also to determine
the higher frequencies and the associated mode shapes.

In the Rayleigh~Ritz method, the shape of deformation of the continuous
system is approximated using a series of trial shape functions that must satisfy
the geometric boundary conditions of the problem. The shape of deformation
of the continuous system can be written as

Wx) = €161 (x) + €262(%) + -+ + Cafulx)
= 3 d) (4.220)
=

where @, #,, ..., and @, are the trial shape functions which can be the
eigenfunctions; a set of assumed mode shapes, or a set of polynomials, ¢,,
¢,, - .., and ¢, are constant coefficients called the Ritz coefficients. In Eq. 220,
the functions ¢,, ¢,, ..., and @, are assumed to be known, while the coefficients
¢y, €5, ..., and ¢, are adjusted by minimizing the Rayleigh quotient with
respect to each of these coefficients. This procedure leads to a homogeneous
system of n algebraic equations. For this system of equations to have a
nontrivial solution, the determinant of the coefficient matrix must be equal to
zero. This defines an equation of order n in w?. The roots of this equation
define the approximate natural frequencies, w,, @,, ..., and w,. These ap-
proximate natural frequencies can be used to determine a set of approximate
mode shapes for the system. By using this procedure, the continuous system
which has an infinite number of degrees of freedom is represented by a model
which has n degrees of freedom. The accuracy of the finite-dimensional model
in representing the actual infinite-dimensional model depends on the choice
of the trial shape functions.
We have shown previously that the Rayleigh quotient can be written as

2 _U*

o' =R=— @.221)
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where, by using the expression of Eq. 220, T* and U* can be written as

1 n n
= Z Z 4.222)
1 n n

U* = 3 Z Z kijcicj 4.223)

[
—-
Il
—

i=1j
where m;; and k;; are mass and stiffness coefficients that depend on the shape
functions. For example, in the case of longitudinal vibration of a rod with
simple boundary conditions, the mass and stiffness coefficients are

1

I
= L pAdd;dx  and  k;= L EA$| ¢ dx

whereas in the case of transverse vibration of a beam with simple boundary
conditions, the mass and stiffness coefficients are

1

I
m; = L pAbg dx  and k= L EL§/'¢ dx

Note that if the shape functions are chosen such that they satisfy some
orthogonality relationships, the mass coefficients m;; or the stiffness coeffi-
cients k;; can be equal to zero if i # j.

By using matrix notation, Eqs. 222 and 223 can be written as

T* = 1c"Mc (4.224)
U* = {c'Ke 4.225)

where M and K are, respectively, the system mass and stiffness matrices, and
¢ is the vector of Ritz coefficients defined as

e=[c; ¢ - ¢l

Substituting Eqgs. 224 and 225 into the Rayleigh quotient of Eq. 221, one
obtains

U* ic'Ke

R=_-=>2__"" 4.226

T* 3c™c¢ ( )
In order to minimize the Rayleigh quotient with respect to the Ritz coefficients,
we differentiate R with respect to these coefficients and set the result of the
differentiation equal to zero. This leads to

—, OU* oT*
—U*—
8R dc ac _
e [T
That is ~
* *
,I_,*aU _U*aT —0

Jc J¢
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which upon dividing by T* and using Eq. 221, one obtains

oU* ,0T*
T @il =0 4.227
R ( )
Observe that 3
ou* . or* .
= —_— M
e ¢ K, ke ¢
and, consequently, Eq. 227 leads to
[K—-0*M]c=10 (4.228)

This is a system of n algebraic homogeneous equations. For this system to
have a nontrivial solution, the determinant of the coefficient matrix must be

equal to zero. That is
K —*M[=0 (4.229)

This leads to a nonlinear equation of order n in w?. The roots of this equation
define the system natural frequencies w?, w2, ..., 2. Associated with each
natural frequency, wj, there is a vector of Ritz coefficients ¢; which can be
determined to within an arbitrary constant by solving the equation

[K— w}M]c; =0 (4.230a)
which can be written more explicitly as
(kyq — (szmu) (kyy — (szmu) (kg — (szmln) ¢ 0
(kyy — (szmu) (ka2 — (szmzz) oo (kg — wjszn) C2| _ 0 ’
s — 0Fm)  (hyz —0Fm) - (= @fmy) || ], |0
j=1L2...,n (4.230b)

The approximate mode shape associated with the frequency w; can be ob-
tained by using Eq. 220 as

W,(x) = cljal(x) + cz;az(x) + 4+ C..jﬁzn(x)

= k; ijak(x), ] = 1, 2, ..., h (4231)

Once the natural frequencies and mode shapes are determined, the continuous
system which has an infinite number of degrees of freedom can be represented
by an equivalent multi-degree of freedom system. In this case, the vibration of
the continuous system can be described using the separation of variables as

-

wix, 1) = ) wi(x)q,(t) (4.232)

j=1

where g;(t),j = 1, 2, ..., n, are the time-dependent coefficients.
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It can be shown that if the assumed shape functions happen to be the exact
eigenfunctions, the Rayleigh—Ritz method yields the exact natural frequencies
and the exact mode shapes. In order to demonstrate this, let us consider the
case of a simply supported beam with a uniform cross section and constant
modulus of elasticity. We choose the shape functions to be the exact eigenfunc-
tions and consider the case in which the number of Ritz coefficients is equal
to three, that is

8x) = sin’”Tx,

The mass coefficients m;; and the stiffness coefficients k;; are

b m/2 ifi=j
ij J;) pAg:4; dx {0 ifi #

=123

i . N4 3 spe .
— (im)*EL/2l°> ifi=]j

k.. = EL &"d" dx =
i L H 9 dx {0 ifi #

where m = pAlis the total mass of the beam. The matrices M and K are given
by

100 1 0 0
ELn*

M=§010, K=—2’;f 0 16 0

00 1 0 0 81

Substituting the matrices M and K into Eq. 229, one obtains
1-8 0 0
0 16 — B 0 =0
0 0 81 -4
where B = w?(ml®/El,n*). The preceding equation leads to
(1-p)16—-p)@81—-p)=0

1t is clear that the roots of this equation are

B=i*

which define the three fundamental natural frequencies of the beam as

. |EIL, .
(Uj=(J7T)2 PWEL =123

Note that these are the same as the exact natural frequencies. The Ritz
coefficients associated with each natural frequency can be obtained by using
Eq. 230 which can be written for this system as

0 0 81 — B || c3;

o O O
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The solution of this equation for j = 1,2, 3 is

€1y 0 0
¢ = 0 s C;y =1 Cs s €3 = 0
0 0 C33

Therefore, the first mode shape is

Wy = 1161 (X) + €2162(%) + 3165(x)
= C11$1(x) =¢yy 8in ?

Similarly, the second and third mode shapes are

2
Wz(x) = C22 Sin ?
. 3nx
W3(x) = C33 sin _T

Which are the exact eigenfunctions.

rExample 4.12

Consider the case of a cantilever beam which has a uniform cross-sectional area
and a constant modulus of elasticity. Assume that the shape of deformation of the
beam is in the form _ B

w(x) = ¢(6;(x) + ¢,6,(x)
where

$)=¢ and  (0)=¢

where ¢ = x/I and ! is the length of the beam. The assumed shape functions ¢, (x)
and ¢,(x) satisfy the geometric boundary conditions, that is, the deflection and slope
are equal to zero at the fixed end (x = /).

Using the assumed shape functions ¢, (x) and $,(x), the mass coefficients are

1 1
my; = J~ PAaf(x) dx = J~ PA§4 dx

0 0

=j1mf4df=%

0
1

!
My, =My = f PA¢_51(X)$2(X) dx = f mé® dé

0 0

m
6

I 1 m
My, = j pAP;(x) dx = j mé® dé =
0 0 7

where m is the total mass of the beam.
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Similarly, the stiffness coefficients are

4 (x)
k11=LE1¢ (x) dx JEI,:IZ 5 ]dx
= jj 51,1[32]2 dt = gf’
0 I I
! _ _ 52 X 52_
ks =k =j EL¢{(x)¢2(x) dx _j El [14 352( i ggz(x)] dx
j EI 1[125] dt = QEL
: 194,
kn—J EL$} (x )dx_j EI [12 ;gz( )]dx

272
JE”[@] dt = 12EI

Therefore, the matrices M and K can be defined as

EIL14 6
i T

Substituting these two matrices into Eq. 229, one obtains

L= ST
i N

4—B/5 6-p/6|
6—p/6 12—p/7|
where
ml?
B=otg

z

One, therefore, has the frequency equation

(-5

which yields the quadratic equation
B* — 12248 + 15120 =0

This equation has the roots
B, = 124802, B, =1211.51981

From which the first two fundamental frequencies can be determined as

|EI |EL
o, =3.53273 ml;’ w, = 34.8069 e

The exact fundamental natural frequency is 3.5156 ./ EI, /ml®. That is, the error in
the frequency estimated using the Rayleigh-Ritz method is less than 0.5%. The
exact value of the second natural frequency of the cantilever beam is 22.0336

EI /ml?. Therefore, the error in the second natural frequency is about 58%. A
significant improvement in the second natural frequency can be obtained by in-

creasing the number of shape functions.
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412 GALERKIN'S METHOD

Galerkin’s method is a technique used for obtaining an approximate solution
for both linear and nonlinear partial differential equations. In order to apply
Galerkin’s method an approximate solution for the displacement field is first
assumed. Since this approximate solution may not be the same as the exact
solution, substitution of the assumed solution into the partial differential
equations and the boundary conditions leads to some error called a residual.
In Galerkin’s method, the criterion for selecting the assumed solution is to make
the error small. In order to demonstrate the use of Galerkin’s method, we write
the partial differential equations of the systems discussed in this chapter in the
following general form

Dw(x,t)) — F(x,t)=0 (4.233)

where F(x, t) is an arbitrary forcing function and D(w(x, t)) is a function that
depends on the type of the problem considered. For example, in the case of
longitudinal vibration of rods, the function D(w(x, t)) is given by
o*u o*u
D(W(x, t)) = W - CZW
where in this case w(x, t) = u(x, t) is the longitudinal displacement of the rod,
and D is the differential operator defined as

*

D=_—.—c¢c*—
o ¢ axt

and ¢ = ./ E/p. Similar definitions can be made in the case of the torsional
oscillation of shafts. In the case of transverse vibrations of beams, the function
D(w(x, 1)) can be recognized as
o o*v

D(W(x, t)) = ‘a?' + 025?
where w(x, t) = v(x, t) is the transverse displacement of the beam, ¢ =
/ EIL/pA, and D is a differential operator that can be defined as

0 o*

+ et

D=W ox*

In Galerkin’s method the unknown exact solution w(x, f) is approximated
by the function w(x, t) which can be written as

wix, ) = 2‘1 $,(x)g;(1) (4.234)

where @(x) are assumed shape functions and g,(t) are unknown coordinates
that depend on time. The assumed functions ¢,(x) are chosen to satisfy the
boundary conditions of the problem. Clearly, the assumed approximate solu-
tion is not exactly the same as the unknown exact solution. Consequently, Eq.
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234 will not satisfy the partial differential equation of Eq. 233, that is
D(w(x,t)) — F(x,t) # 0

Therefore, the preceding equation can be written as
D(w(x, t)) — F(x,t) = R, (4.235)

where R, is the residual or the error that results from the use of the ap-
proximate solution. By taking a virtual change in the assumed approximate
solution of Eq. 234, one obtains

W, ) = z (x) 4,0 (4.236)

Multiplying both sides of Eq. 235 and integrating over the solution domain
yields

z{ J wix,0) - Fx )—Re]@(x)dx}éq,-(t)w

Since the coordinates g,(t) are assumed to be linearly independent, the preced-
ing equation yields

Ll [D(W(x, 1) — F(x, )18(x) dx = Ll R(x)dx, j=1,2,....n (4237
In Galerkin’s method, the assumed shape functions ¢_$J-(x) are chosen such that
Ll R(x)dx~0, j=12,..,n (4.238)

Consequently, Eq. 237 yields n differential equations which can be written as
ﬂ [DW(x, 1)) — F(x, )]¢(x)dx =0, j=1,2,....,n (4239

It is clear that in Galerkin’s method the assumed shape functions @(x) can be
considered as weighting functions selected such that the error R, over the
solution domain is small. Consequently, Galerkin’s method can be considered
as a special case of the weighted residual techniques. In the weighted residual
techniques there are broad choices of the weighting functions or error distribu-
tion principles. In Galerkin’s method the weighting functions are selected to
satisfy the criterion of Eq. 238.

Example 4.13

In order to demonstrate the use of Galerkin’s method, we consider the longitudinal
forced vibration of a prismatic rod. The governing partial differential equation of

the system is

o%u 2

0‘u
pAW—EAgg:F(x,t)
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We assume a solution in the form

u(x, t) = al(x)(h(t) + $2(x)q,(t)

where

p0=1-¢ flx)=¢
in which & = x/I. It follows that
8u(x, 1) = ¢, 8q, + ¢, 84,

Multiplying both sides of the partial differential equation by 6% and integrating
over the volume, we obtain

! 0% o*u
A— — EA-— —F oudx = 4.
L [p Py pae: (x, t):l udx=0 (4.240a)

The first term in Eq. 240a represents the virtual work of the inertia forces and can
be written as

1 62 1 _ _ _ _
J P dudx = J pA[$1d: + ¢,4,1[¢1 09, + ¢, 5q,1 dx
0

which can be written using matrix notation as

1 62_
J pA— 7 Sudx = {™ éq (4.240b)
0

where = [q; ¢,]", and M is the mass matrix defined as
1 12 1
¢1 ¢1¢2:| [5
M= Al o dx=m
J 0 p [¢1 é & :

where m = pAl is the mass of the rod.
The second term in Eq. 240a represents the virtual work of the elastic forces. This
term can be integrated by parts to yield
1 i 6 6
J EAZS - (5%) dx

o 0x Ox

W= O
S|

H 62 a
_ 5 = —EAZ
J 62udx EAaé

While this equation automatically accounts for any set of boundary conditions, in
this example, for simplicity, we consider simple boundary conditions. Consequently

ou
EAa—uéu =0

0

One, therefore, has

! 62 Y du o
—J e 25udx—f EA—a(éu)d

= L EA[¢71‘11 + 5/2112] [471 dq, + 475 dq,] dx

= qTK 5q (4.2400)
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where the stiffness matrix K is defined as

w2 ] pnal 1]
K= Al 2 - L -
LE [¢;¢; &%= T-1 1

The third term in Eq. 240a is the virtual work of the external forces and can be
written as

—j F(x, 1) dudx = —j F(x,t)[$, 09, + ¢, 6q,] dx

0 0
=069, + Q, 49,

in which

1
0 =j F(x, 04,(x) dx
0

1
0, = J F(x, 1)$,(x) dx

4]
One can then write the virtual work of the external forces as
1
- j F(x,t)0udx = Q" 8q (4.240d)
4]

where

Q=[0, 0.1

Substituting Eqs. 240b—d into Eq. 240a, one obtains the differential equations of
the rod written in a matrix form as

[i(™+q¢K-Q"]dq=0

Since the components of the vector q are assumed to be linearly independent, the
preceding equation leads to

Mi+Kq=Q

which can be written more explicitly as
H SR
m 1 . +— =
3142 -1 1]] 9, Q2

413 ASSUMED-MODES METHOD

=

The assumed modes method is closely related to the Rayleigh—-Ritz and
Galerkin methods discussed in the preceding sections. In fact, it leads to the
same dynamic formulation as Galerkin’s method if the same assumed dis-
placement field is used. In the assumed modes method, the shape of deforma-
tion of the continuous system is approximated using a set of assumed shape
functions. This approach can be used in the dynamic analysis of structures
with complex geometrical shapes and complex boundary conditions. For such
systems, it is difficult to determine the exact eigenfunctions. If, however, the
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deflected shape of the structures resembles the shape of deformation of some
of the simple systems as the ones discussed in this chapter, the eigenfunctions
of the simple systems can be assumed as the shape functions of the more
complex structure. Another alternative is to use experimental testing to de-
termine the shape of deformation by measuring the displacements at selected
nodal points. The shape of deformation between these selected nodal points
can be defined using polynomial functions. As was shown in this chapter, the
vibration of continuous systems can be represented in terms of an infinite
number of vibration modes. Each of these modes can be excited independently
by the use of appropriate initial conditions or forcing functions. Therefore,
the experimental determination of the shape of the fundamental modes of
vibration by experimental measurements is possible. In fact, the use of modal
testing to determine the mode shapes and natural frequencies of continuous
systems is an integral part in the design of many mechanical systems. In
addition to the mode shapes and natural frequencies, modal testing also
provides the modal stiffness, mass, and damping coefficients associated with
these modes. By using these coefficients, a finite-dimensional model can be
developed for the continuous systems.

Let us assume that the shape functions that define the deflected shape of
the continuous system can be obtained experimentally or by inspection. In
terms of these shape functions, an approximation for the displacement field
can be assumed as

wix, ) & ; ()4, (4.241)

where w(x, t) = u(x, t) in the case of longitudinal vibration, w(x, t) = 8(x, t) in
the case of torsional vibration, and w(x, t} = v(x, t} in the case of transverse
vibration, ¢(x) may be the jth eigenfunction or an assumed polynomial, g is
a time-dependent coordinate, and » is the number of elastic degrees of freedom
used in the assumed solution. By using a finite number of terms in the solution,
the kinetic energy and strain energy can be written as

j=1 k=1
U=1Y Y kig;a (4.243)
Jj=1 k=1

The equations of vibration can be developed using these energy expressions
and the following form of Lagrange’s equation:

d{eT\ oT oU
— ——+-—=0, =1,2,3,...,n 4.244
dt( ) o0, ag % (4249
This procedure leads to the following n ordinary differential equations of
motion:

94

kZI (mlqu + klqu) = Ql’ ] = 1, 2, 3, ... R (4245)
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These equations can be written compactly in a matrix form as
Mi+Kq=Q (4.246)

where M and K are, respectively, the n x n mass and stiffness matrices,
q=1[9:95---»9,]7 is the vector of generalized coordinates, and Q =
[0:,Q,,...,0,]" is the vector of generalized forces. The preceding matrix
equation is in a form similar to the matrix equation of the multi-degree of
freedom systems. Therefore, the techniques discussed in the preceding chapter
can be applied to obtain a solution for the matrix equation of Eq. 246. Clearly,
Eq. 246 represents an equivalent finite-dimensional model for the infinite
degrees of freedom continuous system. An equivalent single degree of freedom
model can be obtained if n is equal to 1. The use of the reduction procedure
described in this section is demonstrated by the following example.

Example 4.14

If the transverse vibration of a beam with one end fixed and the other free is

approximated by B B
v(x, ) = $;(x)q, (1) + $2(x)q,(1)

where

,(x) = 32 — 263
$y(x) = 1(E* — &)

in which [ is the length of the beam and ¢ = x/I, obtain the matrix equation of
motion of this system.

Solution. The displacement and velocity of the beam can be expressed as

T n 4,()
v(x, 1) = [$,(x) ¢2(x)] [qz(t)]

. — - 4:(0)
B(x, ) = [$1(x) ¢2(x)] [42 (t)]

Also

v, 1) = B0 F00] [Ztg]

_ 6 2 q,(t)
om0 2o ]

Therefore, the kinetic energy and strain energy are given by

1
T=1 j pARdx = 1§™™Mg
(4]

i
U= %J EIv"*dx = 1 q'Kq
0
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where ¢ = [¢; ¢q,]" and M and K are the mass and stiffness matrices defined as

! $1} - J' [ #t $1$z]
M= Al = dx = o z d
L” [¢2 [0 daddx=| pd| 55 & |&

gl 1 -
=P 110 12105

S 7 I ! 67 bids
K = J EI[_//:I [¢l1l ¢l2l] dx = J EI|:_// " T2 } dx
0 2 0 2¢1 P2
_EI[ 1212 —¢/i
R Y 4

The virtual work of the external force is

1 1 _ _ 5 5
oW = J Fix, )0 dx = J F(x, 004, ¢2][5"‘}dx=[91 Q;][a"‘}
0 0 q2 q2
where

1
0 =J F(x, )4 dx

0
!
0, = J; F(x, ), dx

Therefore, the matrix equation for the equivalent two degree of freedom system can
be written as

Al[ 13/35 —111/210][q1J EIl 12/ —6/l][q.] [Q:
P o enos ||| T T e 4 lalT o,
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Problems

4.1. Determine the equation of motion, boundary conditions, and frequency equation

of the longitudinal vibration of the system shown in Fig. P1. The rod has a
uniform cross-sectional area.
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42

43.

44.

45.

4.6.

47.

48.

4. Vibration of Continuous Systems

0, E A1l
0 E Al 0. E Al
m
Fic. P4.1 FiG. P4.2 FiG. P43

The system shown in Fig. P2 consists of a uniform rod with a spring attached
to its end. Derive the partial differential equation of motion and determine
the boundary conditions and frequency equation of the longitudinal vibration.

Obtain the equation of motion, boundary conditions, and frequency equation of
the system shown in Fig. P3.

Determine the equation of motion, boundary conditions, and frequency equation
of longitudinal vibration of a uniform rod with a mass m attached to each end.
Check the fundamental frequency by reducing the uniform rod to a spring with
end masses.

Derive the equation of motion of longitudinal vibration of the system shown in
Fig. P4. Obtain the boundary conditions and the frequency equation for the case
in which k; = k, = k.

x~

kl p, E, A,I kZ QD (
M M ~—a ,

Fic. P44 FiG. P4.5

Determine the equation of motion, boundary conditions, and natural frequencies
of a torsional system which consists of a uniform shaft of mass moment of inertia
I with a disk having mass moment of inertia I, attached to each end of the shaft.

Derive the equation of motion of the system shown in Fig. P5 which consists of a
uniform shaft with a torsional spring of torsional stiffness k attached to its end.
Obtain the boundary conditions and the frequency equation.

Determine the equation of torsional oscillation of a uniform shaft with one end
fixed and the other end attached to a disk with inertia I,. Obtain the boundary
conditions and the frequency equations.
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49. Obtain the equation of torsional oscillation of a uniform shaft with a torsional
spring of stiffness k attached to each end.

4.10. Derive the partial differential equation of equilibrium of the torsional system
shown in Fig. P6. Obtain the boundary conditions and the frequency equation.

k k,

.G 1,1 p,G, 1,1

s dps

Fic. P4.6 Fic. P4.7

4.11. For the system shown in Fig. P7 determine the partial differential equation of
torsional oscillation. Determine also the boundary conditions and the frequency
equation.

4.12. Derive the partial differential equation of the torsional oscillations of a uniform
shaft clamped at the middle and free at the two ends. The shaft has length [,
modulus of rigidity G, mass density p, and cross-sectional area A.

4.13. For the system shown in Fig. P8, obtain the partial differential equation of the
longitudinal vibration, the boundary conditions, and the frequency equation.
Check the results by letting the two rods have the same dimensions and by
comparing with the results obtained by solving problem 1.

4.14. Determine the equation of transverse vibration, boundary conditions, and fre-
quency equation of a uniform beam of length / clamped at one end and pinned
at the other end.

4.15. Obtain the frequency equation of the transverse vibration of the beam shown in
Fig. P9.

p.G, 1,1

P, Ey, Ayl

P2, Ez, 43,1,

FiG. P4.8 FiG. P49

4.16. A uniform rod which isfixed at one end and free at the other end has the following
initial conditions:

X
,0) = Ay sin—

u(x, 0) Osm2l

u(x,0)=0

Obtain the general solution of the longitudinal vibration.
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4.17.

4.18.

4.19.

4.20.

4.21.

4.22.

4.23.

4.24.

4. Vibration of Continuous Systems

Repeat Problem 16 for the following initial conditions:

u(x, 0) = 0

X
i(x, 0) = V, sin—
t(x, 0) = ¥, sin 30

For the system of Problem 16 let the initial conditions be given by

X
,0)=A4 —
u(x, 0) o COS 51
i(x,0)=0
What is the expected solution? Comment on the results.

A uniform shaft which is fixed at one end and free at the other end has the
following initial conditions:
nmx

6(x, 0) = 4, sin T
b(x,0) =0

where n is a fixed odd number. Obtain the solution of the free longitudinal
vibration of this system.

Repeat Problem 16 in the case where the initial conditions are given by
u(x, 0) = Ayx
#(x,0)=0
Repeat Problem 19 by considering the following initial conditions:
0(x, 0) = Ag(x + x?)
b(x,0)=0
For a uniform rod with both ends free, obtain the solution for the longitudinal
vibration if the initial conditions are given by

u(x, 0) = 4, cos?

(x, 0 =0
Repeat Problem 22 using the following initial conditions:
u(x, 0) = Ayx?
i(x,0)=0

A uniform rod with one end fixed and the other end free is subjected to a
distributed axial load in the form

F(x, t} = x sin 5¢
Determine the response of the system as the result of application of this forcing
function.



4.25.

4.26.

4.27.

4.28.

4.29.
4.30.

331

4.32.

Problems 249

0 E Al

F(1)
>

Fi1G. P4.10

Determine the response of the system shown in Fig. P10 to a concentrated
harmonic forcing function.

pE Al F(t) = F, sin oyt

——»

FiG. P4.11

The system shown in Fig. P11 is subject to a concentrated axial force at the mass
attached to the end of the rod. Determine the response of this system to this end
excitation.

Determine the response of the system shown in Fig. P12 to the harmonic motion
of the support.

Determine the response of the torsional system shown in Fig. P13 to the har-
monic torque excitation.

0, E Al PG 1L, 1 I

AN
o

i,

— y = Y, sin ot

T= T, sin wt

FiG. P4.12 FiG. P4.13

Repeat Problem 25 if the forcing function F(¢) is periodic, as shown in Fig. P14.

Determine the response of the beam shown in Fig. P15 to the forcing
function
F(t) = F, sin wgt

Repeat Problem 30 if F(f) is given by the periodic function defined in Problem
29.

The system shown in Fig. P16 consists of a uniform beam with one end pinned
and the other end free. Determine the response of this system to the harmonic
support excitation.



250

433

4.34.

4.35.

4.36.

4. Vibration of Continuous Systems

F(t)AP
F — a
N F()
o 12] 1|31 21| ' 7 il
pE I,
FIG. P4.14 Fic. P4.15
o E I,
y=Y,sin wftT g[ ]
Fic. P4.16
Fi) A
Fy
Pt
Ly
FiG. P4.17

Repeat Problem 25 if the force F(t) is given by the rectangular pulse shown in
Fig. P17.

If the longitudinal displacement of the system of Problem 25 is represented
by
u(x, 1) = ¢,(x)q; + $2(x)q2
where
X 3nx

6y(x) = sin’;, #2(0) = sin =

and ¢, and q, are time-dependent coordinates, obtain the matrix equation that
governs the forced vibration of this system.

Repeat Problem 34 if

$1(x)=0, (x)=x
Obtain the solution of the longitudinal vibration of a uniform rod with one end
fixed and the other end condition is

u(l, t) =dcos ot

where d is a constant. Assume zero initial conditions.
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4.37. By using the Rayleigh—Ritz method determine the natural frequencies and mode

4.38.

4.39.

4.40

4.41.

shapes of a beam with free ends. Assume that the modulus of elasticity and the
cross-sectional area of the beam are constant. Use the following assumed function

B(x) = ¢; + €% + ¢3x% + ¢4x°
Compare the results obtained using the Rayleigh—Ritz method and the exact

solution.

Determine the natural frequencies and mode shapes of the system shown in Fig.
P2 using the Rayleigh—Ritz method. Assume that the trial functions are the exact
eigenfunctions of a rod with one end fixed and the other end free. Consider the
two cases in which n = 2, 3. Plot the approximate mode shapes and compare the
results with the exact ones.

Repeat Problem 38 assuming that the trial function is;

j
C;x

-

i(x) =

j=1

Comment on the results.

Using Galerkin’s method obtain a three degree of freedom mathematical model
that represents the system of Problem 37: Use the mode shapes obtained in
Problem 37 as the assumed shape functions.

Use Galerkin’s method to obtain a two and three degree of freedom mathemati-
cal model for the system of Problem 38. Use the mode shapes obtained in
Problem 38 as the assumed shape functions.
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The Finite-Element Method

The approximate methods presented at the end of the preceding chapter. for
the solution of the vibration problems of continuous systems are based on the
assumption that the shape of the deformation of the continuous system can
be described by a set of assumed functions. By using this approach, the
vibration of the continuous system which has an infinite number of degrees
of freedom is described by a finite number of ordinary differential equations.
This approach, however, can be used in the case of structural elements with
simple geometrical shapes such as rods, beams, and plates. In large-scale
systems with complex geometrical shapes, difficulties may be encountered in
defining the assumed shape functions. In order to overcome these problems
the finite-element method has been widely used in the dynamic analysis of
large-scale structural systems. The finite-element method is a numerical ap-
proach that can be used to obtain approximate solutions to a large class of
engineering problems. In particular, the finite-element method is well suited
for problems with complex geometries.

In the finite-element method, the stucture is discretized to relatively small
regions called elements which are rigidly interconnected at selected nodal
points. The deformation within each element can then be described by inter-
polating polynomials. The coefficients of these polynomials are defined in
terms of physical coordinates called the element nodal coordinates that de-
scribe the displacements and slopes of selected nodal points on the element.
Therefore, the displacement of the element can be expressed using the separa-
tion of variables as the product of space-dependent functions and time-
dependent nodal coordinates. By using the connectivity between elements, the
assumed displacement field can be written in terms of the element shape func-
tion and the nodal corrdinates of the structure. Using the assumed displace-
ment field, the kinetic and strain energy of each element can be developed,
thus defining the finite-element mass and stiffness matrices. The energy expres-
sions of the structure can be obtained by summing the energy expressions of
its elements. This leads to the definition of the structure mass and stiffness
matrices.

252
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Fic. 5.1. Finite element discretization.

Figure 1 shows a continuous system or a structure which is divided to
a finite number of elements which collectively approximate the physical de-
scription of the system. These elements are assumed to be rigidly connected
at selected nodal points whose displacements and slopes are the elastic co-
ordinates of the system. Figure 2 shows some typical finite elements which are
commonly used in the dynamic analysis of the structural systems. Observe
that different number of nodes can be used for different types of elements. The
nodal coordinates of these elements are also shown in Fig. 2.

In this chapter, we discuss the formulation of the mass and stiffness matrices
of the continuous systems using the finite-element method. In Sections 1-3
the general procedure for defining the assumed displacement field in terms
of the element shape function and the nodal coordinates of the continuous
system is described. In Section 4 the formulation of the mass matrix is de-
veloped using the kinetic energy of the elements. In Section 5 the element
strain energy is used to define the stiffness matrix of the structure. The
formulation of the structure equations of motion is presented in Section 6,
while the convergence of the finite-element solution is examined in Section 7.
Sections 8 and 9 are devoted to the analysis of higher-order and spatial
elements, respectively. Examples are presented throughout the chapter in
order to demonstrate the use of the formulation presented for different types
of elements.
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Fi16. 5.2. Finite elements: (a) truss element; (b) triangular element; (c) beam element;
(d) rectangular element.

5.1 ASSUMED DISPLACEMENT FIELD

Each finite element represents a continuous system which has an infinite
number of degrees of freedom. However, by choosing the size of the element
to be small, the deformation of the finite element can be approximated by
using relatively low-order polynomials. The coefficients of these polynomials
in the dynamic case are time dependent. Therefore, in a selected coordinate
system of element j, the displacement field is defined as

w=8ia, j=1,2..n, (.1)

where S is a space-dependent matrix, a’ is the vector of the time-dependent
coefficients of the polynomials, and n, is the total number of elements used to
discretize the continuous system. The displacement w' can be a scalar, two-
dimensional or three-dimensional vector depending on the type of element
used.

The time-dependent coefficients in Eq. 1 lack an obvious physical meaning.
In the finite-element method, these coefficients are expressed in terms of the
time-dependent element nodal coordinates. This relationship can be written

as
a=Sig, j=12..,n, (5.2)

where SJ is a constant matrix which can be obtained by defining the displace-



5.1. Assumed Displacement Field 255

ments and slopes at the nodal points and ¢’ is the vector of the element nodal
coordinates.

By substituting Eq. 2 into Eq. 1, the displacement field of the element can
be expressed in terms of the element nodal coordinates as

w=8Si¢, j=12..,n, (5.3
which can be written as
w=S¢, j=12..,n, 54
where S is the space-dependent element shape function defined as
S =88, j=12..,n, (5.5)

The procedure described in this section for writing the displacement field in
terms of the space-dependent element shape function and the time-dependent
nodal coordinates is a general procedure which can be used for many elements.
The use of this procedure is demonstrated by the following examples.

Truss Element The truss element shown in Fig. 2(a) is assumed to carry
only tension or compression loads. Therefore, only axial displacement is
allowed. The displacement field of this element is expressed using a first-order
polynomial as

w =ai + ajx (5.6)

where af and aj are time-dependent coefficients. Equation 6 can be written in
the form of Eq. 1 as

wW=[1 x] [Zf] (5.7)
2

where the space-dependent matrix S} and the time-dependent vector a’ are

recognized as
S =[1 x] (5.8a)

a'=[a ail” (5.8b)
As shown in Fig. 2(a), this element has two nodal points. Each nodal point

has one degree of freedom which represents the axial displacement of this
node. One can, therefore, write the following conditions:

wx=0)=ul (59a)
wix =V)=uj (5.9b)

where u] and uj are the element nodal coordinates and !/ is the length of the
element. Substituting the conditions of Eq. 9 into Eq. 7, yields

wWix=0)=[1 0] [Z{] = ui

J
2
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and
ix =MW =01 P o] _
u(x_ )"[ ]aé —uz

These two equations can be written in one matrix equation as

I FEH

The solution of this equation defines the coefficients aj and aJ in terms of the
nodal coordinates u] and uj as

ai] 1|V 0][4
a | Pl-1 1]l

where S} of Eq. 4 can be recognized as

1P o
= .
Sj {_IJ (5.10)

The element shape function $/ of Eq. 5 can then be defined using Eqs. 8 and

10 as
1 0

L X\ X
P
which can also be written as
S=[1-¢ & (5.11b)
where ¢ is the dimensionless parameter
X
‘=

One can then write the displacement of the element in terms of the element
nodal coordinates as
o= quj
u
=[1-¢ &1 ; (5.11¢)
Uy
This equation can also be written as
W = ¢{(O)ul + ¢
where . .
FE)=1-¢ and () =¢

Note that when x = 0, that is, £ = 0, ¢J(0) = 1, and ¢}(0) = 0, while when
x = I, thatis, & = 1, ¢{(1) = 0and ¢}(1) = 1. That is, the element of the shape
function ¢/ takes the value one at node i and the value zero at the other node.
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Triangular Element Several finite-element formulations for the two-
dimensional triangular elements can be found in the literature. In this section
we consider the simplest one which is called the constant-strain triangular
element. The element is shown in Fig. 2(b) and has three nodal coordinates.
Each node has two degrees of freedom which represent the horizontal and
vertical displacements of the node as shown in Fig. 2(b). Therefore, the element
has six nodal coordinates given by

¢=[uf vf u} vj uf vi]" (5.12)

The displacement field is approximated by the following polynomials:
w=a] +ajx +ajy (5.13a)
v/ =aj +aix +aly (5.13b)

This element in which the displacement field is defined by the preceding
equation is called constant strain since

ou’
x= 51; =43
ov’
g; = “@y =al
Coow v .
J = =al +al
yxy ay + ax 3 5

That is, the strain is the same at every point on the element.
Let (x4, y,), (x5, ¥5), and (x3, y3) be the coordinates of the nodal points of
the element. It is clear that

ul =ai{ + ajx;, + aiy

‘ . X X 5.14
vl = ay + aix, + alyx, k= 1,2,3} (5.14)

where uj and v{ are the nodal coordinates of the jth node. By using a similar
procedure to the one described in the case of the truss element, Eq. 14 can be
used to write the coefficients af, aj, ..., al in terms of the nodal coordinates
ui, v, uj, v}, uj, v. This leads to the following displacement field:

r + 7

<
(SN

&

(5.15a)

N, 0O N, 0 N, 0
0 N, 0 N, 0 N,

j
W= [u :I
v.l

= <
W . [ SIS [ 1

<
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where the scalars Ny, N,, and N, are defined by

1 N
N, = 24 57 [X¥2¥3 — X3y2 + X(y2 — y3) + y(x3 — x,)]
N, = 2A’ 57XV — X1y3 + x(y3 — y1) + y(x; — x3)] ¢ (5.15b)
N; = 2A,[x1}’2 Xa¥1 + x(Vy = ¥2) + ylxz — x)] |

in which A’ is the area of the element defined by the determinant.

1 x; y;
A=31 x, y,
1 x3 y;

Consequently, the matrix §’ of Eq. 4 can be recognized as

[N, O N, O N, 0
i 16
S [ 0O NN 0O N, 0 N, (516)

Observe that
0 if k#i
N(xi, 1) = {1 k=i

Beam Element Thebeam element shown in Fig. 2(c) has two nodal points.
Each node has three nodal coordinates that represent the longitudinal and
transverse displacements and the slope. These nodal coordinates are

o=[u]l of 0] uf o} 031" (5.17)

Since we selected six nodal coordinates, our displacement field must contain
six coefficients. The longitudinal displacement is approximated by a first-
degree polynomial, while the transverse displacement is approximated by a
cubic polynomial. The displacement field is, therefore, given for element j by

w =aj +ajx (5.18a)
vl =aj + ajx + aix® + alx® (5.18b)
Note that the axial displacement is described by a first-order polynomial. That
is, the axial strain is constant within the element and d%w//0x? = 0. On the

other hand, the transverse displacement is described using a cubic polynomial
and consequently the shear force is assumed to be constant within the element.
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At the nodal points, one has
uj = aj
uj = aj + ajl’
vl =aj

vj = aj + ali + ai(P)? + al(l’y’

D
e
I

a}
05 = aj + 2ail’ + 3al(lV)?

where I is the length of the element. The preceding equations can be used
to define the displacement field in terms of the nodal coordinates. This leads to

; w o
o=|" |- (5.19)

where ¢ is the vector of the element nodal coordinates defined by Eq. 17, and
S’ is the space-dependent element shape function defined by

o) 26 G -G

Note that the shape function of the truss element can be obtained from the
shape function of the beam element as a special case in which the transverse
deformation is neglected.

Rectangular Element The rectangular element shown in Fig. 2(d) has
four nodes. Each node has two degrees of freedom that represent the hori-
zontal and vertical displacements. The nodal coordinates of the element are
defined by the vector ¢’ as

U=l of u o o) wl T
The assumed displacement field of this rectangular element can be written as
w =aj +ajx + aly + ajxy

v' =al +alx +aty + aixy
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Following the procedure described in the case of the truss, triangular, and
beam elements, one can show that the shape function of the four-node rect-
angular element is given by

SJ.=N10N20N30N40
0 N O N, 0 Ny, 0O N,
where
1

Ny = g-b— 2 —)

1
Ny ==+ x)c—y)

4bc

N, = ! b+xc+y

37 Jhe X y

N, = ! (b—x)c+y)

4= The y

Observe again that

0 if k#i
Nk(xi’ yt) - {l lf k — l

5.2 COMMENTS ON THE ELEMENT SHAPE FUNCTIONS

The assumed displacement field of the element is represented by simple
functions expressed in the form of polynomials. The use of these simple
functions guarantees that the displacement field within the element is contin-
uous. Furthermore, the assumed displacement field must include low-order
terms if the approximate solution is to be close enough to the exact solution.
For example, consider the assumed displacement field of the beam element
given by Eq. 18. If the beam is subjected to a static axial end load F, the exact

solution is
F .
uj = (W) X, v/ =0

where E/ and A’ are, respectively, the modulus of elasticity and the cross-
sectional area of the element j. Note that if we omit the term aj x in the assumed
axial displacement of Eq. 18a, we delete the term that contains the exact
answer. It is, therefore, important that the order of the polynomial is selected
in such a manner that the approximate solution converges to the exact
solution. This property is called the completeness. The completeness require-
ment guarantees that the approximate solution converges to the exact solution
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as the number of elements increases. The order of the polynomials in the
assumed displacement field can be increased by increasing the number of
nodes of the element or/and by increasing the number of coordinates of the
nodes by considering higher derivatives of the displacements.

It is clear that as a part of the completeness requirements, the assumed
displacement field of the element must be able to represent the state of constant
strain. The rigid-body motion without strain is a special case of the state of
constant strain. Therefore, rigid-body modes must be present in the assumed
displacement field. In this section we examine this property for the elements
discussed in the preceding section. The procedure for doing this is to assume
that the element undergoes an arbitrary rigid-body motion. The values of the
nodal coordinates as the result of this motion can be determined and sub-
stituted into the displacement field of the element in order to check whether
this assumed displacement field can represent this rigid-body motion.

Truss Element If the truss element whose assumed displacement field is
defined by Eq. 11 undergoes a rigid-body translation dx in the direction of
the x-coordinate, the values of the nodal coordinates as the result of this
rigid-body motion become

[wi uwf]"=[dx V+dx]"

Substituting this vector into Eq. 11c, the displacement of an arbitrary point
on the element as the result of this rigid-body motion is given by

j

W=[1-8 & [Z]
2

dx

; =l
U+ dx] T

=[(1-9 i][
which indicates that each point on the element indeed translates by the
amount dx. Consequently, the truss-clement shape function as defined by
Eq. 11b can be used to describe an arbitrary rigid-body translation along the
x-coordinate of the element.

Rectangular Element While the truss element is used to describe only
axial displacements, the linear rectangular element is used to describe an
arbitrary planar displacement. An arbitrary rigid-body motion is described by
a translation and a rotation. If the linear rectangular element undergoes an
arbitrary rigid-body translation dx in the horizontal direction, the element
nodal coordinates as the result of this rigid-body displacement become

¢=[-b+dx —c b+dx —c b+dx ¢ —b+dx c]T

Substituting this vector into the displacement field presented in the preceding
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section, one obtains the displacement of an arbitrary point on the element as
the result of this rigid-body motion as

[ —b + dx |
—c

b+ dx

S_[¥]_[M 0 N 0 N, 0 N, 0 —c
B Uj B 0 Nl 0 N2 0 N3 0 N4 b+dx
c

—b +dx

L ¢ J

_[(_Nl + Ny + N5 —Ny)b +(N; + N, + N3 + N,) dx
(=N, = N, + N + Ny)e

Observe that
N1+N2+N3+N4=1

—NI—N2+N3+N4=

o i<

X
—N1+N2+N3—N4=B

w=[x+dx yI'= [x:l + [dx]
y 0

That is, the displacement of an arbitrary point on the element as the result of
this rigid-body translation is dx. It is, therefore, clear that the element shape
function as defined in the preceding section can be used to describe an
arbitrary rigid-body translation in the x-direction. By using a similar proce-
dure one can also show that this element shape function can also be used to
describe an arbitrary rigid-body translation in the y-direction.

If the element undergoes a rigid-body rotation a, the value of the nodal
coordinates as the result of this rigid-body rotation is

and accordingly

¢ =[(—bcosa+csina) (—bsina—ccosa) (bcosa+ csina)
(bsina—ccosa) (bcosa—csina) (bsina + ¢ cos )

(—=bcosa—csina) (—bsina+ ccosa)]”

Substituting this vector in the assumed displacement field of the bilinear rect-
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angular element defined in the preceding section, one obtains

u]_[u‘]]:[ (—N1+N2+N3—N4)bCOSa+(N1+N2—N3——N4)CSina ]

vl (=Ny+N,+ Ny~ Ny)bsina+(—N; —N, + N; + N,)c cos a

3 [x cos o — y sin a} 5 [cos a —sin oc:I [xil

“|xsina+ycosa]| |sina cosa ¥
which indicates that the element shape function of the bilinear rectangular
element can be used to describe an arbitrary rigid-body rotation. This rotation
can be finite or infinitesimal.

By using similar procedures, one can also show that the shape function of

the constant strain triangular element can be used to describe an arbitrary
rigid-body motion.

Beam Element Following the procedure described in this section, it is an
easy matter to show that the shape function of the beam element presented
in the preceding section can be used to describe an arbitrary rigid-body
translation. In order to examine the ability of this shape function in describing
an arbitrary rigid-body rotation, we consider the case in which the element
rotates a rigid-body rotation defined by the angle a. In this case, one must have

w'] [cosa —sina|[x] [xcosa
v/ | |sina cosa |[[0] |xsina
where x is the coordinate of an arbitrary point on the element. In this case
ov
#l=_——=sina
ox
and accordingly the vector of nodal coordinates as the result of this rigid-body
rotation is given by
¢=[0 0 sina lFcosa lsina sina]”

Substituting this vector into the displacement field of the beam element as
defined by Eqgs. 19 and 20, one obtains

ul X COS o cosa —sina || x
v X sin a sinae  cosa [[O

Note that, in order to arrive at this result, we assumed that the slope 6/ =
0v//dx = sin « instead of the angle « or tan «. Clearly,

sino ~tan o =~ o

if the rigid-body rotation « is infinitesimal. The assumption of small slope is
made in developing the technical beam theory. Furthermore, the use of the
nodal coordinates as trigonometric functions leads to difficulties in transform-
ing these coordinates to the global coordinate system or when the elements
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are assembled, since trignometric functions lack a physical meaning. There-
fore, the shape function of the beam element can be used to describe rigid-body
rotation only when this rotation is infinitesimal.

5.3 CONNECTIVITY BETWEEN ELEMENTS

In the preceding sections, the displacement field of the element was defined in
the element coordinate system. In the finite-element approach, a structural
component is discretized using a number of elements, each of which has its
own coordinate system. Because of geometrical considerations imposed by
the shape of the structural components, the axes of the element coordinate
system may not be parallel to the axes of the global coordinate system.
The connectivity conditions between elements, however, require that when
two elements are rigidly connected at a nodal point, the coordinates of this
point as defined by the nodal coordinates of one element must be the same as
defined by the coordinates of the other element. Therefore, before applying
the connectivity conditions, the nodal coordinates of the elements must be
defined in one global system.

Coordinate Transformation As shown in Fig. 3, let p/ be the angle
which the X/-axis of the element j coordinate system makes with the X-axis
of the global coordinate system. Let €’ be the transformation matrix from the
element coordinate system to the global coordinate system. The transforma-
tion matrix C’ is given by

Ci= [cos B’ —sin ﬂ’] (5:21)

sin B/ cos g

YA Element _]

Fi16. 5.3. Connectivity conditions.
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Therefore, the displacement field u/ of Eq. 4 can be written in the global
coordinate system as

ul = Cw/ = C/S/g/ (522)
In this equation, the vector of nodal coordinates ¢’ is defined in the jth ele-
ment coordinate system. This vector can be expressed in terms of the global
coordinates as .

¢ =Clg} (5.23)

where ¢} is the vector of nodal coordinates defined in the global coordinate
system and C’ is an orthogonal transformation matrix. In the case of the
triangular element the matrix C’ is given by

cT o0 0
C=|0o c o (5.24)
0 0 C7

where C/ is defined by Eq. 21. B
In the case of the beam element the matrix C’ is given by

. [cT 0
c=|"! 25
5 el 529
where C} is the matrix
i —sinf 0 .
- Cf)S ﬂ- sin ﬂ oo
Ci=|sinfff cosp/ O0]|= 0T 1 (5.26)
0 0 1

Substituting Eq. 23 into Eq. 22, the global displacement vector can be ex-

pressed in terms of the global element nodal coordinates as

w = C'SCig) (5.27)
which can be written as
) = Siq] (5.28)
where B
S{; = C'SiC/ (5.29)

Connectivity Conditions Having defined the element nodal coordi-
nates in the global system, one can proceed a step further to write the
displacement vector in terms of the total vector of nodal coordinates of the
structure. To this end, we define the total vector of nodal coordinates of the
structure as

qg = [ql q, " qn]T (530)

where n is the total number of nodal coordinates of the structure. One can
then write the vector of nodal coordinates of the element in terms of the

structure nodal coordinates as
g/ = Big, (5.31)
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F1G. 5.4. Connectivity between two beam elements.

where B’ is a Boolean matrix whose elements are either zeros or ones. For
example, we consider the beam shown in Fig. 4. The beam is divided into two
finite beam elements. For these two elements the nodal coordinates are

1_r,1 .1 g1 .1 .1 piAqT
q; = [up v; 07 uy; vy 6]
2 _r,2 .2 p2 .2 .2 A2t
q = [ur o 01 u; v; 63]

Since the structure has three nodes, the total vector of the structure nodal
coordinates is given by

q, = [u; v, 0, u, v, 0, uy vy 651"

The vector g, of the nodal coordinates of the first element can be written as

g, = B'g,
where B! is the matrix
1 0 000000 O]
01 0 00 O0O0O0DO0
gi_00 1000000
0001 00 0 0O
00001 0O0O00O0
(00000100 0
Similarly, for the second element
q; = B’q,
where ~ _
0 0010O0O0O00 O
00001 0O0O00O0
B2 — 000 001000
0 0000 O 1O0O
000 00O0O0T10O0
(0000000 0 1]

That is, the structure of the matrices B! and B? defines the second node as a
common node for the two elements in this example. Note that, in general, the
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matrix B has the number of rows equal to the number of element coordinates,
and the number of columns equal to the number of nodal coordinates of the
structure.

The global displacement vector u) of element j can now be expressed in
terms of the total vector of the nodal coordinates of the structure. To this end,
we substitute Eq. 31 into Eq. 28 to obtain

w,=S/Bq, j=12..n, (5.32a)

This equation and Eq. 29 will be used in the following sections to develop the
element mass and stiffness matrices. The structure mass and stiffness matrices
can then be obtained by assembling the element matrices.

Kinematic Constraints In many structural applications some of the
nodal coordinates may be specified. For example, one end of a beam or a truss
in a structural system may be fixed. Such conditions can be used to reduce
the number of the elastic degrees of freedom of the structure. In these cases
the vector of nodal coordinates g, can be written as

g =[af q/1"
where g, is the vector of specified nodal coordinates and g is the vector of free

nodal coordinates or the system degrees of freedom. If the specified nodes are
fixed, one can write the vector q, in terms of the system degrees of freedom as

q, = B.q, (5.32b)

where B, is an appropriate matrix whose entries are either zeros or ones.
If no nodal coordinates are fixed, B is the identity matrix. Substituting Eq.
32binto Eq. 32a yields

u; = S;B’B.q; (5.32¢)

The use of the development presented in this section is demonstrated by the
following examples.

———

Example 5.1

For the structural system shown in Fig. 5 obtain the connectivity matrices. Assume
that the system is divided into two beam elements.

Solution. As shown in the figure, the structure has three nodal points. The nodal
coordinates of the structure defined in the global coordinate system are

Q="[u vy 6, u, v, 0, u; v, 6,1"

The coordinate systems of the elements are also shown in the figure. For the first
elementitis clear that ' = 90° and, accordingly, the matrix C’/ of Eq. 21 is given by

Cl o cos ft  —sin g! _ | cos90°  —sin 90°
" |sing' cosB' | |sin90° cos90°

-1 7
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f 0, &, Element 2
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Fi1G. 5.5. Structural system.

For the second element 2 = 0 and, accordingly, the matrix C? is the identity

matrix, that is,
10
Cl=
o 1]

Therefore, the matrices C4,j = 1, 2, of Eq. 26 are given by

-

0 -1 0
ci={1 0 0
0 0 1
1 0 0
c2={0 1 0
00 1

We can then write the nodal coordinates of the two elements as

¢=Cq, j=12

o o
0 cf

That is, the nodal coordinates of the element defined in the global system are

where C/ is the matrix

1 _ 1 .1 gt 1 .1 piqT
‘lg—[‘vx u 07 ~v; uy 0]

2 _r,2 .2 p2 2 .2 29T
‘lg—[“x vi 07 uy vy 03]

Since these two vectors are defined in the global coordinate system, we also
have
‘lé =[u, vy 0 uy v, 6,1

‘l:z[“z v, 0, uz vy 03]T
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That is, the connectivity matrices B! and B are defined for this system as

1
0
0
B! =
0
0
| 0
o
0
p-|°
0
0
0

0

O O OO O o0 o o -

o

O O OO O OO0 O ~0o o

o

0

OO = O O

O O OO -

0

O O O - 0O O-= 0 0 0o O

o

0

- o O O O

O O O = O O

0

O O = O O O OO O O O

0

-0 O O O O O o o o

o

0

-0 O O O O o O O o o

L

Furthermore, since in this example node 1 is fixed, one has

u=v,=60,=0

and the degrees of freedom of the system are given by

G=[u; v, 6, uy vy 93]T

The vector of nodal coordinates of the structure can be expressed in terms of these

degrees of freedom as
Ful' B
Uy
6,
U
Uy | =
0,
Us
U3

03

where the matrix B, in this example can be recognized as

o

SO oo = 00 o

0

O O O O = O O

SO OO = OO0 0 O

o

0

O OO = O O O

SO O 0O O0O0COC O

0

OO = O O O O

OO = OO0 O o0 o

0

O O = O O OO o O

-0 O O O O O O

o

0

-0 O O O O O

O O O O OO o o

p—

[ —

0

-0 O O O O O O

U
13
0,
us
U3

0, |

By using the matrices C', C!, B, B, and the vector g; defined in this example, the
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displacement field of the first element can be defined by using Egs. 29 and 32¢ as
u! = C!S!C!B!B,g;
Similarly, the displacement field of the second element is

u? = C2S2C*B*B,¢;

5.4 FORMULATION OF THE MASS MATRIX

In this section the element mass matrix is formulated using the kinetic energy
expression. Two approaches are commonly used in the finite-element formula-
tion of the mass matrix. The first approach is the lumped-mass approach in
which the element mass matrix is obtained by lumping the element mass at
the nodal points. One way of using the lumped-mass approach is to describe
the inertia of the element by concentrated masses which have zero moment of
inertia about their centers. This approach leads to a singular mass matrix in
problems involving beams since there is no inertia assigned to the rotational
degrees of freedom. Clearly, this approach has the drawback that the kinetic
energy becomes a positive-semidefinite quadratic form instead of positive-
definite. Another way of using the lumped mass approach is to describe the
inertia of the element using small rigid bodies attached to the nodal points of
the element. The process of doing this, however, is arbitrary.

The second approach which is used in the finite-element formulation of
the mass matrix is the consistent-mass formulation. In this approach, the
assumed displacement field of the element is used to define the element kinetic
energy. Consequently, the resulting mass matrix is often nondiagonal and
positive definite. This is the approach which we will discuss in this section for
the formulation of the element mass matrix.

Element Mass Matrix The kinetic energy of the element j is defined as

Ti=14 j P AV, j=1,2,...,n, (5.33)
.y

J

where V7 and p/ are, respectively, the volume and mass density of the element
jand & is the global velocity vector which is defined using Eq. 32¢ as

¥ =SIBBg, j=12..,n (5.34)

where B/ is the Boolean matrix that defines the connectivity of the element,
B, is the matrix of the kinematic constraints, and S} is the shape matrix defined
by Eq. 29.

Substituting Eq. 34 into Eq. 33, one obtains

v~ 1w |

1 2]

pISTTS! dV’] BB, i
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which can also be written as
T/ = L4fMig;, j=1,2,...,n, (5.35

where M is recognized as the jth element mass matrix and it is defined as

Mg=BgBﬂU ijfS{;de]Bch, i=12..,n (536
.

7

Observe that this matrix has dimension equal to the number of degrees of
freedom of the structure. Using the definition of the matrix S} of Eq. 29 and
the orthogonality of the transformation matrix C’, the mass matrix M of
Eq. 36 can be written as

Mi=BIB"C"™M'C'B'B,, j=1,2,...,n, (537

where M is the element mass matrix defined in the element coordinate system.
This element mass matrix is given by

M = J piISTSI AV, j=1,2,....n, (5.38)
.

7

The mass matrix M/ is symmetric and has dimension equal to the number of
the element nodal coordinates. The global element mass matrix Mi, on the
other hand, has a dimension equal to the number of free coordinates of the
structure.

Structure Mass Matrix The mass matrix of the structure can be defined
by summing the kinetic energies of its elements. To this end, we write

T=% 7 (539)
A

where T is the kinetic energy of the structure.
Substituting Eq. 35 into Eq. 39 leads to

T= %«ﬁ[}il Mz]qf
=
which can be rewritten as
T = 34 M (5:40)
where M; is recognized as the structure mass matrix and is defined as
M =Y M (5.41)
/1
By using Eq. 37, the structure mass matrix M, can be written in a more

explicit form as
M, = ¥ BIBTC™M'C/B'B, (5.42)
Z

J

where the element mass matrix M/ is defined by Eq. 38.
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f— Example 5.2

For the truss element with the shape function defined by Eq. 11, the element mass
matrix M/ defined in the element coordinate system is given by

M/ =J ij’TSj dvi
Vi

_mf21
T6l1 2

where m’ is the mass of the element j. The system shown in Fig. 6 consists of
two truss elements which have equal masses. The transformation matrices C’
and C’ for these elements are the identity matrices. The connectivity matrices B

and B? are
g [t 00
“lo1 0

010
2 _
B_[OOIJ

Therefore, the matrices M} and M? are
Mfl — BlTClTMl(:lBl - BlTMlBl
1 0] 2 1
_1(1)‘1)[2 1][100]_m1f22
1 01 0| 6
o ofth 2 00 0

Mfz - BZTCZTMZC_ZBZ = B2TM2RB?

|
c\}s

m2r0021010 m2000
=51 %1 2flo 0 1]76(0 2L
[0 1] 01 2

If we assume that m! = m? = m, the structure mass matrix M; can then be defined as

2
M, = ¥ M{=M} + M2
i=1

[2 1 0] 000
=%120+%021
[0 0 0] 01 2
2 1 0]
=%141
[0 1 2]
€ I »)

FiG. 5.6. Two-truss member.
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B Example 5.3

For the beam element with the shape function defined by Eq. 20, the element mass
matrix M/ is given by

M = J' ij’TSj avi
vi
- i

1/3
0 13/35 Symmetric
0 11210  [?/105
:m-’
1/6 0 0 1/3
0 9/70 131420 0 13/35
| 0 —13/420 —I?/140 0 —11/210 [%/105 |

where m’ and I/ are, respectively, the mass and length of the element and superscript
jon the major bracket implies that all quantities inside the bracket are superscripted
with j. If we consider the structural system of Example 1, for the first element, one
can show by direct matrix multiplication that

[0 0o o o o o]

0 0 0 0 0 0

_ 0 0 0 0 0 0
C!'B'B, =

““fo -1 0o 0o o0 0

1 0 0 0 0 0

0o 0 1t 0 0 0]

where the matrices C!, B, and B, are evaluated in Example 1. If we assume that
the two elements have the same mass m and equal length /, one can then write the
mass matrix of the first element using Eq. 37 as

M} = BTB'"C'"M'C'B'B

1335 0 —111210 0 0 ©
0 1/3 0 000
—11/210 0  PB/105 0 0 0
=" 0 0 00 0
0 0 0 000
0 0 0 00 0]
For the second element one has
10000 0]
010000
_ 001000
CB’B.= ) o o 1 00
000010
00000 1]
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[1/3
0
0

1/6
0

| 0

0
13/35
111/210
0
9/70
—13/420

5. The Finite-Element Method

0 16
11210 0
/105 0

0 13
131/420 0
—/140 0

Therefore, the mass matrix M? of the second element is

Mfl = BTBZTC_ZTMZCZ BZB

0 0
9/70  ~13/420
131420 —1%/140
0 0
1335 —11/210
~111210 /105 |

The composite mass matrix of the structure can then be obtained as

2
M =Y M{=M! +M?
=

[ 74/105 0 —111/210 1/6 0 0
0 74/35 11210 0 9/70  —13/420
—11210 11210  2%/105 0 131420  ~I%/140
=My 0 0 13 0 0
0 9/70 131420 0  13/35  —11{/210
0 —13/420 —1*/140 0 —11/210 12105 |

5.5 FORMULATION OF THE STIFFNESS MATRIX

There are several techniques for developing the stiffness matrix of the finite
element. In the analysis presented in this section, the strain energy is used to
formulate the stiffness matrices. To this end, some basic concepts and defini-
tions which are important in the analysis of continuous systems are briefly
discussed.

Stress-Strain Relationships For anelement j, the strain energy is given
by

Ul=4% J o/Te/ Vi (5.43)
Vi

where V7 is the element volume and ¢’ and &/ are, respectively, the vectors of

stress and strain. The stress and strain vectors are in general six-dimensional

vectors which can be written as

o =[o; 0, 0 0, 05 06]"
= [ax 0y 0, Oy Oy, azx]T
and
g=[e & & & & &)
T
= [ex €y & &y &y ezx]
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For an isotropic material, the stress components can be expressed in terms of
the strain components as

E

O, = m (1 — 2v)e, + ve,]
R

o, = m[(l — 2v)e, + ve,]
E

0, = m[(l — 2v)g, + ve,]

0y, = Ge,y, 0,, = Ge,,, 0, = Gegy

where E, G, and v are, respectively, the modulus of elasticity, modulus of
rigidity, and Poisson’s ratio, and ¢, = ¢, + ¢, + ¢,. The stress vector ¢/ can be
written compactly using the constitutive equations as

o = Elg/ (5.44)

where E/ is the matrix of elastic coefficients. The preceding equation is the
generalized Hooke’s law. The matrix E of the elastic coefficients depends on
the material properties of the structure. This matrix can be written explicitly
in terms of the modulus of elasticity, modulus of rigidity, and Poisson’s ratio
as

[1—v v v 0 0 0
v 1—v v 0 0 0
E— E v v 1—v 0 0 0
Td+wI=2»)| 0 0 0 (1-2v)2 0 0
0 0 0 0 (1 - 2v)2 0
|0 0 0 0 0 (1 —2v)2 |
The inverse of this matrix is
1 —v —v 0 0 0
—v 1 —y 0 0 0
()t = l —v —v 1 0 0 0
E|l 0 0 0 2(1+v) 0 0
0 0 0 0 2(1 +v) 0
| 0 0 0 0 0 2(1 + V) |

Accordingly, the strain components can be expressed in terms of the stress
components as

1
& = E[ax - V(G'y + o-z)]

1
Ey = E[ay - V(G'x + o-z)]
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1
&= E[oz - V(O'x + oy)]
g. g, g,
exy='éxa 8yz=~éj, 82x=éf

where the modulus of rigidity G can be expressed in terms of the modulus of
elasticity E and Poisson’s ratio v as
E
21+ v)
For plane strain, ¢, = ¢,, = ¢,, = 0, the stress—strain relationships reduce in
this special case to

E
o, = m[(l —v)e, + vay]
E
o, = m[(l — v)e, + ve, ]
o, = ~———VE—(ax + &), o,, = Ge,,

T+ (1 —2v)

which can be written in a matrix form as

o, 1—v v 0

o|  E v 1-v 0 N
o, T+v=2v)] v v 0 Y
oy 0 0 (-wp|Lt™

Observe that in the case of plane strain, one has
0, = V(O’x + Gy)

The inverse relationships are given by

1+v
& = _[Gx - V(O'x + oy)]
E
1+v
8)’ = E [Gy - V(O'x + Gy)]
2(1 4+ )
Eey = E Oxy
which can be written in a matrix form as
& (1 +v) v —v 0] o
g | = E —v 1—v O o,
€ 0 0 2|0

Xy xy



5.5. Formulation of the Stiffness Matrix 277

Another special case is the case of plane stress. In this case, 0, = 0,, = 6,, =
0. By using a similar procedure to the case of plane strain, the constitutive
relationships in the case of plane stress can be obtained.

Strain-Displacement Relationships For a linear elastic material, the
strain-displacement relationships are

_6u E_av 6_('iw
Ex—b;, y_ai)), 2= 5,
. _8u+6v
xy_a a
_60 ow
Eyz—& 5_))‘

. _6w ou
" ox 0z

where u, v, and w are the translational displacements of an arbitrary point on
the elastic medium in the x, y, and z directions, respectively. That is

w=[u v w]"

The strain-displacement relationships can be written compactly as

¢/ = Diw/ (5.45)
where DV is a differential operator defined as
[0/0x 0 0 ]
0 oy O
D= 0 0 d/oz
o/oy 9jox 0
0 d/oz 0/dy
o/ 0 d/ox |

Element Stiffness Matrix The constitutive equations and the strain-
displacement relationships can be used to express the strain vector in terms
of the derivatives of the displacement.

Substituting Eq. 45 into Eq. 44 yields

o/ = E'Div/ (5.46)

which can be written in terms of the nodal coordinates of the structure as

¢ = E'D'S'C'B’B,q; (5.47)
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Similarly, the strain &/ can be written as
¢/ = D'SIC'B/B q; (5.48)
Substituting Eqs. 47 and 48 into the strain energy of Eq. 43, one obtains

Ui = %'[ quBcTB]TC]T(DISJ)TEID]'SJ'C]'Bchqf dvi (5_49)
vi

where the symmetry of the matrix of elastic coefficients has been utilized.
Equation 49 can be written in a simple form as

U7 = 29/ Kiq (5.50)

where K{ is the global element stiffness matrix defined as

Ki = BIB/'C" [ J .

Vi

(D'S)TE DS/ de] C/B'B, (5.51)

The global stiffness matrix K{ can be written as
Ki{ = BIB"C'K/C'B’'B,, j=1,2,...,n, (5.52)

where K’ is the element stiffness matrix defined in the element coordinate
system and is given by

Kj:f (DISHTEDIS dVi,  j=1,2,...,n, (5.53)
.

J

In order to illustrate the procedure discussed in this section for formulating
the element stiffness matrix, we consider the four node, eight degree of freedom
planar rectangular element. The shape function of this element is defined in
Section 1 as

S].=N10N20N_,,0N40
0O NN O N, 0 N, 0 N,
where
1

Ny = (b= =)

1
Ny = 5-(b+ (e =)

1

1
N, = m(b - x)(c+y)

where 2b and 2c are the dimensions of the element as shown in Fig. 2(d). In
the case of two-dimensional displacement, the differential operator D/ is given
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by
F 5 -
% 0
. 0
=10 =
D 5
0
7 &)
Therefore
[ 6N, oN, ON, oN, ]
I I R
- oN, oN, oN, ON,
i/ — -1 s -3 4
D’S 0 5 0 5 0 5 0 5
oN, ON, oN, ON, 0N, ON; ON, oN,
|y ax dy ax dy ox by x|
in which
N, _ =y N, _ (-2
ox 4bc °  dy 4bc
N, -y N, (b+%)
ox  4bc ’ dy 4bc
ON; _(c+) %_(b+x)
ox  4bc ’ dy  4bc
ONe__(c+y)  oNy_(b=2)
ox 4bc ’ dy  4dbc
Therefore, the matrix DS/ is given by
~(c—y) 0 (c—y 0
D"S"=E 0 —(b—x) 0 —(b+x)
c
—b-x) —(c—y —-0b+x) (-
c+y 0 —(c+y 0
0 b+ x 0 (b—x) (5.54)

b+x) (c+y (B-x) —(+y)

If we consider the case of plane stress, the matrix of elastic coefficients E’ is
given by
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where E and v are, respectively, the modulus of elasticity and Poisson’s
ratio of the element. Assuming that the element has a constant thickness and
constant modulus of elasticity and Poisson’s ratio, the use of Eq. 53 leads to

¢ b
K = J J (D'S)TE'D'S’t dx dy

-b

where ¢ is the thickness of the element. Using the matrices D’S/ and E/, the

stiffness matrix of the four node rectangular element can be written explicitly
as

kll
k21 k22
kyi kiy ks symmetric

Et kai kaz kaz kaa

Kj=——2
120 = v*)| ksy ksy ksy ks kss

| ks1 ksz ks ksa ks kse kg7 Kgs |
in which the stiffness coefficients k;; are
ki, =kyy = kss = kyy = dr +2(1 — v)r™!
kyy =keq = kee = kgg = 4r™1 + 2(1 — V)r
kyy = —key = —ksy = —kgs = kg3 = ksg = kg5 = —kgy = 3(1 +)
kyy =kqs= —dr+(1 —v)r!
kay = —kgy = —kyy = kqy = ke = —ksq = kgs = —kqs = —3(1 = 3v)
kgy =kqy = —2r — (1 —v)r™!
kyy =kgy =2r —2(1 —v)r™*
kyp = kg =2r" —2(1 = v)r
kg, = kga = —2r 1 —(1 = v)r
kgy = kg = —dr ' + (1 — v)r
where r = ¢/b.

Structure Stiffness Matrix The structure stiffness matrix can be de-
fined by summing the strain energy expressions of its elements, that is,

v=Y v’ (5.55a)
=1

7

where U is the strain energy of the structure. Substituting Eq. 50 into Eq. 55a
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yields
U= %qI[Z' K{] o (5.55)
j=1
which can be written as
U = 347 Kq; (5.56)
where K; is the stiffness matrix of the structure which is defined as
K =Y Ki (5.57)
j=
or in a more explicit form as
K; = ) B'B"C'K/C'B'B, (5.58)
=

where K/ is the jth element stiffness matrix defined in the element coordinate
system.

F Example 5.4

The strain energy for the truss element of Example 2 is
U=} J' oiel dVi
vi

where o] and &/ are, respectively, the stress and strain components. The stress—
strain relationship in this simple case is given by

J = Flgl
o] = Flg;

where E/ is Young’s modulus of the element material. The strain displacement
relationship is

Coowl
el = = Diyl
T ox
where the differential operator of Eq. 45 reduces in this case to
0

0x

The displacement u/ can be written in terms of the nodal coordinates as
uw = Slg/

where S/ is the element shape function defined as
. x\ x
(-3

N
DS = ;-1 1]

That is,
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Therefore, the stiffness matrix of Eq. 53 can be written as

K = J (DS E'D'S’ av
Vi

(Y11
= Al B E[-1 1]dx
_EAT1 -1
TV -1 1

where A’ is the cross-sectional area of the truss element j. The stiffness matrix K’ is
defined in the element coordinate system. The global matrix can be obtained using
a similar procedure to the one described for the mass matrix of the system discussed
in Example 2.

Example 5.5

Using the assumptions of the elementary beam theory and neglecting rotary inertia
and shear deformation, one can show that the strain energy for a beam element j

can be written as
v 2 2,7\ 2
vi=1 J I:EJAJ <6"1> Bl <a W) ]dx
0 Ox ox?

where E/ is the modulus of elasticity, A’ is the cross-sectional area, I is the second
moment of area, and u’ and v’ are, respectively, the axial and transverse displace-
ments. The strain energy can be written in the following form:

iy (oY EiAl 0 [ (wfy

-4 J wr @r) 5 ]l e
(uf)']_ s,
(Uj)" - S;‘n q

where S/ and $/ are the rows of the element shape function defined by Eq. 20, that is,
S
v-[3)
One can then write the strain energy as

Ui= %q}Tquj

where

where the stiffness matrix K is defined as

1
Ki= ‘f [EfAJ'S{;’TS{’ + Ej]js_i"TS{""] dx
0

Using the shape function of Eq. 20, it can be shown that the stiffness matrix of the
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beam element is given explicitly by
r

A/l
0 12/12 Symmetric
W B o 61 4
T3 YY) B 0 A/l
0 —12/2 —6/l 0 12/1*
0 6 2 0 —61 4]

where superscript j on the major bracket implies that all the variables inside the
bracket are superscripted with j. Note that K/ is the element stiffness matrix defined
in the element coordinate system.

For the structural system of Example 1, if we assume that the two elements have
the same dimensions and material properties and follow a procedure similar to the
one used for the mass matrix in Example 3, one can show that the stiffness matrices
K} and K? of the two elements are given, respectively, by

-

(122 0 61 0 00
0 A/l 0 00 0
. EIl 6 0 4 000
K=T10 0o 0000
0 0 0 000
[ 0 0 0 00 0]
and
(A/I 0 0 —4/1 O 0 |
0 122 61 0 —12/* ¢/
, EIl 0 6/l 4 0 -6 2
K?=—"
Il —-41 o0 0 A/ 0 0
0 -1y —61 0 1 —¢/i
| 0 6/l 2 0 —61 4 |

where E, I, I, and 4, are, respectively, the modulus of elasticity, second moment of
area, length, and area of the elements.

The composite stiffness matrix of the structure can then be obtained using
Eq. 57 as

=1
That is,

((A/1+12/12) 0 61 —Al 0 0 |

0 (AT+12/2) 61 0 —12/2 6/

g o H 6/1 6/1 8 0 -6l 2

7 —A/l 0 0 A/l 0 0

0 —12/F =61 0 122 6l
L o 6/1 2 0 -6 4 |
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5.6 EQUATIONS OF MOTION

In the preceding sections expressions for the element kinetic and strain
energies were obtained and used to identify, respectively, the element mass
and stiffness matrices. The structure kinetic and strain energies can be ob-
tained by adding the energy expressions of its elements. This leads to the
definition of the structure mass and stiffness matrices. In this section the energy
expressions are used with the virtual work of the external forces to define the
equations of motion of the structure.

Let F’ be the vector of the external forces that acts at a point p’ of element j.
If F/ is defined in the global coordinate system, the virtual work of this force

vector is given by
oW’ = Fou (5.59)

Using Eq. 32c, the virtual change du} can be written as
ow = S]B/B g,
= US'C'B’'B_dq, (5.60)

where S’ is evaluated at the point of application of the force. Substituting
Eq. 60 into Eq. 59 yields

Wi = FTC/S'C'B'B,dq,

which can be written as

SWi = Ql"6q, (5.61)
in which Q/ is the generalized force vector given by
i =BIB]CTSTCTF, j=12..,n, (5.62)
The virtual work of the forces acting on the structure is given by
sW =Y oW
=1
= ). Qffoq = Qidq, (5:63)
f=

where Q; is the vector of generalized forces associated with the generalized
nodal coordinates of the structure and is defined as

Q = ; Q! (5.64)

Having defined in the preceding sections the kinetic and strain energies of the
structure and having obtained the generalized forces associated with the
structure nodal coordinates, one can use Lagrange’s equation to develop the
equations of vibration of the structure as

M + Keqe = Q¢ (5.65)
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where M; and K; are, respectively, the symmetric mass and stiffness matrices
developed in the preceding sections, ¢, is the vector of nodal coordinates
defined in the global coordinate system, and Qg is the vector of generalized
forces defined by Eq. 64. If the system is viscously damped, Eq. 65 can be
modified in order to include the damping effect. In this case the matrix
equation of motion takes the form

M;i; + Ceq; + Keqe = Q¢ (5.66)

where C; is the damping matrix.

Equations 65 and 66 are in a form similar to the matrix equation obtained
for the multi-degree of freedom systems. Therefore, the solution techniques
discussed in Chapter 3 can be used to obtain a solution for the matrix equation
of Egs. 65 and 66. If the number of nodal coordinates of the structure is very
large, modal truncation methods can be used in order to reduce the number
of degrees of freedom.

The use of the procedure described in this section for formulating the
equations of motion of structural systems is demonstrated by the following
example.

Example 5.6

Figure 7 shows the structural system discussed in Examples 1, 3, and 5. The force
vector F(t) = [F cos «  F sin «]" acts at point B as shown in the figure. The virtual
work of this force is given by

oW? = Floul,
where uZ; is the position vector of point B defined in the global system. The virtual
change du; can be obtained using Eq. 60 as

duZy = C*S*C?B*B,Jq;

Observe that in this example C2 and C? are identity matrices and, accordingly, Su?
g gB

reduces to
6u§5 = $?B?B,jq;

F(t)
‘_314

/7 7

F1G. 5.7. Forced vibration.
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in which the shape function $ must be evaluated at point B at which x = I. By
using the shape function of Eq. 20 and substituting x = I, one obtains

2 000100
000010
Furthermore, from the results of Example 5, BB, is the identity matrix. Therefore,

the virtual work reduces to

SW? = FTS2%q

ou,
ov,
1
=[Fcosa Fsina] 000 0 0 oF,
0 0 0 0 1 0] oug
oy
60, |
bu,
ov,
86
=[0 0 0 Fcosa Fsina 0] 2
du,
004
| 605 |

which can be written compactly as
oW? = QfToq;

where Q7 is the vector of generalized forces resulting from the application of the
force F and is given by

QZ=[0 0 0 Fcosa Fsina 0]7
Since there are no forces acting on the first element one has
Qi =0
By using Eq. 64, the generalized forces of the structure can then be obtained as
Q= Qf1 + Q? = Qrz

The mass and stiffness matrices of this structural system were obtained, respectively,
in Examples 3 and 5. Using the results presented in these two examples and Eq. 65,
the vibration equations of this structural system can be written as

Miis + K;qr = Q;

or in a more explicit form as

[ 74/105

0 11210 1/6 0 0 il,
0 74/35 11210 0 9/710  —13/420 || #,
—11210 11210 21/105 0 131420 —1?/140 || 6,
1/6 0 0 1/3 0 0 fiy
0 9/70  131/420 0  13/35  —11}/210 || 4,

0 —13/420 —P/140 0 —11p210 12105 || 6, |
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—=r —

287

(A1 + 12/1) 0 61 —All 0 0 [u,
0 AT+ 12/B) 61 0 =12/ 6/ || v,
El 6/1 6/1 8 0 -6l 2 |6,
| —aj 0 0 4/ 0 0 || us
0 -1/ -6 0 12/ =6/l || v,
0 6/1 2 0 -6/l 4 || 6]
S
0
0
- Fcosua
Fsina
L 0 -

Remarks The close relationship between the finite-element method and
the classical approximation techniques, discussed at the end of the preceding
chapter, should be apparent by now. In fact, the finite-element method can be
regarded as a special case of the Rayleigh—Ritz method. While in both tech-
niques the separation of variables is used to write the displacement field in
terms of a set of assumed shape functions and a set of time-dependent co-
ordinates, there are, however, a few important differences between the two
techniques. For example, in the finite-element method, the time-dependent
coordinates represent physical variables such as the displacements and slopes
at selected nodal points. By defining these variables in a global coordinate
system, the assembly of several finite elements is possible. In the Rayleigh—
Ritz method, the coefficients in the assumed displacement field may lack any
physical meaning. Furthermore, in the Rayleigh-Ritz method, the assumed
displacement field is defined for the whole structure. In many practical appli-
cations, especially in structures with complex geometry, difficulties are en-
countered in defining a suitable displacement field. Besides, the use of the
Rayleigh—Ritz method often leads to complex definition of the system ma-
trices. These basic problems are avoided by using the finite-element method,
since the assumed displacement field is defined over the domain of a small
element. Consequently, the global deflected shape of the structure is defined
by simply selecting the appropriate boundary conditions imposed on the
element nodal coordinates. By assuming the displacement field for relatively
small elements, low-order interpolating functions can be used. This leads to
a simple formulation for the element mass and stiffness matrices. The element
matrices, which are often computer generated, are assembled in order to
obtain the mass and stiffness matrices of the structure.

5.7 CONVERGENCE OF THE FINITE-ELEMENT SOLUTION

The finite-element theory guarantees that the approximate finite-element
solution converges to the exact solution by increasing the number of elements.
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The use of more elements, however, leads to an increase in the number of
degrees of freedom and, accordingly, an increase in the number of differential
equations which must be solved. In this section we examine the accuracy of
the finite-element solution. In particular, we consider the finite-element solu-
tion of the eigenvalue problem and compare the obtained results with the
exact solution.

In the case of free undamped vibration, Eq. 65 or Eq. 66 leads to

M + Keg; =0 (5.67)

were M; and K; are, respectively, the mass and stiffness matrices of the
structure formulated using the finite-element method, and ¢, is the vector of
free nodal coordinates. As in the case of multi-degree of freedom systems we
assume a solution to Eq. 67 in the form

g = A sin(wt + @) (5.68)

where A is the vector of amplitudes,  is the frequency, ¢ is time, and ¢ is the

phase angle.
Substituting, Eq. 68 into Eq. 67, one obtains the standard eigenvalue

problem

For this system of equations to have a nontrivial solution, the determinant of
the coefficient matrix must be equal to zero, that is

K, — &*M,| = 0 (5.70)

This is the characteristic equation which is of order n in w?, where n is the
number of degrees of freedom of the system. The roots of the characteristic
equation define the eigenvalues w?, w?,...,w2. The eigenvector or mode shape
associated with the natural frequency w; is obtained using Eq. 69 as

[K; — ofMJA; =0 (5.71)

In order to examine the convergence of the finite-element solution, we
consider the simple example of the longitudinal vibration of a prismatic rod
with one end fixed. It was shown in the preceding chapter that the exact
natural frequencies and mode shapes of the rod are

o k=D [E
) P

¢k=A1ksin(f)c—kx, k=1,23,...

where E, p, and [ are, respectively, the modulus of elasticity, mass density, and
length of the rod; Ay, is an arbitrary constant and ¢ is the wave velocity

without dispersion defined as
\/E
c= [—
p
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Let us consider the case in which the rod is represented by one truss element.
In this case, since one end of the rod (x = 0) is fixed, the assumed displacement
field is

u(x, t) = q(z)
where ¢ = x/l and ¢(t) is the axial displacement of the free end. The kinetic
energy of the rod in this case is

1 1
T= %J pAu? dx = 1 pAlg? J &2 d¢
0

0

_lpAl ,

23
The strain energy is
1! 1EA
U=_| EAW)*dx =-——¢*
2 L W) dx =54

Clearly, in this case, the mass and stiffness matrices reduce to scalars since the
system has one degree of freedom. The mass and stiffness coefficients are

pAl _EA
3° T

Therefore, the approximate solution for the first natural frequency is

o [l _ 173205 [E
b myy o p
1.570796 |E
Wy = l ;,

that is, the error in the finite-element solution using one element is about 10%.
Observe that the estimated solution is higher than the exact solution since the
continuous system is represented by one degree of freedom.

If the same rod is divided into two equal elements, each has length 1/2, the
system has two degrees of freedom, and the resulting mass and stiffness
matrices of the rod are

pAll4 1 2EA[ 2 -1
== K, ="~
M 12[1 2] S [ B

Equation 70 then defines the characteristic equation as
2—48 —-1-8
-1-8 1-28

where 8 = (pl?/24E)w?. The characteristic equation can be expressed in terms
of f as

kll

my, =

The exact solution is

=0

2-4p(1 =28 —-(1+p*=0
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which can be written as
1 —108+1=0

The roots of this equation are §; = 0.108194 and f, = 1.320377. Since

12 = plz s l= 1’ 2’
the approximate natural frequencies are
o = 16114 |E
157 ’
_ 56292 |E

Observe that the use of two finite elements instead of one element leads to an
improvement in the fundamental natural frequency. The error in the case of
the two elements is less than 2.6%,. The exact value of the second natural

frequency is
o = 4.71239 |E
2 = l p .

The error in the second natural frequency using two finite elements is about
19.5%. By increasing the number of elements, a better approximation can be
obtained for the second natural frequency. Roughly speaking, a reasonable
approximation for a set of low-frequency modes can be achieved by using a
number of degrees of freedom equal to twice the number of the desired natural
frequencies. Table 1 and Fig. 8 show the computer results obtained using the
finite-element method. The number of degrees of freedom used in this model
is 150 degrees of freedom. In Table 1, the obtained finite-element results for
the modal mass and stiffness coefficients as well as the natural frequencies are
compared with the exact solution. These results are presented for a rod with
length 3.6 m, modulus of elasticity E = 2 x 10** N/m?, and mass density p =
7870 kg/m?>. The rod has a circular cross-sectional area with diameter 0.0185 m.
Observe that by using a large number of nodal coordinates, the finite-element
method can be used to obtain very good approximations for the fundamental
natural frequencies. Note also, from the results presented in Fig. 8, the good
agreement between the approximate mode shapes obtained using the finite-
element method and the exact eigenfunctions obtained by solving the partial
differential equation.

Semidefinite Systems Systems which admit rigid-body motion are
called semidefinite systems. The strain energy of such systems is a positive-
semidefinite quadratic form in the displacement coordinates. That is, the strain
energy can be zero for nonzero values of the system coordinates. It was shown
previously that the element shape functions can describe rigid-body displace-
ments. The shape function of the truss element has one rigid-body mode that
describes the rigid-body translation along the axis of the element. The rect-
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TABLE 5.1. Modal coefficients.

Modal mass coefficients Modal stiffness coefficients Natural frequencies
Mode Exact Finite element Exact Finite element Exact Finite element
numbgr  solution solution solution solution solution solution
1 3.808 3.807 1.84234 x 107 1.84231 x 107 2199.56 2199.83
2 3.808 3.807 1.65811 x 108 1.65796 x 10® 6598.70 6599.27
3 3.808 3.806 4.60585 x 108 460476 x 108 10997.82 10999.40
4 3.808 3.804 9.02747 x 108 9.02334 x 10® 15396.95 15401.51
5 3.808 3.802 1.49230 x 10° 1.49118 x 10° 19796.10 19804.28
6 3.808 3.799 222923 x 10° 2.22675 x 10° 24195.19 24210.35
7 3.808 3.796 3.11355 x 10° 3.10873 x 10° 28594.30 28617.28
8 3.808 3.792 4.14527 x 10° 4.13672 x 10° 32993.47 33028.85
9 3.808 3.788 532436 x 10° 531032 x 10° 37392.56 37441.68
10 3.808 3.783 6.65085 x 10° 6.62888 x 10° 41791.71 41860.26
it 3.808 3.777 8.12472 x 10° 8.09199 x 10° 46190.83 46286.48
12 3.808 3771 9.74598 x 10° 9.69896 x 10° 50589.95 50714.75
13 3.808 3.765 1.15146 x 10  1.14489 x 10'®  54989.02 55144.14
14 3.808 3.757 1.34307 x 10'° 133414 x 10'°®  59388.29 59590.92
15 3.808 3.750 1.54941 x 10'°®  1.53752 x 10'°®  63787.37 64031.66
16 3.808 3.742 1.77049 x 10'®  1.75498 x 10'°  68186.48 68483.22
17 3.808 3.733 200631 x 101 198641 x 10'®  72585.61 72946.67
18 3.808 3.724 2.25687 x 10'° 223169 x 10'®  76984.77 77412.68
Fourier method Fourier method
_Finite-clement method _ _ _Finite-element method
Mode 1 Mode 2
4 i [N 1Y l H 5
RN RRREEERE L LR EELD
Gl b IR Ty il 8 s R
iR eR A
CVEL IV bRk
EIR TR REL TR LAY
[1|!l[.|!1l|,|,
g A R
IR R e i !
BILARARIRIRIRIR (RIRIRIR
Fourier method Fourier method
_Finite-element method _Finite-element method
Mode 10 Mode 50

FiG. 5.8. Mode shapes.
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F1G. 5.9. Rectangular element.

angular and triangular element shape functions have three rigid-body modes
that describe an arbitrary rigid-body planar motion. While the beam element
shape function has three rigid-body modes, it can be used to describe only
infinitesimal rigid-body rotations and arbitrary rigid-body translations in two
directions. Clearly, if the number of the fixed coordinates of a structure
discretized using the finite-element method is less than the number of the
rigid-body modes of the element shape functions, the structure will have
rigid-body degrees of freedom. Consequently, the strain energy of the system
is a positive-semidefinite quadratic form.

Let us consider the case of the four node, eight degree of freedom bilinear
rectangular element shown in Fig. 9. The shape function of this element was
developed in the first section of this chapter and its stiffness matrix was
developed in the preceding section. The vector of nodal coordinates of this
element is

Ol of u of W o uf o]
As previously mentioned, the shape function of the bilinear rectangular ele-
ment has three rigid-body modes. It can be shown that possible three rigid-
body modes are

Al=[1 010101 0
Ab=[0 1 0101 0 1T
Ai=[c -b ¢ b —c b —c -b]"

where 2b and 2¢ are the dimensions of the element as shown in Fig. 9. Note
that the vectors A} and A’, describe rigid-body translations in two orthogonal
directions, while the vector AJ describes a rigid-body rotation. Note also that
the vectors A%, Ab, and A, are orthogonal, that is

AFA=0 for i#k

Clearly, a rigid-body motion of the bilinear rectangular element can be ex-
pressed as a linear combination of the vectors A, A%, and A4.
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By using the stiffness matrix of the bilinear rectangular element developed
in the preceding section, one can show that the rigid-body modes A, A, and
A}, have no contribution to the elastic forces. In fact, the use of direct matrix
multiplications shows that

KAi=0, k=123

Consequently, for a more general rigid-body displacement that can be ex-
pressed as a linear combination of A%, A}, and Aj, the vector of elastic forces
is equal to zero. Furthermore, since K’Aj is equal to zero, for k = 1, 2, 3, one
has

ATKAL =0, k=123

That is, the stiffness coefficients associated with the rigid-body modes A/, A3,
and Aj; are equal to zero. Therefore, the strain energy can be zero for nonzero
values of the coordinates and it is indeed a positive-semidefinite quadratic
form when the element has one or more of its rigid-body modes.

The mass coefficients associated with the rigid-body modes A%, A}, and A%
are not equal to zero. By using the shape function of the bilinear rectangular
element developed in the first section of this chapter, it can be shown that the
element mass matrix is given by

402010 2 0]
04020102
20402010
™[0 2040201
36/1 0204020
01020402
20102040
02010204

where m’ is the mass of the element. Observe that
ATMA) = m
ASMAS = m!
U
ﬂMM=?W+ﬁ
That is, the mass coefficients associated with the rigid-body modes of the
element are not equal to zero. Consequently, the kinetic energy of the element
is a positive-definite quadratic form in the velocities. In fact, the mass coeffi-
cients associated with the rigid-body modes A}, A%, and A, are the exact mass
coefficients that are used in the dynamics of rigid bodies. Moreover, the vectors
AJ, A%, and A, are orthogonal with respect to the mass matrix, that is

ATMPAL =0 if i#k
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5.8 HIGHER-ORDER ELEMENTS

Thus far, we have considered simple elements in order to demonstrate the use
of the powerful finite-element technique in the dynamic analysis of structural
systems. It was shown that the degree of the polynomial used to describe the
element displacement field depends on the number of nodal coordinates of
this element. In fact, the number of coefficients of the interpolating polynomial
must be equal to the number of the degrees of freedom of the element.
Therefore, the order of these polynomials can be increased by increasing the
number of nodal coordinates. Two approaches can be used to achieve this
goal. In the first approach, the number of nodal points of the element is
increased using the same type of nodal coordinates. In the second approach,
the same number of nodal points is used, and the number of nodal coordinates
is increased by using higher derivatives of the displacement variables. This
leads to an increase in the number of degrees of freedom of each nodal point.

While the use of higher-order elements leads to an increase in the dimen-
sions of the element matrices and consequently larger number of calculations
are required, it has the advantage that fewer higher-order elements are needed
in order to obtain the same degree of accuracy. Furthermore, the use of
higher-order elements produces more accurate results where the gradient of
the displacements cannot be approximated by low-order polynomials.

lllustrative Example To demonstrate the development of the kinematic
and dynamic equations of higher-order elements, we consider the truss ele-
ment shown in Fig. 10. This element has three nodal points, each node has
one degree of freedom that represents the axial displacement at this node. The
second node is assumed to be centrally located between the end points of the
element. Since this element has three degrees of freedom, a quadratic inter-
polating polynomial with three coefficients can be used. This polynomial can
be written as

w = ai + ax + aix? (5.72)

which can also be written as

al
w=[ x x*]|d (5.73)
a}
D+l Qe—pu @—} u

2

F1G. 5.10. Three-node truss element.
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where af, aj, and aj are three coefficients which can be determined using the
conditions
wx=0)=ul
wx = 12) = uj (5.74)
w(x=1)=uj
where [ is the length of the truss element.
Substituting Eq. 74 into Eq. 73, one obtains
ul 1 0 0 [a
W =11 12 14| a
uj 1 1 I ||d
This equation can be solved for the coefficients af, aj, aj in terms of the nodal
coordinates ul, u, uj as

aj 1 0 0 uj
dgl=| -3 a1 —u|lu
aj =2/12 —417 2/I* {| u]

Substituting this equation into Eq. 73, the displacement field of the element
can be written in terms of the nodal coordinates as

1 0 0 ul
w=[1 x x*J| =3/1 41 —1/1|{4]
=2/1> —4/1* 21* || uf
This equation leads to
u! = Nyul + Nyuj + Nyuj (5.75)

where

Ny=(1-29)01-9)

N = 4el = <) (5.76)
Ny=-¢(1-28
in which ¢ = x/I. Observe that
3
N1+N2+N3=2Ni=1 (5.77)
i=1
and
1 atnodei
© {0 at all nodes other than i (5.78)

The kinetic energy of the three-node truss element is

O
=2 J pA()? dx (5.79)
0
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where p and A are, respectively, the mass density and cross-sectional area of
the element, and
uf
1]
Substituting Eq. 80 into Eq. 79 yields
T/ =3¢ M¢ (5.81)
where ¢/ = [u u uj]", and M/ is the 3 x 3 element mass matrix defined as

. [ N} NN, NN,
Mf=J pA| N;N, N} N,N, |dx

° LNMN NN, N}

which can be written as
| N2 NN, NN, ]
Mj=mJ N,N, N} N,N, |d¢ (5.82)
°| NNy N3N, N}

where m is the total mass of the element. Upon carrying out the integrations
in Eq. 82, it can be shown that the element mass matrix MV is given by

m 4 2 -1
M’ = 30 2 16 2 (5.83)
-1 2 4
The strain energy of the three-node truss element is given by
1
Ui = % J EA@W’)? dx (5.84)
0

in which (') denotes differentiation with respect to x and
u/ = N{u] + Nyuj + Njuj (5.85)

Substituting Eq. 85 into Eq. 84, the strain energy of the three-node truss

element can be written as
U’ = 1q"Ki¢/ (5.86)
where K/ is the 3 x 3 element stiffness matrix defined as
! N?? NiN; NiN;
K/ = J EA| N,N; N2 NjN; | dx
0 NiN; N;N; N3
1 N Ni{N; NiN;
= j EAI| N;N; N;2  NjNj | dé
0 NiN; N3N; N7
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which upon integration yields

7 -8 1
K’—E3—Il4 -8 16 -8
1 -8 7

Let us consider the case of a rod with one end fixed and the other end free.
If we assume that only one three-node truss element is used, the system has
two degrees of freedom and the eigenvalue problem is given by

KA = 0*MA

where A is the vector of amplitudes, o is the frequency, and M and K are
defined in this case as

_m|8 1 K< EA| 16 -8
TS5 2f 3-8 7
Therefore, the characteristic equation of the system can be written as
16—-88 —8—8
—-8—f8 T7-28
in which f = (ml/SEA)w?. It follows that
(16 — 88)(7—2B) — (8 + B)* =

which can be written as

=0

158> — 1048 + 48 =0
This quadratic equation has two roots
B, =0497193 and  f, = 643614
which define the first two natural frequencies of the system as

SEAf,
m

EA _ 157669
o, = 1.57669 /

EA 567280
w, = 567280 /

Comparing these results with the results obtained in the preceding section
using the two-node truss element, it is clear that the three-node truss element
gives better accuracy for the fundamental natural frequency. This is an ex-
pected result since higher-order interpolating polynomials and more degrees
of freedom are used in the case of the three-node truss element as compared
to the two-node truss element.

i=1,2

That is,
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Fi1G. 5.11. Higher order triangular element.

While only the three-node truss element is discussed in this section as an
example, other higher-order elements can be developed using a similar proce-
dure. For example, in the case of a four-node truss element a cubic interpolat-
ing polynomial with four coefficients must be used. The element in this case
has four degrees of freedom and, consequently, the resulting mass and stiffness
matrices are 4 x 4. Other examples of higher-order elements are the six-node
and the ten-node triangular elements shown in Fig. 11. The six-node triangular
element has 12 degrees of freedom. The displacement field of this element is
approximated using a quadratic polynomial, that is

u =a] + ajx + aly + aix? + alxy + aly*
v =al + ajx + ady + af,x* + a xy + ai,?
The ten-node triangular element has 18 degrees of freedom. The displacement
field within this element is approximated using cubic polynomials. In this case
the displacements u’ and v’ are defined by
w =al +ajx + aly + alx* + alxy + aly* + aix® + ajx?y
+ adxy® + afoy’
vi=a{, +al,x + aisy + a{,x? + alsxy + aley? + ai,x* + afgx?y
+ afoxy? + ajoy’
Observe that an internal node (node 10) is introduced for this element in order
to have complete cubic polynomials.

5.9 SPATIAL ELEMENTS

The procedure for developing the kinematic and dynamic equations for spatial
elements is very similar to that of the planar elements. There are slight
differences in the analytical development of the spatial finite elements as
compared to the planar elements. While in planar elements, the displacement
of a nodal point is at most two-dimensional; axial and transverse displace-
ments, in spatial elements the displacement of a nodal point can be three-
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AY
VAl r
X/

Y4

FI1G. 5.12. Spatial transformation.

dimensional. Furthermore, bending and extension of the three-dimensional
element in more than one plane (as well as torsion) are possible. Therefore, in
general, using the same order of approximation, three-dimensional elements
have a larger number of nodal coordinates as compared to planar elements.
Another difference between the spatial and planar elements lies in the
transformation of coordinates from the element coordinate system to the
global coordinate system. In planar elements, the transformation depends
only on one independent angle. This transformation is given by Eq. 21 as

Ce [cos ﬂf' —sin ﬂ'}
sin f/  cos B’

where f7 is the angle the X/-axis of the element makes with the X-axis of the
global system. In the spatial analysis, however, three independent orienta-
tional coordinates must be used. Figure 12 shows the coordinate system
X/YIZi of the element j. The orientation of this coordinate system in the X YZ
global coordinate system can be described using the direction cosines. Let ¥/,
§’, and k’ be unit vectors along the axes X/, Y/, and Z7 of the element, and let
i, j, and k be unit vectors along the global axes X, Y, and Z, respectively. Let
B{ be the angle between X’ and X, let B} be the angle between X7 and Y, and
let Bj be the angle between X/ and Z. The components of the unit vector i’
along the X-, Y-, and Z-axes are given, respectively, by

ay =cos B =¥-i
a, =cos B =-j (5.87)
a3 =cos B =¥k

where a,,, &, ,, and «, , are the direction cosines of the X7-axis with respect
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to the X, Y, and Z-axes, respectively. In a similar manner the direction cosines
54, %5, and a,; of the axis Y/ and the direction cosines a5, ®5,, and a5 of
the axis Z/ can be defined as

X2 =.ij'i
oy =] (5.88)
%3 =5k

and _
oy, = k-
oy, = k-] (5.89)
a3; = ki-k

Since the direction cosines «;; represent the components of the unit vectors
i/, J', and k’ along the axes X, Y, and Z, one has

i =a, i+ a,j+a,k
¥ o= oy 4 ay,j + ayk (5.90)
K/ = a3y + a3,] + o33k

Let us now consider the vector u whose components in the element coordinate
system are denoted as u#, v, and w. In the global coordinate system the
components of the vector u are denoted as u, v, and w. The vector u can,
therefore, have the following two different representations

u=ai/ + vj/ + wk’ (5.91)

or
=ui + vj + wk (5.92)

Substituting Eq. 90 into Eq. 91, one obtains
u = (o, + a,j + a3k
+ 0(0g,1 + %g,) + 33K)
+ W(as, 1 + a3,j + o3:K)

which leads to
u= (0, 4+ 0y, T+ a3, Wi

+ (a0 + 2,0 + 03, W)
+ (35 + 230 + a3 W)k (5.93)
By comparing Egs. 92 and 93, one concludes
U=0ou+0,,0+a3w
UV=0U + 0,0 + U3, W

W= 03l + 0530 + 033 W
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That is, the relationship between the global and local components can be
written in the following matrix form

u ¥y Opp O3y u
v = alz a22 a32 E (594)
w Uiz Op3 33 [| W

from which the transformation matrix C/ can be recognized as

®yp Gzp O3y
C=|a; ay oy (5.95)

Xy3 U3 O3z

This transformation matrix is expressed in terms of nine direction cosines a;,
i,j = 1,2, 3. These nine components, however, are not independent. They are
related by the six algebraic equations

Oy Oy + OgaOyz + Oy3tiy = Oy, k,1=1,23 (5.96)

where Jy, is the Kronecker delta, that is

5 1 ifk=1
Tl if k£l

Therefore, there are only three independent direction cosines in the transfor-
mation matrix of Eq. 95. This transformation matrix can be used to define the
nodal coordinates of the three-dimensional element in the global coordinate
system.

In the remainder of this section we discuss the assumed displacement field
of some of the three-dimensional elements. The development of the mass and
stiffness matrices of these elements is left as an exercise, since a similar procedure
to the one previously discussed in this chapter can be used. The mass matrix
can be defined using the kinetic energy expression, while the stiffness matrix
can be defined using the strain energy expression and the general elasticity
relationships presented in this chapter. In the case of beam and plate elements,
the classical beam and plate theories may be used in order to simplify the
elasticity equations.

Beam Element Figure 13 shows an example of a three-dimensional beam
element. This element has two nodal points, one located at each end. Each
node has six degrees of freedom o/, vf, w/, 6], 6], 67, i =1, 2, where u/, v/,

and w/ are the translational displacements of the node i and 6}, 6}, and 6},

are its rotations about the three perpendicular axes of the element. Therefore
the element has twelve degrees of freedom which are defined as

¢=[u vil wi 6 6 6/ uj vi wi 6 6 OZZ]T (5.97)
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FIG. 5.13. Beam element.

The shape function §’ of this element is

B

1-¢ 0 0
6(¢ — & 138 +28 0
6(¢ — &%) 0 1—382 428
0 -1 -9 (11—
(1 -4+ 39K 0 (—¢+282 -8
S| (—1+4E =380 -2+ ) 0
S = ¢ 0 0 (5.98)
6(—C+ & 3¢ —-28 0
6(—¢& + &*)¢ 0 3¢ 288
0 —1&C I&n
(=28 + 38l 0 g
(2 = 38%)in (=& + &) 0 _

where & = x/l, n = y/l, and { = z/l, and [ is the length of the beam element.

Solid Element Figure 14 shows the eight-node brick element. This element
has 24 degrees of freedom which represent the displacements of the nodes
along three perpendicular axes. The shape function of the brick element may
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FiG. 5.14. Solid element.

be derived using the interpolating polynomials
w' =a] +aix + afy + ajz + ajxy + alyz + alzx + aixy:z
v =al + ajox + al,y + aj,z + alyxy + al,yz + alszx + ajgxyz

wi=al, +ajex + aloy + aloz + aj xy + ad,yz + alyzx + aj,xyz
(5.99)
The 24 nodal coordinates are

— [yd J j i J J J i j j J J j J j
=[ui o1 wi wuz v; wy uz vy wi Uy vy wi uy s Wi
ub vl wi o oud vy wi ouf vf wilT (5.100)

By using Eqs. 99 and 100, one can show that the shape function of the solid
element is given by

NN 0 0N O O ... N 0 0
S$=|0o N, 0 0 N, 0 ... 0 N, 0] (5101
0 0 N, 0 0 N, ... 0 0 N,

where

M=31-00-m1-0, Ns=35(1+1~-n-70)
=5(1-00+n1-0, Ne=31+OH1L+n1 -0
N;=31 -0 +mA+0,  Ny=51+HL+nm1+0)
Ne=3(1-0 =1 +0  Ny=5(1+A-n1+7)
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in which & = x/a, n = y/b, and { = z/c, where 2a, 2b, and 2c are, respectively,
the dimensions of the solid element in the X -, Y-, and Z-directions.

Tetrahedral Element A typical constant strain tetrahedral element is
shown in Fig. 15. The element has straight sides with four nodes, one at each
corner. Each node has three nodal coordinates that represent the translational
displacements of the nodes along three perpendicular axes. Therefore, the
element has 12 degrees of freedom. The displacement field of the element may
be described using the following interpolating polynomials

wW=al +aix+aly+diz
v =al +alx+ay + aiz (5.102)
w = ah + afox + a1y + dlyz
The vector of nodal coordinates of the tetrahedral element is
O=[ of wi u o) whoui of whoul of wil' (5103
By using these nodal coordinates and the assumed displacement field of Eq.
102, it can be shown that the element shape function is
NN 0O 0O Nb O 0 N O 0 N 0 0
S$=/0 N O O N, O O N, O O N, O (5.104)
0 0 NN 0 0 N, 0 0 N, O O N,
where the scalars N;, i = 1, 2, 3, 4, are
Ni(x,y,2) = Cyi1 + Cy1x + Cyyy + Cyy 2
Ny(x,y,2) = C13 + Cyax + Cyzy + Cyy2
N3(x, y,2) = Cy3 + Cyax + Cy3y + Cy32
Ny(x, y,2) = Cra + CouX + Cagy + Cuqz

FiG. 5.15. Four-node tetrahedral element.
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in which

1 X2 Y2 Z; 1 X1 V14
Cp = 3% X3 V3 I3, Ci2 37 X3 V3 23
X4 Y4 24 X4 Y4 24

1 X1 1z 1 X1 V1 2

Cis 13%] X2 Y2 Zas Ciu= 3 X2 Y2 23
X4 YVa Z4 X3 V3 Z3

1 1y, z, 1 1y, 2z

Ca Y37 1 y; z3), Cz2 3% 1 yy z4
1y, z4 1 ye z4

1 1y, z 1 1y, z

Cas 3% 1y, z,f, Cu= I3%] 1y, 2z,
1y, z4 1 yy z4

! 1 x, z, { 1 x;, z,

1 x4 24 1 x4 Z4

{ 1 x; z, 1 1 x; z

Css I3%] 1 x; z,, Csa 3% 1 x;, z
1 x, z, 1 x5 2z,

1 1 x; y; 1 1 x;

Cy = eV 1 x3 y3l, Ciz= I3%; 1 x3 y,
1 x4 s 1 x4 4

1 1 x; y 1 1 x; »

Ciz3= 37 1 x, yi|, Ciu= I3%] 1 x;
1 x4 ys 1 x;3 v,

and V7 is the volume of the tetrahedral element defined as

I xy y oz
ijl 1 x; y2 2,
6(1 x5 y3 z3

1 x4 ya z4

Plate Element Figure 16 showsa plate element that has four nodal points,
one at cach corner. Each nodal point has five degrees of freedom, three
displacements along three perpendicular directions and two rotations about
the X’- and Y’-axes. This plate element, therefore, has 20 nodal coordinates
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which can be written in vector form as

d=0 of w 6 6 u v w 6., 0,

Xy

wy o wh 0 8 uj vk wi 6 671 (5.105)

The extension of the plate (membrane effect) may be described using the
interpolating polynomials of the planar bilinear rectangular element, that is

W= af +a3x +ady + aaxy (5.106)
v =al + afx + aly + ayxy

By using these interpolating polynomials and the shape functions of plate
bending presented by Prezemieniecki [6], a plate element shape function that

accounts for the membrane and bending effect can be defined as

G- -n 0 0 |

0 1= —-mn 0
0 0 (1 +26)1 = &)1 + 2n)(—n)?
0 0 (1 4281 — &1 —n?)nb
0 0 —&a(l — &)1 + 2n)(1 —n)?

(1—2n 0 0
0 (1—%m 0
0 0 (1 +28)(1 — &3 — 2nn?
0 0 —(1 +28)(1 = &X1 — )n*b

o_ 0 0 —&(1 — &)*3 — 2n)n’a

&n 0 0
0 &n 0
0 0 (3 —26)&3 —2nn*
0 0 —(3 = 28)EX1 — n)n*b
0 0 (1 - &G —2nn’a

E(1 - 1) 0 0
0 &1 —n) 0
0 0 (3 — 26)EX(1 + 2m)(1 — n)?
0 0 (3 — 28)EX(1 — n)*nb

I 0 0 (1 —&&( +2n( —n)’a

(5.107)

where & = x/a and = y/b, and a and b are, respectively, the dimensions of
the plate element along the X7 and Y’ element axes as shown in Fig. 16.
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F1G. 5.16. Plate element.
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Problems

5.1. The beam element shown in Fig. P1 has two nodal points. The coordinates of

each node are given by v; and 6, i = 1, 2. The element has length I If the
displacement is described using the polynomial

v=ay + ayx + a3x* + a, x>,

obtain the element shape function.
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52.

53.

54.

5.5.

5.6.

5.7.

5.8

5. The Finite-Element Method

For the structure shown in Fig. P2, obtain the displacement field of each element
in terms of the structure nodal coordinates. Assume that the structure is dis-
cretized using the truss elements shown in the figure.

Obtain the displacement field of each truss element of the structure shown in
Fig. P3. Express these displacement fields in terms of the nodal coordinates of the
structure. Identify the element transformation and connectivity matrices.

600 600
A1 2 A

FiG. P5.2 F1G. P5.3

Using the shape function obtained in Problem 1 for the beam elements, obtain
the displacement field of each element of the structure shown in Fig. P4 in terms
of the structure nodal coordinates. Identify the element transformation and
connectivity matrices. Assume that the length of element j is /.

Repeat Problem 4 using the shape function of the beam element given in Section
1 of this chapter.

FiG. P54 FiG. P5.5

Using the beam element of Problem 1, obtain the displacement field of each
element expressed in terms of the nodal coordinates of the structure shown in
Fig. P5. Identify the element transformation and connectivity matrices.

Repeat Problem 6 using the shape function of the beam element given in Section
1 of this chapter.

Obtain the displacement field of the elements of the structure shown in Fig. P6
by using the element defined in Problem 1. Assume that the elements have equal
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5.10.

5.11.
5.12.
5.13.
5.14.

5.15.
5.16.

5.17.
5.18.
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FiG. P5.6

lengths. Identify the element transformation matrices as well as the connectivity
matrices.

Repeat Problem 8 using the finite beam element given in Section 1 of this chapter.

By using the finite-element method obtain the mass and stiffness matrices of the
structure of Problem 2.

Derive the mass and stiffness matrices of the structure of Problem 3.
Obtain the mass and stiffness matrices of the structure of Problem 4.
Develop the mass and stiffness matrices of the structure of Problem 5.

For the structure given in Problem 6, define the structure mass and stiffness
matrices.

For the structure of Problem 7, obtain the structure mass and stiffness matrices.

Using beam elements, obtain the mass and stiffness matrices of the structure of
Problem 8.

Define the mass and stiffness matrices of the structure of Problem 9.

Obtain the generalized forces associated with the structure generalized co-
ordinates as the result of the application of the force F shown in Fig. P7. Assume
that the structure is discretized using two equal beam elements and the element
shape functions are the same as obtained in Problem 1.

F()

g o

Fic. P5.7
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5.19.

5.20.

5.21.

5.22.

5.23.

5.24.
5.25.

5.26.

5. The Finite-Element Method

Repeat Problem 18 using the shape function of the beam element given in Section
1 of this chapter.

The structure shown in Fig. P8 is discretized into three equal truss elements.
Obtain the generalized forces associated with the structure generalized co-
ordinates as the result of the application of the force F.

The structure shown in Fig. P9 is discretized using two-dimensional beam ele-
ments. The length, mass, and moment of area of element j are denoted, respec-
tively, by I/, m/, and I’. Obtain the generalized forces associated with the structure
generalized coordinates as the result of application of the forces F; and F,. Use
the beam element defined in Problem 1.

11; ly 11
; “ I2m. I B.m P
1 2 3
' A
% vF,
K
FiG. P5.8 Fi1G. P5.9

Repeat Problem 21 using the two-dimensional beam element defined in Section
1 of this chapter.

Using the shape function of the beam element defined in Section 1 of this
chapter, obtain the generalized forces associated with the structure generalized
coordinates as the result of applying the forces F; and F, on the structure shown
in Fig. P10.

F,
30°

Fic. P5.10

Repeat Problem 23 using the beam element defined in Problem 1.

Derive the matrix differential equation of free vibration of the structure of
Problem 2.

Obtain the differential equations of free vibration of the structure of Problem 6.
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5.29.
5.30.
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5.32.

5.33.
5.34.
5.35.
5.36.
5.37.
5.38.

5.39.
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Obtain the equations of free vibration of the system of Problem 7.
Obtain the equations of motion of the system of Problem 20.

Derive the differential equations of motion of the system of Problem 21.
Derive the differential equations of motion of the system of Problem 22.

Identify a set of rigid-body modes for the two-dimensional beam element and
discuss the orthogonality of these modes with respect to the mass and stiffness
matrices.

Identify a set of rigid-body modes for the two-dimensional triangular element
and discuss the orthogonality of these modes with respect to the element mass
and stiffness matrices.

Determine the element shape function of the six-node triangular element.
Determine the element shape function of the ten-node triangular element.
Develop the mass and stiffness matrices of the three-dimensional beam element.
Obtain the mass and stiffness matrices of the solid element.

Obtain the mass and stiffness matrices of the tetrahedral element.

Identify a set of rigid-body modes for the three-dimensional beam element and
discuss the orthogonality of these modes with respect to the element mass and
stiffness matrices.

Identify a set of rigid-body modes for the solid element and discuss the orthogo-
nality of these modes with respect to the element mass and stiffness matrices.



Appendix A
Linear Algebra

The formulation of the dynamic equations of mechanical systems using the
Newtonian or the Lagrangian approach leads to a set of second-order si-
multaneous differential equations. For convenience, these equations are often
expressed in compact matrix form. In the following sections we summarize
some important results from vector and matrix algebra that are useful in our
development in this book. Most of the vector and matrix properties presented
in the following sections are elementary and can be found in standard texts
on linear algebra.

A.1 MATRICES

An m x n matrix A is an ordered rectangular array that has m x n elements.
The matrix A can be written in the form

a;; 4p Ayn
Ay Qzp 0 Gy

A=@)=| = . | (A.1)
Am1 Qma Oy

The matrix A is called an m x n matrix since it has m rows and »n columns.
The scalar element a;; lies in the ith row and jth column of the matrix A.
Therefore, the index i, which takes the values 1, 2, ..., m, denotes the row
number, while the index j, which takes the values 1,2, ..., n,denotes the column
number.

A matrix A is said to be square if m = n. An example of a square matrix is

30 -20 095
A=]63 00 100
9.0 3.5 1.25

In this example m = n = 3, consequently, A is a 3 x 3 matrix.

312
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The transpose of an m x n matrix A is an m x n matrix denoted as AT and
defined as

1y QAzp 0 Gy
Qyp Q3 - Gy

AT=@)=| = 7 . (A2)
aln aZn amn

For example, let A be the matrix

A 20 —-40 —-75 235
100 85 100 00

The transpose of A is given by

20 00
—40 85
A=
-7.5 100
235 00

That is, the transpose of the matrix A is obtained by interchanging the rows
and columns.

Definitions A square matrix A is said to be symmetric if a;; = a;;, that is,
if the elements on the upper right half can be obtained by flipping the matrix
about the diagonal. For example

30 =20 1.5
A=|-20 0.0 23
1.5 23 1.5

is a symmetric matrix. Symmetric matrices are often encountered in mecha-
nics. Note that if A is symmetric, then A is the same as its transpose, that is,
A=AT

A square matrix is said to be an upper triangular matrix if a; = 0 for i > j.
That is, every element below each diagonal element of an upper triangular
matrix is zero. An example of an upper triangular matrix is

6.0 25 102 -11.0
0.0 8.0 5.5 6.0
0.0 0.0 32 —40
00 00 00 -22
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A square matrix is said to be a lower triangular matrix if a; = 0 for i <j.
That is, every element above the diagonal elements of a lower triangular
matrix is zero. An example of a lower triangular matrix is

60 00 00 00
25 80 00 00
102 55 32 00
-11.0 60 —-40 -22

The diagonal matrix is a square matrix such that a; = 0 if i # j; that is, a
diagonal matrix has element a; along the diagonal with all other elements
equal to zero. For example

50 00 00

A=i00 1.0 00
00 00 7.0

is a diagonal matrix.

The null matrix or the zero matrix is defined to be the matrix in which all
the elements are equal to zero. The unit matrix or the identity matrix is a
diagonal matrix whose diagonal elements are nonzero and equal to one.

A skew-symmetric matrix is a matrix such that a; = —a;. Note that since
a; = —ajfor all i and j values, the diagonal elements should be equal to zero.
An example of a skew-symmetric matrix A is

00 -30 -50
A=|30 00 25
50 =25 00

Observe that AT = —A.
The trace of an n x n square matrix A, denoted by tr A is the sum of the
diagonal elements of A. The trace of A can thus be written as

trA = Z aii (A3)
i=1
Note that the trace of an n x n identity matrix is n, while the trace of a
skew-symmetric matrix is zero.
A.2 MATRIX OPERATIONS

In this section, we discuss some of the basic matrix operations which are used
throughout this book.
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Matrix Addition The sum of two matrices A and B, denoted by A + B is
given by

where b;; are the elements of B. In order to add two matrices A and B, it is
necessary that A and B have the same dimension, that is, the same number of
rows and the same number of columns. It is clear from Eq. 4 that matrix
addition 1s commutative, that is

A+B=B+A (A.5)

Example A.1

The two matrices A and B are defined as
A< 3.0 1.0 -50 . B= 20 30 60
20 00 20 -30 00 -50
The sum A + B is given by
3.0 1.0 -50 20 30 60
A+B= [2.0 00 2.0] * [—3.0 00 —5.0]
| 50 40 1.0
| -10 00 -30
while A — B is given by
A_B= 3.0 10 -50] | 20 30 60
“l20 00 20 -30 00 -50

[0 -20 -110
150 00 7.0

Matrix Multiplication The product of two matrices A and B is another
matrix C defined as

C =AB (A.6)

The element c;; of the matrix C is defined by multiplying the elements of the
ith row in A by the elements of the jth column in B according to the rule

¢ = Qi by; + by + - + ayby
= ; aikbkj (A.7)
Therefore, the number of columns in A must be equal to the number of rows
in B. Observe that if A is an m x n matrix and B is an n x p matrix then C is

an m x p matrix. Observe also that, in general, AB s BA. That is, matrix
multiplication is not commutative. Matrix multiplication, however, is dis-
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tributive, thatis,if A and Barem x pmatricesand Cisa p x nmatrix, then

(A+B)C=AC+BC (A.R)
r Example A.2
Let _ _
0 41 01
A=12 11|, B=|0 0
(3 2 1] 52
Then

0 4 t)[o 1 52
AB={2 1 1|j0o o|=|5 4
32 145 2 55

. -

Observe that the product BA is not defined in this example since the number of
columns in B is not equal to the number of rows in A.

Perhaps it is important to emphasize that the associative law is valid for
matrix multiplications. That is, if A is an m x p matrix, B is a p x g matrix,
and Cis a ¢ X n matrix, then

(AB)C = A(BC) = ABC

Determinant The determinant of an n x n square matrix A, denoted as |A|,
is a scalar defined as

Ay Q13 - Gy
Qa1 Q33 0 Gy

Al= (A9)
A1 Gy - Ay

In order to be able to evaluate the unique value of the determinant of A, some
basic definitions have to be made first. The minor M;; corresponding to the
element jj is the determinant formed by deleting the ith row and jth column
from the original determinant |A]. The cofactor C;; of the element a;; is defined

as

Using this definition, the value of the determinant in Eq. 9 can be obtained
by expanding the determinants in terms of the cofactors of the elements of an
arbitrary row i as follows

Al = j; a,C; (A.11)

Observe that the cofactors C;; are determinants of ordern — 1. IfAisa 2 x 2
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matrix defined as
a,, a
A - l: 11 12],
Q21 Gy,
the cofactors C;; associated with the elements of the first row are

Ciy = (—1)2ay; = ay,, Ci,= (-1)%a,;, = —ay,

According to the definition of Eq. 11, the determinant of the 2 x 2 matrix A
can be determined using the cofactors of the elements of the first row as

[Al =a11Ciy +a1,Crp = a11a5; — a1205,
If Ais a 3 x 3 matrix defined as
11 412 G513
A=lay ay Gy,
31 43z 0433

the determinant of A in terms of the cofactors of the first row is given by

3
|A| = Z a;C; = a11Cy1 + a1,Cp; + a13Ch5

Jj=1
where
a3 Qi3 a1 Qi3 a1 G4y;
Ci = s C12 == s Cis=
dzz 433 ay; djz3 ay; 4j;
That is, the determinant of A is
a2 Qi3 a;; 4sz; ay; Gy,
|A] =ay,; —~ 453 +dag3
ay; 4j; dy; Qs ay; djx;
= 0a11(a32a33 — G3303;) — 01,(a31833 — G33031) + a13(a,1a3; — G2,031)
(A.12)

One can show that the determinant of a square matrix is equal to the determi-
nant of its transpose, that is
|A] = |AT], (A.13)

and the determinant of a diagonal matrix is equal to the product of the
diagonal elements. Furthermore, the interchange of any two columns or rows
changes only the sign of the determinant. One can also show that if a matrix
has two identical rows or two identical columns, the determinant of this matrix
is equal to zero. This can be demonstrated by the example of Eq. 12, for
example, if the second and third rows are identical, a,; = a5y, a,, = a3, and
a,3 = ds34. Using these equalities in Eq. 12, one can show that the determinant
of the matrix A in this special case is equal to zero. A matrix whose determinant
is equal to zero is said to be a singular matrix. For an arbitrary square matrix,
singular or nonsingular, it can be shown that the value of the determinant
does not change ifany row or column is added to or subtracted from another.
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Inverse of a Matrix A square matrix A™! that satisfies the relationship
ATTA=AAT=1 (A.14)

where I is the identity matrix, is called the inverse of the matrix A.
The inverse of the matrix A is defined as

-1

A]

where C, is the adjoint of the matrix A. The adjoint matrix C, is the transposed
matrix of the cofactors C;; of the matrix A.

Example A.3
Determine the inverse of the matrix
111
A={0 1 1
001

Solution. Observe that the determinant of the matrix A is equal to one, that is
Al =1
The cofactors of the elements of the matrix A are
C,=1, C, =0, C=0, C,;=-1
Cy=1, Cy3 =0, C5 =0, Csy=—1
Cy;=1

The adjoint matrix, which is the transpose of the matrix of the cofactor elements,
is given by
Cl 1 CZl C31 1 - 1 0

C=]C, C Csy|=|0 1 -1
Cis Gy Gy 0 0 1
Therefore,
1 -1 0
A“=I%|= 0 1 -1
[0 0 1
Observe that
1 -1 01 11 1 00
A'A=[0 1 —-1|/0 1 1|[=]0 10
0 0 1jj001 001
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Note that if A is the 2 x 2 matrix

a a
A= [ 11 12]’
a1 Qi3

the inverse of A can be simply written as

AL = L[ 53] _aIZ]
|A[L —ay, agy
where |A| = (a;,a,, — a;,a,;). If the determinant of A is equal to zero, the

inverse of A does not exist. This is the case of a singular matrix.
If A and B are nonsingular square matrices, then

(AB)™t =B1A"!

It can also be verified that
(A—I)T — (AT)-1

That is, the transpose of the inverse of a matrix is equal to the inverse of its

transpose.
A square matrix A is said to be orthogonal if
ATA=AAT=1
In this case
AT — A—l

That is, the inverse of an orthogonal matrix is equal to its transpose. An
example of orthogonal matrices is

A=[cos9 —sin 9:| (A15)

sinf cos@
For this matrix, one has

ATA | €08 6 sinf |{cosf —sinf
" | -sin® cosf||sin® cos@
_ [cos? 8 +sin? 6 0
- 0 sin2 0 + cos? 0
Using the trigonometric identity
cos? 0 +sin2 0 = |,

one obtains
ATA =1

and the matrix A defined by Eq. 15 is indeed an orthogonal matrix.

A.3 VECTORS

An n-dimensional vector a is an ordered set
a=(a;,a,,...,a,) (A.16)
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of n scalars. The scalar a;, i =1, 2, ..., n, is called the ith component of a.
Observe that an n-dimensional vector can be considered as an n x 1 matrix
that consists of only one column. Therefore, the vector a can be written in the
following column form

a=| (A.17)

The transpose of this column vector defines the n-dimensional row vector
a'=[a;, a, ... a,]

The vector a of Eq. 17 can also be written as
a=[a, a, ... a,]" (A.18)

By considering the vector as special case of a matrix with only one column or
one row, the rules of matrix addition and multiplication apply also to vectors.
For example, if a and b are two n-dimensional vectors, defined as

a=[a, a, ... a,]
b=[b b, ... b]%,
then a + b is defined as
a+b=[a,+b, a,+b, ... a,+b]"

Two vectors a and b are equal if and only if q; = b, fori =1,2,..., n.
The product of a vector a and scalar « is the vector
oa=[oa, aa, ... aa,]’ (A.19)

The dot, inner, or scalar product of two vectorsa = [a, a, ... a,]"and b =
[b, b, ... b]Tis defined by the following scalar quantity

by
acb=ab=[a;, a, ... a,] b'z (A.20a)
bn
=a. b, +ab, +--- + a,b,
which can be written as
ab=a"b=3 ab (A.20b)

i=1

It follows thata-b = b-a.
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The length of a vector a, denoted as |al, is defined as the square root of the
dot product of a with itself, that is

la| = /aTa=(a? + a + - + a?)'? (A.21)

The terms modulus, magnitude, norm, and absolute value of a vector are also
used to denote the length of a vector.

Example A.4
Let a and b be the two vectors
a=[0 1 3 277, b=[-1 0 2 37"

then
a+b=[0 1 3 2]"+[-1 0 2 31"

=[-1 1 5 5]
The dot product of a and b is

ab=a"b=[0 1 3 2]

3
=0+0+6+6=12
The length of the vectors a and b is defined as
la| = /aTa = [(0)> + (1)> + (3)* + (*]"* = /14~ 3.742
b = /bTb = [(— 1)> + (02 + (22 + (3)]"2 = /14 ~ 3.742

Differentiation In many applications in mechanics, scalar and vector
functions that depend on one or more variables are encountered. An example
of a scalar function that depends on the system velocities and possibly the
system coordinates is the kinetic energy. Examples of vector functions are the
coordinates, velocities, and accelerations that depend on time.

Let us first consider a scalar function f that depends on several variables
41> 43 ---» 4, and the parameter ¢, that is

f = f(‘h’ qzs--- Gy t) (A22a)

where qy, 45, ..., 4, are functions of ¢, that is, g; = ¢,(t).
The derivative of f with respect to time is
df of d of d of d a
y_ofde,  ofde . Fde,

dt dq, dt  dq, dt dg, dr
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which can be written using vector notation as

rd‘h—
dt
af o of of 4, of
A R )] dt el
p [ o0 g, 54,.] | + 5 (A.22b)
dq,
| dt |
This equation can be written compactly as
df _dfdq of
&t dqd + a (A.23)
in which 6f/0t is the partial derivative of f with respect to ¢ and
9=[q: g ... ¢]1" (A-24)
of [q o aq
—=fi=]-— = ... = A25
0 " W A2

That is, the partial derivative of a scalar function with respect to a vector is a
row vector. Note that if f is not an explicit function of time df/ot =

—
Example A.5
Consider the function
1, 02,0 =q} + 33 — 1

where ¢, and g, are functions of the parameter . The total derivative of f with
respect to the parameter ¢ is

§_ofday o dg o
dt —3q, dt " 8q, dt

where
of of of
— =2q,, =943, = -2t
d, v 5, T
Hence
df dq, dq,
= =2g, L +9427%2
i Iy 992" a7
da,
dt
=[2q; 943] P
da,

dt
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where 0f/0q can be recognized as the row vector

o

T =fo=1[24: 943]

Consider the case of vector functions that depend on several variables.
These vector functions can be written as

fi=fi@1, 925 )

fo =0 s ) (A.26)

fm =fm(q1’ q29 ey qm t)

where g; = q,(1),i = 1,2,...,n. Using the procedure previously outlined in this
section, the total derivative of an arbitrary function f; can be written as

df; _dfidq o .
E—éad_t+5’ j=12,...,m

in which 6f;/0q is the row vector

?L[% % %]

dq |dq, 9q, T dq,
Consequently,
(4] [ o %il[da] []
dt 0q, 0q, oq, || dt ot
AN A A Y
= dt | =|0q, 0q, g, || dt |+ Ot (A27)
Go| |Tn S . Fn|| 9] |m
| dt | [0q: Oq, oq, || dr | | ot
where
f=0fi i - ful (A.28)

Equation 27 can be written compactly as

df _ofdq  of

where the m x n matrix #f/dq, the n-dimensional vector dq/dt, and the m-
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dimensional vector df/dt can be recognized as

-
04, 0q, 04,
a  |B %O
oq |
O Ofm fm
| 04, 0q, 04, |
da_ _[da ds 4T
- | dt dr T dt
A__|% % Gl
o ! o0 ot T ot

(A.30)

(A.31)

(A.32)

Observe that if the function f; is not an explicit function of the parameter ¢,
then Jf;/0t is equal to zero. Note also that the partial derivative of an m-
dimensional vector function f with respect to an n-dimensional vector q is the

m x n matrix f, defined by Eq. 30.

B Example A.6
Consider the vector function f defined as
fi ai +3¢3 - ¢
f=|f,|= 8q% — 3t
f 24} — 64,92 + 43
The total derivative of the vector function f is
&,
dt
24, 9g2 ddi —2
f d t
d— = é = 164, 0 +| -3
dt dt dq,
df, (49, — 6q;) (29, — 6q,) dar 0
dr

where the matrix f, can be recognized as
2q, 943
f,= 164, 0
(49, — 69;) (2q, — 6q,)




A.3. Vectors 325

and the vector f, is

of .
S =h=0-2 -3 0]

In the analysis of mechanical systems we may also encounter scalar func-

tions in the form
0=q'Aq (A.33)

Following a similar procedure to the one previously outlined in this section,
one can show that

o9

Z=q"(A + AT A.34
3 q(A+AY) (A.34)
If A is a symmetric matrix, that is, A = AT, one has
o9
—Z=2¢"A .
7 q (A39)

Linear Independence The concepts to be introduced here are of funda-
mental importance in the development presented in this book. Their use is
crucial in formulating many of the dynamic relationships presented in several
chapters of this text.

The vectors a,, a,, ..., a, are said to be linearly dependent if there exist
scalars e, e,, ..., e,, Which are not all zeros, such that

ea, +ea,+ - +ea, =90 (A.36)

Otherwise, the vectors a,, a,, ..., a, are said to be linearly independent.
Observe that in the case of linearly independent vectors, none of these vectors
can be expressed in terms of the others. On the other hand, if Eq. 36 holds, and
not all the scalars ey, e,, ..., e, are equal to zero, one or more of the vectors
a;, a,,...,a,can be expressed in terms of the other vectors.

Equation 36 can be written in matrix form as

€
€
(a, a, ... a] 7[=0 (A37)
en
which can be written compactly as
Ae=0 (A.38)

where e = [e, e, ... e,]" and the columns of the coefficient matrix A are the
vectors a,, a,, ..., a,, that is

A=[a, a, ... a,] (A.39)

If the vectorsa,, a,, ..., a, are linearly dependent, the system of homogeneous



326  Appendix A. Linear Algebra

algebraic equations defined by Eq. 38 has a nontrivial solution. On the other
hand, if the vectors a,, a,, ..., a, are linearly independent vectors, then A must
be a nonsingular matrix since the system of homogeneous algebraic equations
defined by Eq. 38 has only the trivial solution

e=A10=0

Consequently, in the case where the vectors a,, a,, ..., a, are linearly dependent,
the square matrix A must be singular. The number of linearly independent col-
umns in a matrix is called the column rank of the matrix. Similarly, the number
of independent rows is called the row rank of the matrix. It can be shown that
for any matrix, the row rank is equal to the column rank and is equal to the
rank of the matrix. Therefore, a square matrix which has a full rank is a matrix
which has linearly independent rows and linearly independent columns. We
conclude, therefore, that a matrix which has a full rank is a nonsingular matrix.
Consequently, ifa,, a,, ..., a, are n-dimensional linearly independent vectors,
any other n-dimensional vector can be expressed as a linear combination of
these vectors. For instance, let b be another n-dimensional vector. We show
that this vector has a unique representation in terms of the linearly in-
dependent vectors a,, a,, ..., a,. To this end, we write b as

b=xa, + xa, + - + x,a, (A.40)

where x, X,,..., X, are scalars. In order to show that x,, x,, ..., x, are unique,
Eq. 40 can be written as

X1
b=[a, a, ... a,] x:z
x,
which can be written compactly as
b = Ax, (A41)

where A is a square matrix defined by Eq. 39 and x is the vector
x=[x; x; ... x,1"

Since the vectors a, a,, ..., a, are assumed to be linearly independent, the
coefficient matrix A in Eq. 41 has a full row rank and, therefore, it is non-
singular. This system of algebraic equations has a unique solution x which

can be written as
x=A"'b

That is, an arbitrary n-dimensional vector b has a unique representation in
terms of the linearly independent vecotrs a,, a,, ..., a,. A familiar and
important special case is the case of three-dimensional vectors. One can show
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that the three vectors

1 0 0
a, =0}, a,=|1]1, a;=1{0|,
0 0 1

are linearly independent. Any other three-dimensional vector b=
[b, b, b;]" can be written in terms of the linearly independent vectors a,,
a,,and a, as

b = bja, + b,a, + bya,

where the coefficients x,, x,, and x5 can be recognized in this special case as
xl = bl’ x2 = b2, and X3 = b3

The coefficients x,, x,, and x; are called the coordinates of the vector b in the
basis defined by the vectors a,, a,, and a;.

Example A.7

Show that the vectors

1 1 1
a, =104, a=|(1}, a;=|1
0 0 1

are linearly independent. Find also the representation of the vectorb = {—1 3 017
in terms of the vectors ay, a,, and a,.

Solution. Inorder to show that the vectors a,, a,, and a5 are linearly independent,
we must show that the relationship

ea; +ea,+ea; =90

holds only when e; = e, = e; = 0. To this end, we write

1 1 1
e |0l+e]1]|+e]1]=0
0 0 1

which leads to
e, +e,+e;=0
e;+ey=0
e;=0
Back substitution shows that

ez=¢e,=¢, =0

That is, the vectors a,, a,, and a; are linearly independent.
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In order to find the unique representation of the vector b in terms of these
linearly independent vectors, we write

b=x;a, + x,a, + X,a,

which can be written in a matrix form as

b = Ax
where
111 (—1
A= 0 1 1, b= 3
0 0 1 0

Therefore, the vector of coordinates x can be obtained as

X 1 -1 1] -1 -4
X=|x |=ATb=[0 1 -1 3= 3
Xs 0 0 1 0 0

A.4 EIGENVALUE PROBLEM

In the analysis of structural systems, we often encounter a system of homo-
geneous algebraic equations in the form

Ay = dy (A.42)

where A is a square matrix, y is an unknown vector, and 4 is an unknown
scalar. Equation 42 can be written in the form

(A—ADy=0 (A.43)

where I is the identity matrix. Equation 43 represents an algebraic system of
homogeneous equations which have a nontrivial solution if and only if the
coefficient matrix (A — AI) is singular. That is, the determinant of this matrix

1s equal to zero. This leads to
[A—All=0 (A.44)

This is called the characteristic equation of the matrix A. If A isan n x nmatrix,
Eq. 44 is a polynomial of order n in A. This equation can be written in the
following form

aA" +a, A"+ +ay=0 (A.45)

where a;, i =0, 1, 2, ..., n, are the scalar coefficients of the polynomial. The
solution of Eq. 45 defines n roots 4,, 4,, ..., 4,. These roots are called the
characteristic values or the eigenvalues of the matrix A. Associated with each
of these eigenvalues, there is an eigenvector y; which can be determined by
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solving the system of equations
(A—A4Dy;=0 (A.46)

If A is a real-symmetric matrix, one can show that the eigenvectors asso-
ciated with distinctive eigenvalues are orthogonal, that is

Yiy; =0 if i#j
vy, #0  if i=j

Example A.8
Find the eigenvalues and eigenvectors of the matrix
4 1 2
A=|1 00
200

Solution. The characteristic equation of this matrix is
4—-1 1 2
[A—Alf=] 1 -1 0
2 0 -A
=(@4-DA2+1+41=0

This equation can be rewritten as
AA=5A+1)=0

which has the roots
A, =0, Ay =35, Ay=—1

The ith eigenvector associated with the eigenvalue A, can be obtained using the
equation

(A — 4Dy, =0
The solution of this equation yields
0 5 1
Yi=| 2|, Ya={1j ys=|—1
-1 2 -2
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Problems

A.1. Find the sum of the following two matrices

-30 80 -205 0 32 0
A= 50 110 130, B=|-175 57 0
70 200 0 120 6.8 —10.0

Evaluate also the determinant and the trace of A and B.
A.2. Find the product AB and BA, where A and B are given in Problem 1.

A.3. Find the inverse of the following matrices

-1 2 -1 0 -3 5
A= 2 -1 0|, B=|-2 2 -3
0 -1 1 6 -2 0

A4. Show that an arbitrary square matrix A can be written as
A=A +A,
where A, is a symmetric matrix and A, is a skew-symmetric matrix.

A.5. Show that the interchange of any two rows or columns of a square matrix
changes only the sign of the determinant.

A.6. Show that if a matrix has two identical rows or two identical columns, the
determinant of this matrix is equal to zero.

A7, Let
A - [Al 1 A 1 2]
A21 A22
be a nonsingular matrix. If A, is square and nonsingular, show by direct matrix
multiplications that

Al = (A{{ +B,H'B,) —B,H™!
—-H™'B, H!

where
B1 = AI11A12, B, = Az1Af11

H=A,,-B;A,=A,,— A, B,
=A,; —AyAT[A,,
A8. Let a and b be the two vectors
a=[1 0 3 2 -5°
b=[0 -1 2 3 -8]°
Finda + b,a-b, |a|, and |b|.
A9. Find the total derivative of the function

(41,492, 43, 1) = 4,45 — 345 + 5¢°
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with respect to the parameter ¢. Define also the partial derivative of the function
S with respect to the vector q(t) where

q90) =[q:() 4200 gs(0)]"

Find the total derivative of the vector function
i qa} + 3¢5 — 5q3 + 1
f=1f|= ‘I% - ‘I§
f3 419a + 4293 +1

with respect to the parameter t. Define also the partial derivative of the function
S with respect to the vector

9=[a: 4 45 q.]"

Let Q = q"Aq where A is an n x n square matrix and q is an n-dimensional
vector. Show that

2Q

Z=q"A + AT
2 QT (A+AY)
Show that the vectors
0 0 1
a,={0], a,=11]|, a; =11
1 1 1

are linearly independent. Determine also the coordinates of the vector b =
[1 —5 3]"in the basis a,, a,, and a;.

Find the rank of the following matrices

2 51 3 5 10
A={6 9 3|, B=f2 0 -1 3
4 0 2 71 29

Find the eigenvalues and eigenvectors of the following two matrices

2 -1 0 6 -2 0
A={ -1 2 -1, B={-2 2 -3
0 -1 1 4 -4 -3

Show that if A is a real-symmetric matrix then the eigenvectors associated with
distinctive eigenvalues are orthogonal.
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